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Preface

This book is about dynamics, which is a very old topic with a long history. But
it is very important and necessary for us to further understand and develop dy-
namics theory for describing complexity and variety in nature. Because Newton
presented three motion laws for dynamics in 1686, he systematically developed
Calculus for exploring the implications of three laws. Newton’s Laws success-
fully have provided a tool for us to predict the behavior of mechanical objects and
have led to the unbelievable development and progress in science and technology.
Based on the Newton’s development, Lagrange further developed a variational
principle to reformulate the Newtonian mechanics, and such a variational prin-
ciple is used to analyze the stability of dynamic systems. In addition, Hamilton
used momentum–displacement phase space to describe the Newton’s mechanics
and discuss the motion symmetry in phase space. In 1892, Poincaré demonstrated
that the inherent characteristics of the motion in the vicinity of unstable fixed
points of the nonlinear oscillation systems may be stochastic under the regular
applied forces. Chaos in continuous, nonlinear dynamical systems has been exten-
sively investigated in recent decades. All the aforementioned theories are based
on the Lipschitz condition. However, due to the complexity of described prob-
lems, a global system consists of many uniquely-continuous subsystems. Each
subsystem with a unique continuity possesses its own dynamical properties dif-
ferent from the neighbored subsystems. Further, the motion from a subsystem to
another subsystem requires the passability conditions or transport laws. The di-
versified properties of all the subsystems make the richer dynamical behaviors
than continuous dynamical systems only with the unique continuity. Such dis-
continuous dynamical systems exist everywhere in engineering and science. So
far, many researchers tried to smooth discontinuous systems, and then theory and
techniques in continuous dynamical system were used to solve such discontinu-
ous dynamical systems. Therefore, in this book, a different point of view would
like to be adopted to look into dynamical behaviors in discontinuous dynamical
systems.

This book focuses on dynamics on discontinuous vector fields. To describe the
discontinuous dynamic systems, the novel concepts are presented through Calcu-
lus in the entire book. This book consists of eight chapters. Chapter 1 provides a
brief literature survey for current researches in this area. Chapter 2 introduces the
necessary concepts for discontinuous dynamical systems, and the grazing flows
in the vicinity of the discontinuous boundary will be presented. In Chapter 3,
the sliding flow is discussed and the switching bifurcations between passable and
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viii Preface

nonpassable flows will be discussed. Chapter 4 presents the transversal tangential
flows and bouncing flows in discontinuous dynamic systems. In Chapter 5, the
real and imaginary flows in discontinuous dynamic systems are introduced for
passable and non-passable flows. Chapter 6 presents discontinuous systems with
flow barriers, and the sliding flows and the corresponding switching bifurcations
are discussed. The transport laws and mapping dynamics are discussed in Chap-
ter 7. Finally, flow symmetry and strange attractor fragmentation are presented in
Chapter 8.

I would like to thank my students (Brandon C. Gegg, Lidi Chen and Patrick
Zwiegart Jr., etc.) to apply the new concepts to practical problems in mechanical
systems. This book is dedicated to people who love to generate the original the-
ory. Finally, I also dedicate to my wife (Sherry X. Huang) for support and to my
lovely children (Yanyi, Robin, and Robert) for their happiness to stimulate my
inspiration.

Albert C.J. Luo
Edwardsville, Illinois
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Chapter 1

Introduction

With computer invention and computation speed enhancement, the complicated
scientific computation becomes possible and more efficient. Further, one has tried
to develop accurate models to describe the complex systems in science and en-
gineering. Hence, in recent decades, chaos and fractals were discovered through
nonlinear models even for dynamical systems with a unique continuity. Owing to
the complexity of described problems, a global system consists of many uniquely-
continuous subsystems. Each subsystem with a unique continuity possesses its
own dynamical properties at least different from the neighbored subsystems. Fur-
ther, the motion from a subsystem to another subsystem requires the passability
conditions or transport laws. The diversified properties of all the subsystems make
the richer dynamical behaviors than continuous dynamical systems only with
unique continuity. Such discontinuous dynamical systems exist everywhere in en-
gineering. However, each uniquely-continuous subsystem with unique-continuity
should be investigated by the continuous dynamical system theory. Therefore, the
brief introduction of continuous dynamical systems will be given first, and then
dynamical systems with discontinuity will be presented. The survey for two typi-
cal mechanical problems will be presented herein to demonstrate the importance
and significance of investigations on discontinuous dynamical systems. Finally,
the book layout will be presented. The summarization of all chapters of the main
body of this book will be given.

1.1. Smooth dynamics

It is quite difficult to give analytical solutions of dynamical responses in non-
linear dynamical systems. With computers expansively used in engineering and
science, numerical simulations as a useful tool play a very important role on ob-
taining dynamical responses in nonlinear dynamics, which help one understand
complexity in nature. However, the current digital computation is very passive,
and the approximation-based algorithms cannot provide all possible complicated
responses existing in dynamical systems, such as regular and chaotic motions
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2 Chapter 1. Introduction

caused by bifurcation and grazing etc. This is also partially because of the singu-
larity of solutions for complicated dynamical responses. Numerical simulations
may find one of all possible solutions, but this solution may not belong to the
same solution branch because the singularity will lead to jumping or catastrophe
phenomena. Those phenomena often confuse people. Thus one has been very in-
terested in digging out the mechanisms of such nonnormal phenomena. To model
complicated dynamical problems in science and engineering, it is necessary and
important to investigate the dynamics of complex dynamical systems. The com-
plex dynamical systems, consisting of many continuous and discrete subdynam-
ical systems, exist almost everywhere in engineering, such as hybrid systems in
automatic control, computer science and chemical process plants; dynamical sys-
tems for large data transmission and management in Internet; piecewise smooth
dynamical systems in electrical and mechanical engineering, etc. Therefore, this
book will plan to present some initial ideas to investigate the global dynamics of
complex dynamical systems with discontinuities.

Before complex systems with multiple discontinuities are discussed, a brief
history of continuous dynamical system is presented. Since Newton in the 17th
century proposed the three motion laws based on the qualitative mechanics
summarized by Kepler and Galileo, etc., the quantitative theory of mechanics
(smooth dynamics) had been systematically developed by Newton, Euler, La-
grange, Laplace and Hamilton. The stability of dynamical systems was one of
the main concerns, which was analyzed through the series expansion techniques.
In the end of the 19th century, Poincaré (1892) developed a qualitative, geo-
metric method to investigate the stability of dynamical systems through modern
differential geometry and topology instead of the traditional calculus, differen-
tial equations and variational theory. The Poincaré method can provide quali-
tative analysis (or global analysis) for stability, bifurcation and chaos. Poincaré
(1892) also introduced the mapping concept for determination of periodic re-
sponses in nonlinear dynamics. Such a mapping is termed the Poincaré map-
ping. The mapping sets accompanying with the Poincaré mapping is termed the
Poincaré mapping section or surface. For an N -dimensional autonomous sys-
tem, the Poincaré mapping section is selected as an (N − 1)-dimensional sur-
face transversal to the closed orbit. When a periodically-driven, N -dimensional
continuous system is investigated, the Poincaré mapping section is often con-
structed by an N -dimensional set of responses in phase space. In beginning of
last century, one used the Poincaré mapping method to periodic motion and
stability (e.g., Birkhoff, 1927; Stoker, 1950; Corddington and Levinson, 1955;
Smale, 1967). Since the middle of last century, the Poincaré mapping has been
used to demonstrate chaotic motions numerically (e.g., Henon and Heiles, 1964;
Ueda, 1980). The mapping has been extensively used for investigation of compli-
cated motions in nonlinear systems. Through numerical simulations, one observed
many motion characteristics which cannot be imagined through traditional, ana-
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lytical tools. To investigate the complex motion of the uniquely-continuous dy-
namical systems, the catastrophe and bifurcation theories have further been devel-
oped to explain strange phenomena in nonlinear dynamic systems (e.g., Arnold,
1989; Guckenheimer and Holmes, 1983). In this book, such existing theories for
bifurcations and chaos in continuous dynamical systems will not be discussed.
Consider a smooth dynamical system in space �n×m

(1.1)ẋ = f(x, u, t)

where the vector function f ∈ �n, and state and input variable vectors are x ∈ �n

and u ∈ �m, respectively. In smooth dynamical systems, the sufficient condition
for the existence of a solution for every initial state x(t0) and input vector u(t) is
that the vector function f(x, u, t) is continuous in a given domain � ⊂ �n. How-
ever, this condition cannot guarantee the uniqueness of solution. Therefore, the
following Lipschitz condition is used for guaranteeing the existence and unique-
ness of the solution for the system in Eq. (1.1):

(1.2)
∥∥f(x, u, t) − f(x̃, u, t)

∥∥ � K‖x − x̃‖

for all x and x̃ in the domain � ⊂ �n and all time t in a certain interval, where
K is a constant and ‖ · ‖ represents a vector norm. Most of the existing the-
ories in dynamics are based on the Lipschitz condition (e.g., Poincaré, 1892;
Birkhoff, 1927). Indeed, those theories are widely used in science and engineer-
ing. However, one wants to develop the expected dynamic behavior to satisfy
specified requirements. Hence discontinuous constraints destroying the Lipschitz
conditions are added to dynamic systems. Because of this reason, the established
dynamical system theories based on the Lipschitz condition are not adequate for
such nonsmooth dynamical systems. Levinson (1949) introduced the simplified,
piecewise linear models to investigate the periodically forced Van der Pol’s equa-
tion. Based on this piecewise linear model, Levinson found inifinitely many peri-
odic solutions which could not be perturbed away. This finding is far earlier than
the Smale’s horseshoe in Smale (1963, 1967) from a topological point of view.
The further results about the piecewise linear model of the periodically forced
Van der Pol oscillator can be referred to Levi (1978, 1981). In Engineering, for
instance, smooth linear dynamical systems with periodic impacting (e.g., Masri
and Caughey, 1966; Luo and Han, 1996) have complicated dynamical behaviors
which are unpredictable from the traditional dynamical theories. The Lipschitz
condition is very strong for practical dynamical problems, and many dynamical
systems cannot satisfy such a condition. To overcome this difficulty, a theory for
discontinuous dynamical systems should be developed further.
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1.2. Nonsmooth dynamics

The early investigation of discontinuous systems in mechanical engineering can
be found in the 30’s of last century (e.g., Den Hartog 1930, 1931; Den Hartog
and Mikina, 1932). Masri and Caughey (1966) investigated the stability of the
symmetrical period-1 motion of a discontinuous oscillator. Masri (1970) gave
the further, analytical and experimental investigations on the general motion of
impact dampers. The unsymmetrical motion was observed, and the rigorous sta-
bility analysis was conducted as well. Since the discontinuity exists widely in
engineering and control systems, Utkin (1978) presented sliding modes and the
corresponding variable structure systems, and the theory of automatic control sys-
tems described with variable structures and sliding motions was also developed in
Utkin (1981). Further, Filippov (1988) developed a geometrical theory of the dif-
ferential equations with discontinuous right-hand sides, and the local singularity
theory of the discontinuous boundary was discussed qualitatively. Ye et al. (1998)
discussed the stability theory for hybrid systems. From geometrical points of view,
Broucke et al. (2001) investigated structural stability of piecewise smooth sys-
tems. So far, an efficient method to model such nonsmooth dynamical systems has
not been developed yet. For instance, the linear impacting oscillators cannot be
fully understood as one of the simplest discontinuous systems (e.g., Senator, 1970;
Bapat et al., 1983; Shaw and Holmes, 1983a; Luo, 1995, 2002; Han et al.,
1995). Another typical example in engineering is piecewise smooth linear sys-
tems. Shaw and Holmes (1983b) used mapping techniques to investigate the
chaotic motion of a piecewise linear system with a single discontinuity. Natsiavas
(1989) numerically determined the periodic motion and stability for a system
with a symmetric, tri-linear spring. Nordmark (1991) introduced the grazing
mapping to investigate nonperiodic motion. Kleczka et al. (1992) investigated
the periodic motion and bifurcations of piecewise linear oscillator motion, and
numerically observed the grazing motion. Leine and Van Campen (2002) in-
vestigated the discontinuous bifurcations of periodic solutions through the Flo-
quet multipliers of periodic solutions. The analytical prediction of periodic re-
sponses of piecewise linear systems was presented (e.g., Luo and Menon, 2004;
Menon and Luo, 2005). Normal formal mapping for piecewise smooth dynami-
cal systems with/without sliding were discussed (e.g., di Bernardo et al., 2001,
2002). Kunze (2000) presented a mathematical background of a nonsmooth dy-
namical system with friction. Popp (2000) pointed out that: (i) solution methods
need to be improved, (ii) efficient methods for stability and bifurcation are re-
quired to develop, and (iii) the attractor characteristics need to be reconstructed.
Luo (2005a) developed a local theory for nonsmooth dynamical systems on con-
nected domains. This theory was used to piecewise linear systems (e.g., Luo,
2005b, 2006) and friction-inducted oscillator (e.g., Luo and Gegg, 2006a, 2006b).
Luo and Chen (2005a, 2006) investigated the periodic and chaotic motion of the



1.2. Nonsmooth dynamics 5

piecewise linear systems with impacting. The concept for the strange attractor
fragmentation in discontinuous systems was proposed in Luo (2005c). Two typi-
cal mechanical discontinuous problems will be discussed as follows.

In mechanical engineering, the friction contact between two surfaces of two
bodies is an important connection in motion transmissions. The material plastic
flows in plastic deformation are a kind of friction behavior. In the material cut-
ting, the frictions both from the plastic deformation and between the tool and
workpiece are an important source to cause the self-excited vibration. Therefore,
the understanding of the friction effects on oscillations is very significant to de-
termine the dynamics of machines in engineering. In existing investigations, the
focuses lied on the responses of dynamical systems with friction. Den Hartog
(1930) investigated the nonstick periodic motion of the forced linear oscillator
with Coulomb and viscous damping. Levitan (1960) investigated the existence of
periodic motions in a friction oscillator with the periodically driven base. Hundal
(1979) investigated the frequency–amplitude response of such an oscillator. Shaw
(1986) investigated the stability for such a nonstick, periodic motion through the
Poincaré mapping and the local stability theory. Feeny (1992) investigated ana-
lytically the nonsmoothness of the Coulomb friction oscillator. Feeny and Moon
(1994) presented chaotic dynamics of a dry-friction oscillator experimentally and
numerically. Further, Feeny (1996) systematically presented the nonlinear dy-
namical mechanism of oscillators with stick-slip friction. Hinrichs et al. (1997)
presented the nonlinear phenomena in an impact and friction oscillator under ex-
ternal excitation (see also Hinrichs et al., 1998). The stick and nonstick motions
were observed, and chaos for a nonlinear friction model was presented. From
the previous investigations, the friction oscillators under periodical excitations
exhibit very rich dynamical characteristics. Natsiavas (1998) developed an algo-
rithm to numerically determine the periodic motion and the corresponding stabil-
ity of piecewise linear oscillators with viscous and dry friction damping (see also
Natsiavas and Verros, 1999). Leine et al. (1998) obtained the limit cycles of the
nonlinear friction model by the shooting method. Virgin and Begley (1999) deter-
mined the grazing bifurcation and attraction basin of an impact-friction oscillator
through the interpolated cell mapping method. Ko et al. (2001) investigated the
friction-induced vibrations with and without external excitations. Andreaus and
Casini (2002) presented the closed form solutions of the Coulomb friction-impact
model without external excitations. Thomsen and Fidlin (2003) gave an approxi-
mate, analytical amplitude for stick-slip vibration with nonlinear friction model.
Kim and Perkins (2003) investigated nonsmooth stick-slip oscillator through the
harmonic balance/Galerkin method. Pilipchuk and Tan (2004) investigated the
friction-induced vibration of a two-degree-of-freedom mass-damper–spring sys-
tem interacting with a decelerating rigid strip. Li and Feng (2004) investigated the
bifurcation and chaos in the friction-induced oscillator with a nonlinear friction
model.
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Pfeiffer (1994) used an impact and friction model to investigate the unsteady
process in machines. To investigate the contact problem between the two surfaces
of two bodies, Pfeiffer and Glocker (1996) developed the theory for multi-body
dynamics with unilateral contacts by using analytical dynamics. Pfeiffer (2000)
gave a brief introduction of the theory of the unilateral multibody dynamics,
and presented some typical applications (see also Pfeiffer, 2001). From a math-
ematical point of view, Filippov (1964) investigated the motion in the Coulomb
friction oscillator and presented differential equations with discontinuous right-
hand sides. To determine the sliding motion along the discontinuous boundary,
the differential inclusion was introduced via the set-valued analysis, and the exis-
tence and uniqueness of the solution for such a discontinuous differential equation
were discussed. The detailed discussion of such discontinuous differential equa-
tions can be referred to Filippov (1988). However, the Filippov’s theory mainly
focused on the existence and uniqueness of the solutions for nonsmooth dynam-
ical systems. The local singularity caused by the separation boundary was not
discussed. Such a differential equation theory with discontinuity is still difficult
to use for determining the complexity of nonsmooth dynamical systems. In addi-
tion to a general theory for the local singularity of nonsmooth dynamical systems
on connectable domains in Luo (2005a), the imaginary, sink and source flows
were presented in Luo (2005d) to determine the sliding and source motions in
nonsmooth dynamical systems. Luo and Gegg (2006a) used the local singularity
theory to develop the force criteria for the harmonically driven linear oscillator
with dry-friction. For such an oscillator, the periodic motion was predicted ana-
lytically through the mapping structures, and the stick and nonstick motions were
observed in Luo and Gegg (2006b). The methodology for mapping structures for
periodic motion can be systematically presented in Luo (2005e), and such an idea
was used to determine the periodic and chaotic motions (e.g., Luo and Menon,
2004; Menon and Luo, 2005). Furthermore, Luo and Gegg (2006c, 2006d) used
the nonsmooth theory of Luo (2005a, 2005d) to systematically investigate the
mechanism of grazing and stick motions in such a friction oscillator. The suffi-
cient and necessary conditions were obtained for the existence of the grazing and
stick motions. Through such an investigation, the traditional eigenvalue analysis
in discrete dynamical systems is not useful for the motion switching at the dis-
continuous boundary.

In mechanical engineering, the reduction of the noise and vibration in gear
transmission systems is an unsolved problem. Such noise and vibration cause
the inefficiency of the gear transmission systems. Thus, ones have put more ef-
forts to enhance the efficiency of gear transmission systems and reduced the
vibration and noise. The early investigations of the gear transmission systems
focused on the mesh geometries, kinematics and strength of teeth (e.g., Buck-
ungham, 1931, 1949). For low-speed gear systems, the linear model was devel-
oped, and this linear model gives a reasonable prediction of gear-teeth vibra-
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tions. However, the vibrations and noises in high-speed transmission systems
become serious. The linear vibration model cannot provide the adequate pre-
diction of such vibrations and noises. Therefore, in recent decades, both the
piecewise linear model and the impact model were developed to find the origin
of the vibration and noise (e.g., Ozguven and House, 1988). The impact model
was developed for regular and chaotic motions in gear box (e.g., Pfeiffer, 1984;
Karagiannis and Pfeiffer, 1991). For such a purpose, the gear transmission sys-
tems are also modeled by the piecewise linear system. The early studies of the
piecewise linear systems can be found in 1931. For instance, Den Hartog and
Mikina (1932) gave the closed-form solution of the periodic symmetric motion of
the piecewise linear system without damping. The piecewise linear system was
used to model the gear transmission system (e.g., Comparin and Singh, 1989;
Kahraman and Singh, 1990; Theodossiades and Natsiavas, 2000). The nonlinear
responses based on such a model were presented. To obtain the nonlinear re-
sponses in the piecewise linear system, Wong et al. (1991) used the incremental
harmonic balance method to obtain the periodic motions. Kim and Noah (1991)
gave the stability and bifurcation analysis through the harmonic balance method
(see also Kim, 1998). To model vibrations in gear transmission systems, recently,
Luo and Chen (2005a) investigated the simplest periodic motion of the piecewise
linear, impacting system under a periodical excitation. The corresponding graz-
ing of periodic motions was observed. The chaotic motion for this system was
numerically simulated. The grazing mechanism of the strange fragmentation of
such an oscillator was discussed (Luo and Chen, 2006). For such an oscillator,
not only the simple periodic motion exists, but also many complicated periodic
motions are observed in practice. The switching from the two periodic motions
was observed, and the asymmetric periodic motions exhibit the period-doubling
bifurcation rather than the symmetric one.

1.3. Book layout

This book consists of eight chapters. Chapter 1 provides a brief literature survey
and presents basic contents per each chapter. Chapter 2 will introduce the ba-
sic concepts for discontinuous dynamical systems, and the grazing flows in the
vicinity of the discontinuous boundary will be presented. In Chapter 3, the sliding
flow will be discussed and the switching bifurcations between passable and non-
passable flows will be discussed. Chapter 4 will present the transversal tangential
flows and bouncing flows in discontinuous dynamical systems. In Chapter 5, the
real and imaginary flows will be introduced to describe passable and nonpassable
flows in discontinuous dynamical systems. Chapter 6 will present discontinuous
systems with flow barriers, and the sliding flows and the corresponding switching
bifurcations will be discussed. The transport laws and mapping dynamics will be
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discussed in Chapter 7. Finally, flow symmetry and strange attractor fragmenta-
tion will be presented in Chapter 8. The detailed descriptions of chapters for the
main body of this book are given as follows.

In Chapter 2, the grazing flow in the vicinity of the discontinuous boundary will
be presented for discontinuous dynamic systems. The accessible and inaccessible
subdomains in phase space will be introduced. On the accessible domain, the cor-
responding, uniquely-continuous, dynamic systems will be defined. The oriented
boundary sets and singular sets will be defined from the flow passability on sep-
aration boundaries. The local singularity and tangency of a flow on a specified
separation boundary will be investigated. The necessary and sufficient conditions
for such a local singularity and tangency will be presented. The grazing flows in
piecewise linear systems and friction-induced oscillators will be investigated, and
the grazing conditions of the flows will be determined.

In Chapter 3, based on the flow nonpassability on a specific separation bound-
ary, the sliding dynamics on the separation boundary will be discussed through
the set-valued vector field theory. From the vector fields in the neighborhood of
the separation boundary, the passability of the flow from the one domain into
another one will be further discussed. The switching bifurcations from the pass-
able boundary to the nonpassable boundary will be discussed. The sliding flow
fragmentation mechanism on a specific separation boundary will be presented.
The normal vector product function will be introduced to determine the switch-
ing bifurcation and sliding fragmentation. The separation boundary formation and
properties will also be discussed. The friction-induced oscillator will be presented
as an application example to demonstrate sliding flows on the separation bound-
ary.

In Chapter 4, the transversal tangential singularity and bouncing flows in the
vicinity of the discontinuous boundary will be discussed. The basic concepts for
such transversal tangential singularity will be introduced. The corresponding nec-
essary and sufficient conditions for the transverse, tangential flows on the passable
separation boundaries are discussed. The bouncing flows on the boundary will be
discussed also. A simple discontinuous dynamical system is presented herein for
helping us understand such concepts.

In Chapter 5, the singular sets on the separation boundary will be introduced.
In the vicinity of such singular sets, the hyperbolicity and parabolicity of flows
will be presented. The real and imaginary flows in nonsmooth dynamical system
will be introduced for the onset and vanishing of the sink and source flows. The
imaginary flows are defined on the other domains rather than its original domain.
The new concept of the imaginary flows will help us to understand the mechanism
of sink and source flows in the vicinity of the boundary.

In Chapter 6, discontinuous dynamical systems with flow barriers on the bound-
ary will be discussed for the flow passability from an accessible domain to another
neighbored accessible domain. Because the flow barriers exist on the separation
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boundary, the singularities on the separation boundary will also be influenced by
the flow barriers. Therefore, the corresponding necessary and sufficient conditions
for the switching bifurcation and sliding fragmentation of flows on the separation
will be developed. A periodically forced friction model will be considered for
illustration of a flow into the flow barrier with a force jumping.

In Chapter 7, a suitable transport law will be introduced for the flow continuity
from an accessible domain to another accessible one in discontinuous dynamical
systems. The transport law is as a specific map. Once the specific transport law
between the two accessible domains is determined or enforced, the global flow
in all possible, accessible domains can continue. Because of the flow connectiv-
ity with transport laws, the mapping dynamics of the global flow in all possible,
accessible domains will be discussed. The mapping structure will be introduced
for the complicated periodic flow. A linear dynamical system with impacting will
be presented for demonstrating the methodology to determine the global periodic
flow in discontinuous dynamical systems.

Chapter 8 will focus on the symmetry of global flows in discontinuous dynam-
ical systems through mapping techniques. The grazing mapping clusters will be
introduced first. Based on the grazing mapping clusters, the mapping structures
are used to discuss the flow symmetry of periodic and chaotic motions. The initial
and final, switching manifolds are introduced for the strange attractor fragmen-
tation phenomena of chaotic motion in discontinuous dynamical systems. The
mechanism of such strange attractor fragmentation will be briefly discussed. The
fragmentized strange attractors in discontinuous dynamical systems will be pre-
sented through a piecewise linear system.



Chapter 2

Flow Passability and Tangential Flows

In this chapter, the singularity in the vicinity of the discontinuous boundary will
be presented. The accessible and inaccessible subdomains will be introduced for
development of a theory of nonsmooth dynamic systems on connectable and
accessible subdomains. On the accessible domain, the corresponding dynamic
systems are introduced. The oriented boundary sets and singular sets caused by
the separation boundary will be discussed. The local singularity and tangency of
a flow on the separation boundary will be investigated. The necessary and suffi-
cient conditions for such a local singularity and tangency will be presented. The
grazing flows in piecewise linear systems and friction-induced oscillators will be
investigated, and the grazing conditions of the flows will be determined.

2.1. Domain accessibility

Before development of a general theory for nonsmooth dynamical systems on a
universal domain � ⊂ �n in phase space, the subdomains �i (i = 1, 2, . . .) of
the domain � are introduced, and the dynamics on the subdomains are defined
differently.

DEFINITION 2.1. A subdomain in the universal domain � is termed the accessi-
ble subdomain on which a specific, continuous dynamical system can be defined.

DEFINITION 2.2. A subdomain in a universal domain � is termed the inaccessi-
ble subdomain on which no dynamical system can be defined.

Since the dynamical system can be defined differently on each accessible sub-
domain, the dynamical behaviors of the system in those accessible subdomains
�i can be different from each other in the sense of Newton’s mechanics. These
different behaviors cause the complexity of motion in the universal domain �.
Owing to the accessible and inaccessible subdomains, the universal domain �

is classified into the connectable and separable ones. The connectable domain is
defined as:

11
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DEFINITION 2.3. A domain � in phase space is termed the connectable domain
if all the accessible subdomains of the universal domain can be connected without
any inaccessible subdomain.

Similarly, a definition of the separable domain is:

DEFINITION 2.4. A domain is termed the separable domain if the accessible
subdomains in the universal domain are separated by inaccessible domains.

The boundary between two adjacent, accessible subdomains is a bridge of dy-
namical behaviors in two domains for motion continuity. For the connectable
domain, it is bounded by the universal boundary surface S ⊂ �r (r � n − 1),
and each subdomain is bounded by the subdomain boundary surface Sij ⊂ �r

(i, j ∈ {1, 2, . . .}) with or without the partial universal boundary. For instance,
consider an n-D connectable domain in phase space, as shown in Fig. 2.1(a)
through an n1-dimensional, subvector xn1 and an (n − n1)-dimensional, subvec-
tor xn−n1 . The shaded area �i is a specific subdomain, and other subdomains are
white. The dark, solid curve represents the original boundary of the domain �. In
the separable domain, there is at least an inaccessible subdomain to separate the
accessible subdomains. The union of inaccessible subdomains is also called the
“sea”. The sea is the complement of the accessible subdomains to the universal
(original) domain �. That is determined by �0 = � \⋃

i �i . The accessible sub-
domains in the domain � are also called the “islands”. For illustration of such a
definition, an n-D separable domain is shown in Fig. 2.1(b). The dashed surface
is the boundary of the universal domain, and the gray area is the sea. The white
regions are the accessible domains (or islands). The diagonal line shaded region
represents a specific accessible subdomain (island). From one island to another,
the transport is needed for motion continuity. The transport laws will be discussed
in Chapter 7. For an accessible domain, grazing flows in discontinuous systems
will be presented in this chapter.

2.2. Discontinuous dynamic systems

To demonstrate the basic concepts of nonsmooth dynamical system theory, the
development of the theory in this chapter is restricted to an n-dimensional, non-
smooth dynamical system. Consider a dynamic system consisting of N subdy-
namic systems in a universal domain � ⊂ �n. The universal domain is divided
into N accessible subdomains �i , and the union of all the accessible subdomains⋃N

i=1 �i and the universal domain � = ⋃N
i=1 �i ∪ �, as shown in Fig. 2.1

through an n1-dimensional, subvector xn1 and an (n−n1)-dimensional, subvector
xn−n1 . �0 is the union of the inaccessible domains. For the connectable domain
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Figure 2.1. Phase space: (a) connectable and (b) separable domains.

in Fig. 2.1(a), �0 = ∅. In Fig. 2.1(b), the union of the inaccessible subdomains is
the sea, �0 = � \ ⋃m

i=1 �i is the complement of the union of the accessible sub-
domain. On the ith open subdomain �i , there is a Cr -continuous system (r � 1)

in the form of

(2.1)ẋ ≡ F(i)(x, t,μi ) ∈ �n, x = (x1, x2, . . . , xn)
T ∈ �i.

The time is t and ẋ = dx/dt . In an accessible subdomain �i , the vector
field F(i)(x, t,μi ) with parameter vectors μi = (μ

(1)
i , μ

(2)
i , . . . , μ

(l)
i )T ∈ �l

is Cr -continuous (r � 1) in x and for all time t ; and the continuous flow in
Eq. (2.1) x(i)(t) = �(i)(x(i)(t0), t,μi ) with x(i)(t0) = �(i)(x(i)(t0), t0,μi ) is
Cr+1-continuous for time t .

The nonsmooth dynamic theory developed in this paper holds for the following
conditions:

(A1) The switching between two adjacent subsystems possesses time-continuity.
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(A2) For an unbounded, accessible subdomain �i , there is a bounded domain
Di ⊂ �i and the corresponding vector field and its flow are bounded, i.e.,

(2.2)

∥∥F(i)
∥∥ � K1 (const) and∥∥�(i)
∥∥ � K2 (const) on Di for t ∈ [0,∞).

(A3) For a bounded, accessible domain �i , there is a bounded domain Di ⊂ �i

and the corresponding vector field is bounded, but the flow may be un-
bounded, i.e.,

(2.3)

∥∥F(i)
∥∥ � K1 (const) and

∥∥�(i)
∥∥ < ∞ on Di for t ∈ [0,∞).

2.3. Oriented boundary and singular sets

Since dynamical systems on the different accessible subdomains are distinguish-
ing, the relation between flows in the two subdomains should be developed herein
for flow continuity. For a subdomain �i , there are ki-segment boundaries (ki �
N − 1). Consider a boundary set of any two subdomains, formed by the intersec-
tion of the closed subdomains, i.e., ∂�ij = �i∩�j (i, j ∈ {1, 2, . . . , N}, j 
= i),
as shown in Fig. 2.2.

DEFINITION 2.5. The boundary in the n-D phase space is defined as

Sij ≡ ∂�ij = �i ∩ �j

(2.4)
= {

x | ϕij (x, t) = 0 where ϕij is Cr -continuous (r � 1)
} ⊂ �n−1.

Figure 2.2. Subdomains �i and �j , the corresponding boundary ∂�ij .
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DEFINITION 2.6. The two subdomains �i and �j are disjoint if the boundary
∂�ij is an empty set (i.e., ∂�ij = ∅).

The boundary values x(α) = (x
(α)
1 , x

(α)
2 , . . . , x

(α)
n )T, α ∈ {i, j}, pertain to the

open domains �i and �j , respectively. Based on the boundary definition, we have
∂�ij = ∂�ji .

The boundary ∂�ij with ϕij (x, t) = 0 can be determined by

(2.5)ẋ(0) = F(0)
(
x(0), t

)
where x(0) = (x

(0)
1 , x

(0)
2 , . . . , x

(0)
n )T.

DEFINITION 2.7. If the intersection of the three or more subdomains,

(2.6)�i1i2···ik ≡
ik⋂

i=i1

�i ⊂ �r (r = 0, 1, . . . , N − 2)

where ik ∈ {1, 2, . . . , n2} and k � 3, is nonempty, the subdomain intersection is
termed the singular set.

The boundary functions relative to the singular sets are C0-continuous. For
r = 0, the singular sets will be singular points, which are also termed the corner
points or vertex. For r = 1, the singular sets will be lines, which are termed
the singular edges to the (n − 1)-dimensional discontinuous boundary. For r ∈
{2, 3, . . . , n − 2}, the singular sets are the r-dimensional surfaces to the (n − 1)-
dimensional discontinuous boundary. In Fig. 2.3, the singular set for three closed
domains {�i, �j , �k} is sketched. The circular symbols represent intersection
sets.

The largest solid circular symbol stands for the singular set �ijk . The corre-
sponding discontinuous boundaries relative to the singular set are labeled by ∂�ij ,
∂�jk and ∂�ik . The singular set possesses the hyperbolic or parabolic behavior
depending on the properties of the discontinuous boundary set, which can be re-
ferred to Luo (2005a). The detailed discussion is given in Chapter 5.

DEFINITION 2.8. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε], suppose x(i)(tm−) = xm = x(j)(tm+). The nonempty
boundary set ∂�ij to a flow x(α)(t) (α ∈ {i, j}) is semi-passable from the do-
main �i to �j (expressed by

−−→
∂�ij ) if the flow x(α)(t) possesses the following

properties:

either nT
∂�ij

· [x(0)(tm−ε) − x(i)(tm−ε)
]

> 0 and

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

> 0

(2.7a)for n∂�ij
→ �j,
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Figure 2.3. A singular set for the intersection of three domains {�i, �j ,�k}. The circular circles
represent intersection sets. The largest solid circular symbol stands for the singular set �ijk . The

corresponding discontinuous boundaries are marked by ∂�ij , ∂�jk and ∂�ik .

or nT
∂�ij

· [x(0)(tm−ε) − x(i)(tm−ε)
]

< 0 and

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

< 0

(2.7b)for n∂�ij
→ �i,

where the normal vector of the boundary ∂�ij is

(2.8)n∂�ij
= ∇ϕij =

(
∂ϕij

∂x1
,
∂ϕij

∂x2
, . . . ,

∂ϕij

∂xn

)T

(xm)

.

The notation n∂�ij
→ �j means that the normal vector of the boundary ∂�ij

points to the domain �j , and xm ≡ x(0)(tm±). The notations tm±ε = tm ± ε

and tm± = tm ± 0 are used. To interpret the geometrical concept of the semi-
passable boundary sets, let us consider a flow in Eq. (2.1) from the domain �i

into the domain �j through the boundary ∂�ij . At a time tm, the flow arrives to
the boundary ∂�ij , and there is a small neighborhood (tm−ε, tm+ε) of the time tm,
which is arbitrarily selected. Here tm±ε � tm ± ε. As ε → 0, the time increment
	t ≡ ε → 0. Before the flow reaches to the boundary, the point x(i)(tm−ε) lies
in the domain �i . The point x(i)

m is for the flow on the boundary. After the flow
passes through the boundary, x(i)(tm+ε) is a point in the neighborhood of the
discontinuous boundary on the side of the domain �j . The input and output flow
vectors are x(i)(tm) − x(i)(tm−ε) and x(j)(tm+ε) − x(j)(tm), respectively. Whether
the flow passed through the boundary or not is dependent on the properties of both
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Figure 2.4. Semi-passable boundary set
−→
∂�ij for the flow passing boundary from the domain �i

to �j : (a) n∂�ij
→ �j , and (b) n∂�ij

→ �i . x(i)(tm−ε), x(j)(tm+ε) and xm are three points in
the domains �i and �j and on the boundary ∂�ij , respectively. Two vectors n∂�ij

and t∂�ij
are the

normal and tangential vectors of ∂�ij .

input and outflow vectors in the neighborhood of the boundary. The process of
the flow passing through the boundaries ∂�ij with n∂�ij

→ �j and n∂�ij
→ �i

from the domain �i to �j is shown in Fig. 2.4. Two vectors n∂�ij
and t∂�ij

are the normal and tangential vectors of the boundary curve ∂�ij determined
by ϕij (x, t) = 0 with Eq. (2.5). When an input flow x(i)(t) in the domain �i

arrives to semi-passable boundary
−−→
∂�ij , the flow can be tangential to, bouncing on

semi-passable boundary
−−→
∂�ij , or the flow can be tangential to, or bouncing on, or

passing through the semi-passable boundary
−−→
∂�ij . However, once a flow x(j)(t)

in the domain �j arrives to the semi-passable boundary
−−→
∂�ij , the flow cannot

pass through the boundary, and either the tangential or bouncing flow x(j)(t) at
the semi-passable boundary

−−→
∂�ij exists. The tangential (or grazing) flows will
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be discussed in this chapter. In the following discussion, no control and transport
laws are defined on the semi-passable boundary. The direction of t∂�ij

× n∂�ij
is

the positive direction of the coordinate by the right-hand rule.

THEOREM 2.1. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij at tm. For an arbitrarily small ε > 0, there are two time intervals [tm−ε, tm)

and (tm, tm+ε]. Suppose x(i)(tm−) = xm = x(j)(tm+), both flows x(i)(t) and
x(j)(t) are Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2) for time t , respectively,

and ‖drx(α)/dt r‖ < ∞ (α ∈ {i, j}). The nonempty boundary set ∂�ij for the
flows x(i)(t) and x(j)(t) is semi-passable from the domain �i to �j iff

either nT
∂�ij

· ẋ(i)(tm−) > 0 and nT
∂�ij

· ẋ(j)(tm+) > 0

(2.9)for n∂�ij
→ �j,

or nT
∂�ij

· ẋ(i)(tm−) < 0 and nT
∂�ij

· ẋ(j)(tm+) < 0

for n∂�ij
→ �i.

PROOF. For a point xm ∈ ∂�ij with n∂�ij
→ �j , suppose x(i)(tm−) = xm =

x(j)(tm+) and, both x(i)(t) and x(j)(t) are Cr
[tm−ε,tm)- and Cr

(tm,tm+ε]-continuous

(r � 2) for time t , respectively and ‖ẍ(α)(t)‖ < ∞ (α ∈ {i, j}) for 0 < ε 
 1.
Consider a ∈ [tm−ε, tm−) and b ∈ (tm−, tm+ε]. Application of the Taylor series
expansion of x(α)(tm±ε) with tm±ε = tm ± ε (α ∈ {i, j}) to x(α)(a) and x(α)(b)

gives

x(i)(tm−ε) ≡ x(i)(tm− − ε)

= x(i)(a) + ẋ(i)(a)(tm− − ε − a) + o
(
(tm− − ε − a)

)
,

x(j)(tm+ε) ≡ x(j)(tm+ + ε)

= x(j)(b) + ẋ(j)(tm+ + ε − b)ε + o
(
(tm+ + ε − b)

)
.

Let a → tm− and b → tm+, the limits of the foregoing equations lead to

x(i)(tm−ε) ≡ x(i)(tm− − ε) = x(i)(tm−) − ẋ(i)(tm−)ε + o(ε),

x(j)(tm+ε) ≡ x(j)(tm+ + ε) = x(j)(tm+) + ẋ(j)(tm+)ε + o(ε).

Because of 0 < ε 
 1, the ε2 and higher order terms of the foregoing equations
can be ignored. Therefore, with the first part of Eq. (2.9), the following relations
exist,

nT
∂�ij

· [x(i)(tm−) − x(i)(tm−ε)
] = nT

∂�ij
· ẋ(i)(tm−)ε > 0,

nT
∂�ij

· [x(j)(tm+ε) − x(j)(tm+)
] = nT

∂�ij
· ẋ(i)(tm+)ε > 0.
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Similarly,

nT
∂�ij

· [x(0)(tm−) − x(0)(tm−ε)
] = nT

∂�ij
· ẋ(0)(tm−)ε = 0,

nT
∂�ij

· [x(0)(tm+ε) − x(0)(tm+)
] = nT

∂�ij
· ẋ(tm+)ε = 0.

Therefore,

nT
∂�ij

· [x(0)(tm−ε) − x(i)(tm−ε)
] = nT

∂�ij
· ẋ(i)(tm−)ε > 0,

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
] = nT

∂�ij
· ẋ(j)(tm+)ε > 0.

From Definition 2.8, the boundary ∂�ij with n∂�ij
→ �j is semi-passable under

the conditions in the first part of Eq. (2.9). In a similar manner, the boundary
∂�ij with n∂�ij

→ �i is semi-passable under the conditions in the second part
of Eq. (2.9). �

THEOREM 2.2. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals [tm−ε, tm)

and (tm, tm+ε]. Suppose x(i)(tm−) = xm = x(j)(tm+), both F(i)(t) and F(j)(t)

are Cr
[tm−ε,tm)- and Cr

(tm,tm+ε]-continuous (r � 1) for time t , respectively, and

‖dr+1x(α)/dt r+1‖ < ∞ (α ∈ {i, j}). The nonempty boundary set ∂�ij for the
flows x(i)(t) and x(j)(t) is semi-passable from the domain �i to �j iff

either nT
∂�ij

· F(i)(tm−) > 0 and nT
∂�ij

· F(j)(tm+) > 0

(2.10)for n∂�ij
→ �j,

or nT
∂�ij

· F(i)(tm−) < 0 and nT
∂�ij

· F(j)(tm+) < 0

for n∂�ij
→ �i

where F(i)(tm−) = F(i)(x, tm−,μi ) and F(j)(tm+) = F(j)(x, tm+,μj ).

PROOF. For a point xm ∈ ∂�ij with n∂�ij
→ �j , the relationship x(i)(tm−) =

xm = x(j)(tm+) exists. With Eq. (2.1), the first part of Eq. (2.10) gives

nT
∂�ij

· ẋ(i)(tm−) = nT
∂�ij

· F(i)(tm−) > 0 and

nT
∂�ij

· ẋ(j)(tm+) = nT
∂�ij

· F(j)(tm+) > 0.

From Theorem 2.1 and Definition 2.8, the boundary ∂�ij with n∂�ij
→ �j is

semi-passable. In a similar fashion, the boundary ∂�ij with n∂�ij
→ �i is semi-

passable under the condition in the second part of Eq. (2.10). �

DEFINITION 2.9. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval [tm−ε, tm)

and suppose x(α)(tm−) = xm (α ∈ {i, j}). The nonempty boundary set ∂�ij
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for flows x(i)(t) and x(j)(t) is the nonpassable boundary of the first kind, ∂̃�ij

(or termed a sink boundary between the subdomains �i and �j ) if the flows
x(i)(t) and x(j)(t) in the neighborhood of the boundary ∂�ij possess the following
properties:

(2.11)

{
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]}{
nT

∂�ij
· [x(0)(tm−ε) − x(j)(tm−ε)

]}
< 0.

DEFINITION 2.10. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval (tm, tm+ε]
and suppose x(α)(tm+) = xm (α ∈ {i, j}). The nonempty boundary set ∂�ij for
the flows x(i)(t) and x(j)(t) is the nonpassable boundary of the second kind ∂̂�ij

(or termed a source boundary between the subdomains �i and �j ) if the flows
x(i)(t) and x(j)(t) in the neighborhood of the boundary ∂�ij possess the following
properties:

(2.12)

{
nT

∂�ij
· [x(i)(tm+ε) − x(0)(tm+ε)

]}{
nT

∂�ij
· [x(j)(tm+ε) − x(0)(tm+ε)

]}
< 0.

The above two concepts for the sink and source boundaries between the two
subdomains �i and �j are illustrated in Figs. 2.5(a) and (b). The flows in the
neighborhood of the boundaries are depicted. When a flow x(α)(t) (α ∈ {i, j})
in the domain �α arrives to the nonpassable boundary of the first kind ∂̃�ij , the
flow can be tangential to or sliding on the nonpassable boundary ∂̃�ij . For the
nonpassable boundary of the second kind ∂̂�ij , a flow x(α)(t)(α ∈ {i, j}) in the
domain �α can be tangential to or bouncing on the nonpassable boundary ∂̂�ij .
In this chapter, only the tangential flows on the nonpassable boundary will be
discussed, which are similar to the one on the semi-passable boundary.

THEOREM 2.3. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval [tm−ε, tm) and
suppose x(α)(tm−) = xm (α ∈ {i, j}). The flow x(α)(t) is Cr

[tm−ε,tm)-continuous

(r � 2) for time t , and ‖drx(α)/dt r‖ < ∞. The nonempty boundary set ∂�ij for
the flows x(i)(t) and x(j)(t) is a nonpassable boundary of the first kind iff

(2.13)
[
nT

∂�ij
· ẋ(i)(tm−)

][
nT

∂�ij
· ẋ(j)(tm−)

]
< 0.

PROOF. The theorem can be proved following the procedure of the proof of The-
orem 2.1. �

THEOREM 2.4. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval [tm−ε, tm)
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Figure 2.5. Nonpassable boundary set ∂�ij = ∂̃�ij ∪ ∂̂�ij : (a) the sink boundary (or the nonpass-
able boundary of the first kind, ∂̃�ij ), (b) the source boundary (or the nonpassable boundary of the

second kind, ∂̂�ij ). xm ≡ (xn1 (tm), xn−n1 (tm))T, x(α)(tm±ε) ≡ (x(α)
n1 (tm±ε), x(α)

n−n1
(tm±ε))

T and
α ∈ {i, j} where tm±ε = tm ± ε for an arbitrary small ε > 0.

and suppose x(α)(tm−) = xm (α ∈ {i, j}). The vector field F(α)(t) is Cr
[tm−ε,tm)-

continuous (r � 1), and ‖dr+1x(α)/dt r+1‖ < ∞. The nonempty boundary set
∂�ij for the flows x(i)(t) and x(j)(t) is a nonpassable boundary of the first kind
iff

(2.14)
[
nT

∂�ij
· F(i)(tm−)

][
nT

∂�ij
· F(j)(tm−)

]
< 0

where F(α)(tm−) � F(α)(x, tm−,μα) (α ∈ {i, j}).

PROOF. The theorem can be proved following the procedure of the proof of The-
orem 2.2. �
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THEOREM 2.5. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval (tm, tm+ε] and
suppose x(α)(tm+) = xm (α ∈ {i, j}). x(α)(t) is Cr

(tm,tm+ε]-continuous (r � 2) for

time t , and ‖drx(α)/dt r‖ < ∞. The nonempty boundary set ∂�ij for the flows
x(i)(t) and x(j)(t) is a nonpassable boundary of the second kind iff

(2.15)
[
nT

∂�ij
· ẋ(i)(tm+)

][
nT

∂�ij
· ẋ(j)(tm+)

]
< 0.

PROOF. The theorem can be proved following the procedure of the proof of The-
orem 2.1. �

THEOREM 2.6. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval (tm, tm+ε]
and suppose x(α)(tm+) = xm (α ∈ {i, j}). The vector field F(α)(t) is Cr

[tm−ε,tm)-

continuous (r � 1), and ‖dr+1x(α)/dt r+1‖ < ∞. The nonempty boundary set
∂�ij for the flows x(i)(t) and x(j)(t) is a nonpassable boundary of the second
kind iff

(2.16)
[
nT

∂�ij
· F(i)(tm+)

][
nT

∂�ij
· F(j)(tm+)

]
< 0

where F(α)(tm+) � F(α)(x, tm+,μα) (α ∈ {i, j}).

PROOF. The theorem can be proved following the procedure of the proof of The-
orem 2.2. �

DEFINITION 2.11. The nonempty boundary set ∂�ij for the flows x(i)(t) and
x(j)(t) is passable (

←→
∂�ij ) only if it possesses not only semi-passable boundary

−−→
∂�ij from the domain �i to �j but

←−−
∂�ij from the domain �j to �i .

This definition indicates that the C0-flow on the boundary set is invertible. The
gradients of the flow on both sides of the separation boundary are different in
the nonsmooth dynamical systems. If the flow is C1-continuous on the boundary
without effects of sliding motion, the boundary set becomes a trivial boundary
set, and the two subdynamical systems become a smooth dynamical system. For
illustration of the passable boundary set, the flows passing through the boundary
∂�ij from �i to �j and from �j to �i are presented in Fig. 2.6. The dashed
curves are other boundaries for the domains �i and �j . The thicker solid curve
represents the boundary ∂�ij . The thinner solid curves with arrows are the flow
of Eq. (2.1) in the two domains.
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Figure 2.6. Flow passing through the boundary ∂�ij : (a) from �i to �j , and (b) from �j to �i .

2.4. Local singularity and tangential flows

In this section, a local singularity of flow and tangential flows will be discussed.
The corresponding necessary and sufficient conditions will be presented.

DEFINITION 2.12. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
(i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm−) = xm = x(β)(tm+) (α, β ∈
{i, j}). The two flows x(α)(t) and x(β)(t) are Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous

(r � 2), respectively. A point xm is critical on the nonempty boundary set ∂�ij if

(2.17)nT
∂�ij

· ẋ(α)(tm−) = 0 and/or nT
∂�ij

· ẋ(β)(tm+) = 0.
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THEOREM 2.7. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals (i.e.,
[tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm−) = xm = x(β)(tm+) (α, β ∈
{i, j}). The two vector fields F(α)(t) and F(β)(t) are Cr

[tm−ε,tm)
- and Cr

(tm,tm+ε]-
continuous (r � 1) for time t , respectively, and ‖dr+1x(α)/dt r+1‖ < ∞ (α ∈
{i, j}). The point xm ∈ ∂�ij is critical on the nonempty boundary ∂�ij iff

(2.18)nT
∂�ij

· F(α)(tm−) = 0 and/or nT
∂�ij

· F(β)(tm+) = 0

where F(α)(tm−) = F(α)(x, tm−,μα) and F(β)(tm+) = F(β)(x, tm+,μβ).

PROOF. Using Eq. (2.1) and Definition 2.12, the Theorem 2.7 can be proved. �

Since the tangential vector of the input and output flows x(α)(tm−) and
x(α)(tm+) on the side of the domain �α (α ∈ {i, j}) at the boundary ∂�ij is
normal to the normal vector of the boundary, it implies that the input flow is tan-
gential to the boundary. The mathematical description is given as follows.

DEFINITION 2.13. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals (i.e.,
[tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}). The flow
x(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t . The flow x(α)(t)

in �α is tangential to the boundary ∂�ij if the following two conditions hold:

(2.19)nT
∂�ij

· ẋ(α)(tm±) = 0 and

either

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

> 0,

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

< 0

(2.20)for n∂�ij
→ �β

where β ∈ {i, j} but α 
= β, or

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

< 0,

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

> 0

(2.21)for n∂�ij
→ �α.

Since nT
∂�ij

· t∂�ij
= 0 and t∂�ij

= ẋm on the boundary ∂�ij , with Eq. (2.19),
we have

(2.22)
nT

∂�ij
· ẋ(α)(tm±) = 0 = nT

∂�ij
· ẋm or ẋ(α)(tm−) = ẋm = ẋ(α)(tm+).
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Figure 2.7. A flow in the domain �i tangential to the boundary ∂�ij with n∂�ij
→ �j . The

gray-filled symbols represent two points (x(i)
m−ε and x(i)

m+ε) on the flow before and after the tangency.
The tangential point xm on the boundary ∂�ij is depicted by a large circular symbol.

The above equation implies that the flow x(α) on the boundary is at least C1-
continuous. To demonstrate the above definition, consider a flow in the domain
�i tangential to the boundary ∂�ij with n∂�ij

→ �j , as shown in Fig. 2.7. The

gray-filled symbols represent two points (x(i)
m±ε = x(i)(tm ± ε)) on the flow before

and after the tangency. The tangential point xm on the boundary ∂�ij is depicted
by a large circular symbol. This tangential flow is also termed the grazing flow.

THEOREM 2.8. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-
vals (i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}).
The flow x(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2) for time t and

‖drx(α)/dt r‖ < ∞. The flow x(α)(t) in �α is tangential to the boundary ∂�ij iff

(2.23)nT
∂�ij

· ẋ(α)(tm±) = 0,{
nT

∂�ij
· [ẋ(0)(tm−ε) − ẋ(α)(tm−ε)

]}
(2.24)× {

nT
∂�ij

· [ẋ(α)(tm+ε) − ẋ(0)(tm+ε)
]}

< 0.
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PROOF. Since Eq. (2.23) is identical to Eq. (2.19), the first condition in Eq. (2.19)
is satisfied:

x(α)(tm±) ≡ x(α)(tm± ± ε ∓ ε) = x(α)(tm± ± ε) ∓ εẋ(α)(tm± ± ε) + o(ε)

= x(α)(tm±ε) ∓ εẋ(α)(tm±ε) + o(ε).

For 0 < ε 
 1, the higher order terms in the above equation can be ignored.
Therefore,

nT
∂�ij

· [x(α)(tm+) − x(α)(tm−ε)
] = εnT

∂�ij
· ẋ(α)(tm−ε),

nT
∂�ij

· [x(α)(tm+ε) − x(α)(tm+)
] = εnT

∂�ij
· ẋ(α)(tm+ε).

Similarly,

nT
∂�ij

· [x(0)(tm) − x(0)(tm−ε)
] = εnT

∂�ij
· ẋ(0)(tm−ε),

nT
∂�ij

· [x(0)(tm+ε) − x(0)(tm)
] = εnT

∂�ij
· ẋ(0)(tm+ε).

From Eq. (2.24), the first case is:

nT
∂�ij

· [ẋ(0)(tm−ε) − ẋ(α)(tm−ε)
]

> 0 and

nT
∂�ij

· [ẋ(α)(tm+ε) − ẋ(0)(tm+ε)
]

< 0

with which Eq. (2.20) holds for ∂�ij with n∂�ij
→ �β (β 
= α). However, the

second case is:

nT
∂�ij

· [ẋ(0)(tm−ε) − ẋ(α)(tm−ε)
]

< 0 and

nT
∂�ij

· [ẋ(α)(tm+ε) − ẋ(0)(tm+ε)
]

> 0

from which Eq. (2.21) holds for ∂�ij with n∂�ij
→ �α . Therefore, from Defini-

tion 2.13, the flow x(α)(t) for t ∈ Tm in �α is tangential to the boundary ∂�ij . �

THEOREM 2.9. For a discontinuous dynamical system in Eq. (2.1), x(tm) = xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals (i.e.,
[tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}). The vec-
tor field F(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t and

‖dr+1x(α)/dt r+1‖ < ∞. The flow x(α)(t) in �α is tangential to the boundary
∂�ij iff

(2.25)nT
∂�ij

· F(α)(tm±) = 0,{
nT

∂�ij
· [F(α)(tm−ε) − F(0)(tm−ε)

]}
(2.26)× {

nT
∂�ij

· [F(α)(tm+ε) − F(0)(tm+ε)
]}

< 0.
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PROOF. Using Eq. (2.1) and the Theorem 2.8, the Theorem 2.9 can be proved. �

THEOREM 2.10. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-
vals (i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}).
The flow x(α)(t) is Cr[tm−ε,tm)- and Cr

(tm,tm+ε]-continuous (r � 3) for time t and

‖drx(α)/dt r‖ < ∞. The flow x(α)(t) in �α is tangential to the boundary ∂�ij iff

(2.27)nT
∂�ij

· ẋ(α)(tm±) = 0 and

either nT
∂�ij

· [ẍ(α)(tm±) − ẍ(0)(tm)
]

< 0 for n∂�ij
→ �β

(2.28)(β ∈ {i, j}, β 
= α),

or nT
∂�ij

· [ẍ(α)(tm±) − ẍ(0)(tm)
]

> 0 for n∂�ij
→ �α.

PROOF. Equation (2.27) is identical to Eq. (2.19), thus the first condition in
Eq. (2.19) is satisfied. From Definition 2.13, consider the boundary ∂�ij with
n∂�ij

→ �β (β 
= α) first. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) are
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 3) for time t and ‖drx(α)/dt r‖ < ∞

(α ∈ {i, j}). For a ∈ [tm−ε, tm) and a ∈ (tm, tm+ε], the Taylor series expansion
of x(α)(tm±ε) to x(α)(a) up to the third-order term gives

x(α)(tm±ε) ≡ x(α)(tm± − ε)

= x(α)(a) + ẋ(α)(a)(tm± ± ε − a) + ẍ(α)(a)(tm± ± ε − a)2

+ o
(
(tm± ± ε − a)2),

As a → tm±, the limit of the foregoing equation leads to

x(α)(tm±ε) ≡ x(α)(tm ± ε)

= x(α)(tm±) ± ẋ(α)(tm±)ε + ẍ(α)(tm±)ε2 + o
(
ε2).

The ignorance of the ε3 and high order terms, the deformation of the above equa-
tion and left multiplication of n∂�ij

gives

nT
∂�ij

· [x(α)(tm+ε) − x(α)(tm+)
] = nT

∂�ij
· ẋ(α)(tm+)ε + nT

∂�ij
· ẍ(α)(tm+)ε2,

nT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
] = nT

∂�ij
· ẋ(α)(tm−)ε − nT

∂�ij
· ẍ(α)(tm−)ε2.

With Eq. (2.27), we have

nT
∂�ij

· [x(α)(tm+ε) − x(α)(tm+)
] = nT

∂�ij
· ẍ(α)(tm+)ε2,

nT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
] = −nT

∂�ij
· ẍ(α)(tm−)ε2.
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Because of nT
∂�ij

· ẋ(α)(tm±) = 0

nT
∂�ij

· [x(0)(tm+ε) − x(0)(tm+)
] = nT

∂�ij
· ẍ(0)(tm+)ε2,

nT
∂�ij

· [x(0)(tm−) − x(0)(tm−ε)
] = nT

∂�ij
· ẍ(0)(tm−)ε2.

For the boundary ∂�ij with n∂�ij
→ �β , using the first inequality of Eq. (2.28),

the foregoing two equations lead to

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

= −nT
∂�ij

· [ẍ(α)(tm−) − ẍ(0)(tm−)
]
ε2 > 0,

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
] = nT

∂�ij
· [ẍ(α)(tm+) − ẍ(0)(tm+)

]
ε2 < 0.

Similarly, using the second inequality of Eq. (2.28), the foregoing two equations
for the boundary ∂�ij with n∂�ij

→ �α lead to

nT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
] = −nT

∂�ij
· [ẍ(α)(tm−) − ẍ(0)(tm−)

]
ε2 < 0,

nT
∂�ij

· [x(α)(tm+ε) − x(α)(tm+)
] = nT

∂�ij
· [ẍ(α)(tm+) − ẍ(0)(tm+)

]
ε2 > 0.

Therefore under condition in Eq. (2.28), the flow x(t)(t) in �α is tangential to the
boundary ∂�ij . �

THEOREM 2.11. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
(i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}). The
vector field F(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2) for time t and

‖dr+1x(α)/dt r+1‖ < ∞. The flow x(α)(t) in �α is tangential to the boundary
∂�ij iff

(2.29)nT
∂�ij

· F(α)(tm±) = 0 and

either nT
∂�ij

· [DF(α)(tm±) − DF(0)(tm±)
]

< 0 for n∂�ij
→ �β

(2.30)(β ∈ {i, j}, β 
= α),

or nT
∂�ij

· [DF(α)(tm±) − DF(0)(tm±)
]

> 0 for n∂�ij
→ �α

where the total differentiation (p, q ∈ {1, 2, . . . , n}) and λ ∈ {0, α}

DF(λ)(tm±) =
[
∂F

(λ)
p (tm±)

∂xq

]
F(λ)(tm±) + ∂F(λ)(tm±)

∂t
.
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PROOF. Using Eqs. (2.1) and (2.29), the first condition in Eq. (2.19) is satisfied.
The derivative of Eqs. (2.1) and (2.5) with respect to time gives

ẍ ≡
[
∂F

(λ)
p (x, t,μλ)

∂xq

]
ẋ + ∂

∂t
F(λ)(x, t,μλ) = DF(λ)(tm±).

For t = tm± and x = xm, the left multiplication of n∂�ij
to the foregoing equation

gives

nT
∂�ij

· ẍ(tm±) = nT
∂�ij

· DF(λ)(tm±)

where F(α)(xm, tm±,μα) � F(α)(tm±). Using Eq. (2.30), the above equation leads
to Eq. (2.28). From Theorem 2.10, the flow x(α)(t) in �α is tangential to the
boundary ∂�ij . �

DEFINITION 2.14. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
(i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}). The
flow x(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2l) for time t . The flow

x(α)(t) in �α is the (2l − 1)th-order tangential to the boundary ∂�ij if the three
conditions hold:

(2.31)nT
∂�ij

· dk

dtk

[
x(α)(tm±) − x(0)(tm±)

] = 0 for k = 1, 2, . . . , 2l − 1,

(2.32)nT
∂�ij

· d2l

dt2l

[
x(α)(tm±) − x(0)(tm±)

] 
= 0, and

either

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

> 0,

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

< 0

(2.33)for n∂�ij
→ �β

where β ∈ {i, j} but α 
= β, or

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

< 0,

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

> 0

(2.34)for n∂�ij
→ �α.

THEOREM 2.12. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
(i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}). The
flow x(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2l + 1) for time t and
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‖drx(α)/dt r‖ < ∞. The flow x(α)(t) in �α is the (2l − 1)th-order tangential to
the boundary ∂�ij iff

(2.35)nT
∂�ij

· dk

dtk

[
x(α)(tm±) − x(0)(tm±)

] = 0 for k = 1, 2, . . . , 2l − 1,

(2.36)nT
∂�ij

· d2l

dt2l

[
x(α)(tm±) − x(0)(tm±)

] 
= 0, and

(2.37)
either nT

∂�ij
· d2l

dt2l

[
x(α)(tm±) − x(0)(tm±)

]
< 0 for n∂�ij

→ �β,

or nT
∂�ij

· d2l

dt2l

[
x(α)(tm±) − x(0)(tm±)

]
> 0 for n∂�ij

→ �α

where β ∈ {i, j} but α 
= β.

PROOF. For Eqs. (2.35) and (2.36), the first two conditions in Definition 2.14 are
satisfied. Consider the boundary ∂�ij with n∂�ij

→ �β (β 
= α) first. Choose
a ∈ [tm−ε, tm) or a ∈ (tm, tm−ε], and application of the Taylor series expansion
of x(α)(tm±ε) to x(α)(a) and up to the 2l-order term gives for λ ∈ {0, α}

x(λ)(tm±ε) ≡ x(λ)(tm± ± ε) = x(λ)(a) +
2l−1∑
k=1

dk

dtk
x(λ)(a)(tm± ± ε − a)k

+ d2l

dt2l
x(λ)(a)(tm± ± ε − a)2l + o

(
(tm± ± ε − a)2l

)
.

As a → tm±, we have

x(λ)(tm±ε) ≡ x(λ)(tm± ± ε) = x(λ)(tm±) +
2l−1∑
k=1

dk

dtk
x(λ)(tm±)(±ε)k

+ d2l

dt2l
x(λ)(tm±)(±ε)2l + o

(±ε2l
)
.

With Eqs. (2.35) and (2.36), the deformation of the above equation and left mul-
tiplication of n∂�ij

produces

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
] = nT

∂�ij
· d2l

dt2l

[
x(α)(tm+) − x(0)(tm+)

]
ε2l ,

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

= −nT
∂�ij

· d2l

dt2l

[
x(α)(tm−) − x(0)(tm−)

]
ε2l .

Under Eq. (2.37), the condition in Eq. (2.33) is satisfied. Therefore, the flow
x(α)(t) in �α is the (2l − 1)th-order tangential to the boundary ∂�αβ with
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n∂�αβ → �β . Similarly, under the condition in Eq. (2.37), the flow x(α)(t) in
�α is the (2l − 1)th-order tangential to the boundary ∂�ij with n∂�αβ → �α .
The theorem is proved. �

THEOREM 2.13. For a discontinuous dynamical system in Eq. (2.1), x(tm) =
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
(i.e., [tm−ε, tm) and (tm, tm+ε]) and suppose x(α)(tm±) = xm (α ∈ {i, j}). The
vector field F(α)(t) is Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2l) for time t and

‖dr+1x(α)/dt r+1‖ < ∞. The flow x(α)(t) in �α is the (2l − 1)th-order tangential
to the boundary ∂�ij iff

(2.38)nT
∂�ij

· Dk−1[F(α)(tm±) − F(0)(tm±)
] = 0 for k = 1, 2, . . . , 2l − 1,

(2.39)nT
∂�ij

· D2l−1[F(α)(tm±) − F(0)(tm±)
] 
= 0,

(2.40)
nT

∂�ij
· D2l−1[F(α)(tm±) − F(0)(tm±)

]
< 0 for n∂�ij

→ �β, or

nT
∂�ij

· D2l−1[F(α)(tm±) − F(0)(tm±)
]

> 0 for n∂�ij
→ �α

where the total differentiation for λ ∈ {0, α}

(2.41)Dk−1F(λ)(tm±) = Dk−2
{[

∂F
(λ)
p (tm±)

∂xq

]
F(λ)(tm±) + ∂F(λ)(tm±)

∂t

}
,

p, q ∈ {1, 2, . . . , n}, k ∈ {2, 3, . . . , 2l} and β ∈ {i, j} but α 
= β.

PROOF. The kth-order derivative of Eq. (2.1) with respect to time gives

dkx(λ)(tm)

dtk
= dk−1

dtk−1
ẋ(λ)(tm) = dk−1

dtk−1
F(λ)(xm, tm,μα)

≡ Dk−1F(λ)(xm, tm,μα)

= Dk−2
{[

∂F
(λ)
p (xm, tm,μα)

∂xq

]
ẋ + ∂

∂t
F(λ)(xm, tm,μα)

}
.

Using the foregoing equation to the conditions in Eqs. (2.38)–(2.41), the flow
x(α)(t) in �α is the (2l − 1)th-order tangential to the boundary ∂�ij from Theo-
rem 2.12. Therefore, the theorem is proved. �

DEFINITION 2.15. A flow x(α)(t) tangential to ∂�ij (α ∈ {i, j}) in �α is termed
the local grazing flow if x(α)(t) starting from ∂�ij in �α is not intersected with

another boundary before grazing. Suppose x(α)(t) has x(α)
m−1 and x(α)

m+1 on the
n∂�ij

-line relative to xm ∈ ∂�ij , then the three grazing flows exist. The tangential
flow x(α)(t) is termed:
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Figure 2.8. A classification of local grazing flows in �i to ∂�ij with n∂�ij
→ �j : (a) the first

kind of grazing flow, (b) the second kind of grazing flow, and (c) the third kind of grazing flow. The

gray-filled symbols represent two points (x(i)
m−1 and x(i)

m+1) on the normal line relative to tangential
point xm on the boundary ∂�ij depicted by a large circular symbol.

(a) the grazing flow of the first kind if

(2.42)
∥∥x(α)

m−1 − xm

∥∥ <
∥∥x(α)

m+1 − xm

∥∥;
(b) the grazing flow of the second kind if

(2.43)
∥∥x(α)

m−1 − xm

∥∥ >
∥∥x(α)

m+1 − xm

∥∥;
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(c) the grazing flow of the third kind if

(2.44)
∥∥x(α)

m−1 − xm

∥∥ = ∥∥x(α)
m+1 − xm

∥∥.

From the above definition, the local grazing flows in the domain �i to the bound-
ary ∂�ij with n∂�ij

→ �j are sketched in Fig. 2.8 for interpretation of the local
grazing flows. The first, second and third kinds of grazing flow are arranged in
Figs. 2.8(a), (b) and (c), respectively. The gray-filled symbols represent two points
(x(i)

m−1 and x(i)
m+1) on the normal line relative to tangential point xm on the bound-

ary ∂�ij depicted by a large circular symbol.

In this section, the sufficient and necessary conditions presented for graz-
ing, passable and nonpassable flows are based on the function ϕij (x(t)) = 0.
If the normal direction of the boundary ∂�ij is invariant with time t , then we

have nT
∂�ij

· dk

dtk
x(0)(tm±) = 0 for k = 1, 2, . . . . If the separation boundary

is controlled by ϕij (x, t) = 0, all the conditions nT
∂�ij

· ẋ(α)(tm±) = 0 (or

nT
∂�ij

· F(α)(tm±) = 0) for the separation boundary ϕij (x(t)) = 0 are replaced

by nT
∂�ij

· ẋ(α)(tm±)+ ∂ϕij

∂t
= 0 and nT

∂�ij
·F(α)(tm±)+ ∂ϕij

∂t
= 0, respectively. The

rest conditions can be kept as in the present form. In an alternative way, a new
function G(x, t) = nT

∂�ij
· ẋ(α)(tm±) + ∂ϕij

∂t
(or G(x, t) = nT

∂�ij
· F(tm±) + ∂ϕij

∂t
)

is introduced. We have DkG(x, t) = Dk−1(DG(x, t)) and DG(x, t) = ∇G(x, t) ·
ẋ(α)(tm±)+ ∂G(x,t)

∂t
(or DG(x, t) = ∇G(x, t) ·F(α)(tm±)+ ∂G(x,t)

∂t
). The necessary

and sufficient conditions for grazing require G(x, t) = 0 and DG(x, t) 
= 0. The
other conditions for higher-order grazing and transversality will use Dk−1G(x, t)

to replace dk

dtk
(x(α)(t) − x(0)(t)) or dk−1

dtk−1 (F(α)(t) − F(0)(t)). We will use the sepa-
ration boundary condition ϕij (x(t)) = 0 to develop the theory.

2.5. A piecewise linear system

To demonstrate the local singularity and grazing in nonsmooth dynamical sys-
tems, two common examples in mechanical engineering are considered herein.
Consider a periodically excited, piecewise linear system as the first application in
this section with

(2.45)ẍ + 2dẋ + k(x) = a cos �t,

where ẋ = dx/dt . The parameters (� and a) are excitation frequency and ampli-
tude, respectively. The restoring force is

(2.46)k(x) =
{

cx − e, for x ∈ [E,∞),

0, for x ∈ [−E,E],
cx + e, for x ∈ (−∞,−E]
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with E = e/c. To describe the motion of the foregoing system, there are three
linear regions of the restoring force (region I: x � E, region II: −E � x � E

and region III: x � −E). The solution for each region can be easily obtained
in Appendix A. From Eqs. (2.45) and (2.46), the dynamical systems in regions I
and III do not have any singularity. Once all the parameters are finite, the solutions
of these motions in regions I and III are finite. In region II, the solution of the
motion continuous to time t is unbounded, but the displacement boundary of the
domain on which the dynamical system is defined is finite. Since the velocity is
the derivative of displacement with respect to time, the flows of the system in
the displacement-bounded, region II is bounded. The phase space in Eq. (2.45) is
divided into three subdomains, and the three subdomains are defined by

�1 = {
(x, y) | x ∈ [E,∞), y ∈ (−∞,∞)

}
,

(2.47)�2 = {
(x, y) | x ∈ [−E,E], y ∈ (−∞,∞)

}
,

�3 = {
(x, y) | x ∈ (−∞,−E], y ∈ (−∞,∞)

}
.

The entire phase space is given by

(2.48)� =
3⋃

α=1

�α.

The corresponding separation boundaries are

(2.49)
∂�12 = �1 ∩ �2 = {

(x, y) | ϕ12(x, y) ≡ x − E = 0
}
,

∂�23 = �2 ∩ �3 = {
(x, y) | ϕ23(x, y) ≡ x + E = 0

}
.

Such domains and the boundary are sketched in Fig. 2.9. From the above defini-
tions, Eqs. (2.45) and (2.46) give

(2.50)x = F(α)(x, t,μα,π) for α ∈ {1, 2, 3}
where

F(1)(x, t,μ1,π) = (y,−2dy − cx + a cos ωt)T, in x ∈ �1

(2.51)F(2)(x, t,μ2,π) = (y,−2dy + a cos ωt)T, in x ∈ �2,

F(3)(x, t,μ3,π) = (y,−2dy − cx + a cos ωt)T, in x ∈ �3.

Note that μ1 = μ3 = (c, d)T,μ2 = (0, d)T and π = (�, a)T. To understand
the local dynamics of Eq. (2.45), it is very important to investigate the sliding
dynamics along the separation boundary. In Eq. (2.49), using n∂�ij

= ∇ϕij gives

(2.52)n∂�12 = n∂�23 = (1, 0)T.
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Figure 2.9. Subdomains, boundaries and equilibriums (±E, 0).

Therefore, Eqs. (2.51) and (2.52) give

(2.53)
nT

∂�12
· F(1)(x, t,μ1,π) = nT

∂�12
· F(2)(x, t,μ2,π) = y,

nT
∂�23

· F(2)(x, t,μ2,π) = nT
∂�23

· F(3)(x, t,μ3,π) = y.

From Eqs. (2.52) and (2.53) with Theorem 2.11, the equilibrium points (±E, 0)

are common tangential points for flows in both subdomains of the two separa-
trices. Furthermore, the grazing bifurcation conditions on the separatrices for the
flows of this discontinuous system in the three subdomains are

(2.54)y = 0 and

{
ẏ > 0 for x = E in �1 and x = −E in �2,

ẏ < 0 for x = E in �2 and x = −E in �3.

Therefore, in the neighborhoods of the two equilibrium points, the local topo-
logical structures of the hyperbolic flow for system in Eq. (2.45) are sketched in
Fig. 2.10. The detailed discussion can be refereed to Luo (2006). For description
of motion in Eq. (2.45), two switching sections (or sets) are:

(2.55)

+ = {

(ti , xi, yi) | xi = E, ẋi = yi

}
,


− = {
(ti , xi, yi) | xi = −E, ẋi = yi

}
.

The two sets are decomposed as

(2.56)
+ = 
++ ∪ 
+− ∪ {ti , E, 0} and 
− = 
−+ ∪ 
−− ∪ {ti ,−E, 0}
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Figure 2.10. Phase portraits near equilibriums (±E, 0) on the boundaries.

where four subsets are defined as

(2.57)

++ = {

(ti , xi, yi) | xi = E, ẋi = yi > 0
}
,


+− = {
(ti , xi, yi) | xi = E, ẋi = yi < 0

}
,

(2.58)

−+ = {

(ti , xi, yi) | xi = −E, ẋi = yi > 0
}
,


−− = {
(ti , xi, yi) | xi = −E, ẋi = yi < 0

}
.

From four subsets, six basic mappings are:

(2.59)
P1 : 
++ → 
+− , P2 : 
+− → 
−− , P3 : 
−− → 
−+ ,

P4 : 
−+ → 
++ , P5 : 
+− → 
++ , P6 : 
−+ → 
−− .

The switching planes and basic mappings are sketched in Fig. 2.11. Consider the
initial and final states of (t, x, ẋ) to be (ti , xi, yi) and (ti+1, xi+1, yi+1) in the sub-
domain �α (α = 1, 2, 3), respectively. The local mappings are {P1, P3, P5, P6}
and the global mappings are {P2, P4}. The displacement and velocity equations
in Appendix A with initial conditions give the governing equations for mapping
Pk (k = 1, 2, . . . , 6), i.e.

(2.60)Pk:

{
f

(k)
1 (xi, yi, ti , xi+1, yi+1, ti+1) = 0,

f
(k)
2 (xi, yi, ti , xi+1, yi+1, ti+1) = 0.
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Figure 2.11. Switching sections and basic mappings in phase plane.

Figure 2.12. The grazing bifurcation conditions for mappings P1 (yi � 0, solid lines) and P3
(yi � 0, dashed lines). (n = 1, a = 20, c = 100, E = 1, d = 0.5.)

The necessary and sufficient conditions for the grazing of all the six generic map-
pings are:

yi+1 = 0,

(2.61)ẏi+1 = a cos �ti+1 > 0 for Pj (j = 1, 2, 6),

ẏi+1 = a cos �ti+1 < 0 for Pj (j = 3, 4, 5).
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Figure 2.13. The grazing bifurcation conditions for: (a) mappings P2 (yi � 0, solid lines) and P4
(yi � 0, dashed lines), and (b) mappings P5 (yi � 0, solid lines) and P6 (yi � 0, dashed lines).

(n = 1, a = 20, c = 100, E = 1, d = 0.5.)

From the foregoing equation, once one of the initial time or velocity is selected,
the grazing bifurcation can be determined through the Newton–Raphson method.
In computation, the condition ti+1 > ti should be inserted for fast obtaining solu-
tions. Consider the parameters a = 20, c = 100, E = 1, d = 0.5 for illustration
of the grazing bifurcation. For given initial velocity yi , the grazing bifurcations
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Figure 2.14. The grazing flows relative to: (a) mapping P1 (xi = 1), (b) mapping P3 (xi = −1),
(c) mapping P2 (xi = −1), (d) mapping P4 (xi = 1), (e) mapping P5 (xi = 1), and (f) mapping P6

(xi = −1). (n = 1, a = 20, c = 100, E = 1, d = 0.5.)
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are computed. In Fig. 2.12, the grazing bifurcation conditions of mapping P1
(yi � 0) and P3 (yi � 0) are illustrated for yi = ±{1, 2, 3, 4} and n = 1.
The grazing bifurcations for both mappings P2 (yi � 0) and P4 (yi � 0), and
mappings P2 (yi � 0) and P4 (yi � 0) are presented in Figs. 2.13(a) and (b).
The mappings {P2, P5} and {P3, P6} are represented by the solid and dashed
curves, respectively. The initial conditions varying with excitation frequency are
presented. Similarly, the initial condition varying with excitation amplitude can
be determined. From these initial conditions, based on the six mappings, the final
states will be tangential to the corresponding boundaries. From the predictions of
grazing bifurcation, the grazing flows are demonstrated for a better understanding
of the grazing bifurcation. The same parameters are used as before. The grazing
flows for mapping P1 (xi = 1, (yi,�ti) ≈ (1, 3.592), (2, 3.256) and (3, 3.125))

in �1 and mapping P3 (xi = −1, (yi,�ti) ≈ (−1, 0.449), (−2, 0.114) and
(−3, 6.267)) in �3 are illustrated in Figs. 2.14(a) and (b) for � = 10. The
grazing flows in �2 are illustrated in Figs. 2.14(c) and (d) for mapping P2
(xi = 1, (yi,�ti) ≈ (0, 2.71), (−2, 3.20), (−4, 3.63) and (−6, 4.07)) and map-
ping P4 (xi = −1, (yi,�ti) ≈ (0, 5.85), (2, 0.06), (−4, 0.47) and (−6, 0.93)).
The grazing flow for yi = 0 seems the half generic separatrix of the pendulum.
Finally, the local grazing flows in domain �2 are illustrated in Fig. 2.14(e) and
(f) for mappings P5 (xi = 1, yi = −2, �ti ≈ {5.90, 4.11}) and mapping P6
(xi = −1, yi = 2, �ti ≈ {2.76, 0.97}). The two local, grazing flows are of
the first kind in domain �2. It is observed that the grazing flows at the tangential
points satisfy the conditions in Theorem 2.11. The detailed results can be referred
to Luo (2005b) The fragmentation of strange attractors of chaotic motions in this
system can be seen in Luo (2005c). The grazing in piecewise linear systems with
impacting can be found in Luo and Chen (2006).

2.6. A friction-induced oscillator

For the second example, consider a periodically forced oscillator consisting of a
mass (m), a spring of stiffness (k) and a damper of viscous damping coefficient
(r), as shown in Fig. 2.15(a). The grazing flow for this problem was discussed
in Luo and Gegg (2006c). This oscillator also rests on the horizontal belt sur-
face traveling with a constant speed (V ). The absolute coordinate system (x, t) is
for the mass. Consider a periodical force Q0 cos �t exerting on the mass, where
Q0 and � are the excitation strength and frequency, respectively. Since the mass
contacts the moving belt with friction, the mass can move along or rest on the
belt surface. Once the nonstick motion exists, a kinetic friction force shown in
Fig. 2.15(b) is described as

(2.62)Ff (ẋ)

{= μkFN, ẋ ∈ [V,∞),

∈ [−μkFN,μkFN ], ẋ = V,

= −μkFN, ẋ ∈ (−∞, V ]
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Figure 2.15. (a) Schematic of mechanical model, and (b) friction force.

where ẋ � dx/dt, μk and FN are friction coefficient and a normal force to the
contact surface, respectively. For the model in Fig. 2.15, the friction force is FN =
mg where g is the gravitational acceleration.

For the mass moving with the same speed of the belt surface, the nonfriction
force per unit mass acting on the mass in the x-direction during this motion is
defined as

(2.63)Fs = A0 cos �t − 2dV − cx, for ẋ = V

where A0 = Q0/m, d = r/2m and c = k/m. This force cannot overcome the
friction force during the stick motion (i.e. |Fs | � Ff and Ff = μkFN/m). There-
fore, the mass does not have any relative motion to the belt. No acceleration exists,
i.e.,

(2.64)ẍ = 0, for ẋ = V.
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Figure 2.16. Domain partitions in phase plane.

If |Fs | > Ff , the nonfriction force will overcome the static friction force on the
mass and the nonstick motion will appear. For the nonstick motion, the total force
acting on the mass is

(2.65)F = A0 cos �t − Ff sgn(ẋ − V ) − 2dẋ − cx, for ẋ 
= V ;
sgn(·) is the sign function. Therefore, the equation of the nonstick motion for this
oscillator with friction is

(2.66)ẍ + 2dẋ + cx = A0 cos �t − Ff sgn(ẋ − V ), for ẋ 
= V.

Since the friction force is dependent on the direction of the relative velocity,
the phase plane is partitioned into two regions in which the motion is described
through the continuous dynamical systems, as shown in Fig. 2.16. The two re-
gions are expressed by �α (α ∈ {1, 2}). In phase plane, the following vectors are
introduced as

(2.67)x � (x, ẋ)T ≡ (x, y)T and F � (y, F )T.

The mathematical description of the regions and boundary

�1 = {
(x, y) | y ∈ (V ,∞)

}
, �2 = {

(x, y) | y ∈ (−∞, V )
}
,

(2.68)∂�12 = {
(x, y) | ϕ12(x, y) ≡ y − V = 0

}
,

∂�21 = {
(x, y) | ϕ21(x, y) ≡ y − V = 0

}
.

The subscript (·)αβ denotes the boundary from �α to �β (α, β ∈ {1, 2} and
α 
= β). The equations of motion in Eqs. (2.64) and (2.66) can be described as

(2.69)ẋ = F(α)(x, t) in �α (α ∈ {1, 2}),
where

(2.70)F(α)(x, t) = (
y, Fα(x,�t)

)T
,
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(2.71)Fα(x,�t) = A0 cos �t − bα − 2dαy − cαx.

Note that b1 = μg, b2 = −μg, dα = d and cα = c for the model in Fig. 2.15.
From Theorem 2.11, with nT

∂�ij
· DF(0) = 0 the grazing motion is guaranteed by

(2.72)
nT

∂�αβ
· F(α)(tm±) = 0, α ∈ {1, 2},

nT
∂�αβ

· DF(1)(tm±) > 0, nT
∂�αβ

· DF(2)(tm±) < 0,

where

(2.73)DF(α)(t) =
(

2Fα(x, t),∇Fα(x, t) · F(α)(t) + ∂Fα(x, t)

∂t

)T

with ∇ = ∂/∂xi + ∂/∂yj being the Hamilton operator. The time tm represents
the time for the motion on the velocity boundary. tm± = tm ± 0 reflects the re-
sponses on the regions rather than boundary. Using the third and fourth equations
of Eq. (2.68), the normal vector of the boundary are

(2.74)n∂�12 = n∂�21 = (0, 1)T.

Therefore, we have

(2.75)
nT

∂�αβ
· F(α)(t) = Fα(x,�t),

nT
∂�αβ

· DF(α)(t) = ∇Fα(x,�t) · F(α)(t) + ∂Fα(x,�t)

∂t
.

From Eqs. (2.74) and (2.75), the necessary and sufficient conditions for grazing
motions are from Theorem 2.10:

(2.76)Fα(xm,�tm±) = 0, Fα(xm,�tm−ε)Fα(xm,�tm+ε) < 0

or precisely,

Fα(xm,�tm±) = 0,

(2.77)F1(xm,�tm−ε) < 0, F1(xm,�tm+ε) > 0,

F2(xm,�tm−ε) > 0, F2(xm,�tm+ε) < 0.

However, from Theorem 2.11, the necessary and sufficient conditions for grazing
is given by

(2.78)
Fα(xm,�tm±) = 0,

∇Fα(xm,�tm±) · F(α)(tm±) + ∂Fα(xm,�tm±)

∂t

{
> 0, for α = 1,

< 0, for α = 2.
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Figure 2.17. Vector fields for grazing motion in �α (α = 1, 2).

A sketch of grazing motions in domain �α (α = 1, 2) is illustrated in Figs. 2.17(a)
and (b). The grazing conditions are also presented, and the vector fields in �1
and �2 are expressed by the dashed and solid arrow-lines, respectively. The
condition in Eq. (2.76) for the grazing motion in �α is presented through the
vector fields of F(α)(t). In addition to Fα(xm, tm±) = 0, the sufficient condi-
tion requires F1(xm,�tm−ε) < 0 and F1(xm,�tm+ε) > 0 in domain �1; and
F2(xm,�tm−ε) > 0 and F2(xm,�tm+ε) < 0 in domain �2. The detailed discus-
sion can be refereed to Luo and Gegg (2006c).

After grazing motion, the sliding motion will appear. Direct integration of
Eq. (2.64) with initial condition (ti , xi, V ) gives the sliding motion, i.e.,

(2.79)x = V (t − ti ) + xi.

Substitution of Eq. (2.79) into (2.71) gives the forces for the very small δ-
neighborhood of the stick motion (δ → 0) in the two domains �α (α ∈ {1, 2}),
i.e.,

(2.80)
Fα(xm,�tm−) = −2dαV − cα

[
V (tm − ti ) + xi

] + A0 cos �tm − bα.
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Figure 2.18. Regular mappings (P1 and P2) and stick mapping P0.

For the nonstick motion, select the initial condition on the velocity bound-
ary (i.e., ẋi = V ), and then the coefficients of the solution in Appendix A,
C

(α)
k (xi, ẋi , ti) � C

(α)
k (xi, ti ) for k = 1, 2. The basic solutions in Appendix A

will be used for construction of mappings.
In phase plane, the trajectories in �α starting and ending at the velocity bound-

ary (i.e., from ∂�βα to ∂�αβ ) are illustrated in Fig. 2.18. The starting and ending
points for mappings Pα in �α are (xi, V , ti) and (xi+1, V , ti+1), respectively. The
stick mapping is P0. Define the switching planes as

�0 = {
(xi,�ti) | ẋi (ti ) = V

}
,

(2.81)�1 = {
(xi,�ti) | ẋi (ti ) = V +}

,

�2 = {
(xi,�ti) | ẋi (ti ) = V −}
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where V − = limδ→0(V − δ) and V + = limδ→0(V + δ) for arbitrarily small
δ > 0. Therefore,

(2.82)P1 : �1 → �1, P2 : �2 → �2, P0 : �0 → �0.

From the foregoing two equations, we have

P0 : (xi, V , ti) → (xi+1, V , ti+1),

(2.83)P1 : (xi, V
+, ti ) → (xi+1, V

+, ti+1),

P2 : (xi, V
−, ti ) → (xi+1, V

−, ti+1).

The governing equations for P0 and α ∈ {1, 2} are

(2.84)
−xi+1 + V (ti+1 − ti ) + xi = 0,

2dαV + cα

[
V (ti+1 − ti ) + xi

] − A0 cos �ti+1 + bα = 0.

The mapping P0 described the starting and ending of the stick motion, the
disappearance of stick motion requires Fα(xi+1,�ti+1) = 0. This chapter will
not use this mapping to discuss the grazing flow, which is presented herein as a
generic mapping. For sliding motions, this mapping will be used, and such a dis-
cussion is arranged in Luo and Gegg (2006a, 2006b). From this problem, the two
domains �α (α = 1 or 2) are unbounded. The flows of the dynamical systems
on the corresponding domains should be bounded from Assumptions (A1)–(A3)
in nonsmooth dynamical systems. Therefore, for nonstick motion, there are three
possible stable motions in the two domains �α (α ∈ {1, 2}), the governing equa-
tions of mapping Pα (α ∈ {1, 2}) are obtained from the displacement and velocity
responses for the three cases of motions in the Appendix A. Therefore, the gov-
erning equations of mapping Pα (α ∈ {0, 1, 2}) can be expressed by

(2.85)
f

(α)
1 (xi,�ti, xi+1,�ti+1) = 0,

f
(α)
2 (xi,�ti, xi+1,�ti+1) = 0.

If the grazing for the two nonstick mappings occurs at the final state (xi+1, V ,

ti+1), from Eq. (2.78), the grazing conditions based on mappings are obtained,
i.e.,

Fα(xi+1, V ,�ti+1) = 0,

(2.86)∇Fα(xi+1,�ti+1) · F(α)
α (ti+1)

+ ∂Fα(xi+1,�ti+1)

∂t

{
> 0 for α = 1,

< 0 for α = 2.
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With Eq. (2.71), the grazing condition becomes

(2.87)
A0 cos �ti+1 − bα − 2dαV − cαxi+1 = 0,

−cαV − A0� sin �ti+1

{
> 0 for α = 1,

< 0 for α = 2.

The grazing conditions for the two nonstick mappings can be illustrated with
varying parameters. The grazing conditions in Eq. (2.87) are given through the
forces. Hence, both the initial and final switching sets of the two nonstick map-
pings will vary with system parameters. Because the grazing characteristics of the
two nonstick mappings are different, illustrations of grazing conditions for the
two mappings will be separated. The grazing conditions are computed through
Eqs. (2.85) and (2.87). Three equations plus an inequality with four unknowns
require to fix one unknown. In illustrations, the initial displacement of mapping
Pα (α ∈ {1, 2}) will be fixed to specific values. Therefore, three equations with
three unknowns will give the grazing conditions. Namely, the initial switching
phase, the final switching phase and displacement of mapping Pα (α = 1, 2) will
be determined by Eqs. (2.85) and (2.87). To ensure the initial switching sets to be
passable, from Luo (2005a, 2005b, 2006), the initial switching sets of mapping Pα

(α ∈ {1, 2}) should satisfy the following condition as in Luo and Gegg (2006a):

(2.88)
F1(xi, V

+,�ti) < 0 and F2(xi, V
−,�ti) < 0 for �1 → �2,

F1(xi, V
+,�ti) > 0 and F2(xi, V

−,�ti) > 0 for �2 → �1.

To make sure motions relative to mappings Pα (α = 1, 2) exist, the initial
switching force product F1 × F2 at the boundary should be nonnegative. The
comprehensive discussion of the foregoing condition can be referred to Luo and
Gegg (2006b). The condition of Eq. (2.88) guarantees the flow relative to the ini-
tial switching sets of mapping Pα (α ∈ {1, 2}) is passable on the discontinuous
boundary (i.e., yi = V ). The force product for the initial switching sets is also il-
lustrated to ensure the nonstick mapping exists. The force conditions for the final
switching sets of mapping Pα (α ∈ {1, 2}) is presented in Eq. (2.76). However,
the equivalent grazing conditions based on Eq. (2.78) give the inequality condi-
tion in Eq. (2.87), which is already embedded in the program for computation
of the grazing. Therefore, such a force product of the final switching sets of the
two mappings will not be presented. From the inequality of Eq. (2.87), the critical
value for mod(�ti+1, 2π) is introduced through

(2.89)�cr
α = arcsin

(
− cαV

A0�

)
where the superscript “cr” represents a critical value relative to grazing and
α ∈ {1, 2}. From the second equation of Eq. (2.87), the final switching phase
for mapping P1 has the following six cases:
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mod(�ti+1, 2π) ∈ (
π + ∣∣�cr

1

∣∣, 2π − ∣∣�cr
1

∣∣) ⊂ (π, 2π),

for V > 0 and A0� > c1V ;
(2.90)mod(�ti+1, 2π) ∈ (

π − �cr
1 , 2π

] ∪ [
0,�cr

1

)
,

for V < 0 and A0� > c1|V |;
mod(�ti+1, 2π) ∈ (π, 2π), for V = 0;

and

mod(�ti+1, 2π) ∈ ∅, for V > 0 and A0� � c1V ;
(2.91)mod(�ti+1, 2π) ∈ [0, 2π], for V < 0 and A0� < c1|V |;

mod(�ti+1, 2π) ∈ [0, 2π]/{π/2}, for V < 0 and A0� = c1|V |.
From the first equation of Eq. (2.87), the final displacement is bounded by

(2.92)−A0 � bα + 2dαV + cαxi+1 � A0.

The spring and damper parameters (d1 = 1, d2 = 0, c1 = c2 = 30) are fixed
as constants and the external parameters will vary. Consider the grazing variation
of mapping P1 with the belt speed V for the specified parameters (� = 1, A0 =
20, b1 = −b2 = 3). When the initial displacements xi = {−1,−2, . . . ,−9}
are specified, the initial switching phase and force products, and the final switch
phase and displacement versus the belt speed are illustrated in Fig. 2.19. The
initial switching phase modulus (i.e., mod(�ti, 2π)) is distributed in the inter-
val [0, 2π]. With increasing both negative, initial switching displacements and
negative belt speeds, the initial switching phase will drop in the interval [π, 2π].
The initial switching force product on the discontinuous boundary in Fig. 2.19(b)
is always positive, which is required in Eq. (2.88). For xi = −1, the minimum
value of the initial switching force product is close to zero. In an alike way, with
increasing both negative, initial displacements and negative belt speeds, the ini-
tial force product becomes larger and larger. Such a result of the final switching
phase in Eqs. (2.90) and (2.91) is confirmed by the illustration in Fig. 2.19(c).
For c1V > A0�, the grazing will always occur as long as the solutions given by
Eqs. (2.90) and (2.91) exist in the domain �1. The final switching displacement
becomes positive and large with increasing the initial switching displacement,
as shown in Fig. 2.19(d). The final displacement is bounded through Eq. (2.92),
which is depicted through the dark, dashed lines. Most of the grazing of map-
ping P1 appears for negative belt speed. The final displacement is tangential to
the upper bounded line.

Consider the grazing varying with the friction force b for mapping P1 with
� = 10, V = 1, A0 = 20, b1 = −b2 = b. The grazing condition is illus-
trated in Fig. 2.20 for xi = {−1,−2, . . . ,−5} and b ∈ [0, 100]. The sufficient
condition for grazing in the second equation of Eq. (2.90) is independent of the
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Figure 2.19. Grazing variation of mapping P1 with belt speed V : (a) initial switching phase, (b) ini-
tial force product, (c) final switching phase, and (d) final switching displacement for xi = −1, . . . ,−9.

(� = 1, A0 = 20, d1 = 1, d2 = 0, b1 = −b2 = 3, c1 = c2 = 30.)

friction force. The boundary for the initial switching phase for the friction force
must be two horizontal straight lines, which are observed in Fig. 2.20(a). The ini-
tial switching force product is presented in Fig. 2.20(b), and the appearance and
disappearance boundaries of the grazing are two straight lines. Because the other
parameters are given, the final switching phase should lie in mod(�ti+1, 2π) ∈
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Figure 2.19. (continued)

[3.29, 6.13]. When the final switching phase for the grazing disappearance in
Fig. 2.20(c) reaches the upper critical boundary (i.e., mod(�ti+1, 2π) ≈ 6.13),
at this time, the initial force product is not zero. In Fig. 2.20(c), the lower bound-
ary of the final switching phase does not reach the critical boundary because there
is no solution for Eqs. (2.90) and (2.91) in domain �1. The final switching dis-
placement is bounded in two parallel straight lines in Fig. 2.20(d). The grazing
appearance and disappearance of mapping P1 for the final switching displace-
ment are linear to the friction force, which is given by Eq. (2.92). The dashed
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Figure 2.20. Grazing variation of mapping P1 with friction force b: (a) initial switching phase,
(b) initial force product, (c) final switching phase, and (d) final switching displacement for
xi = −1, −2, . . . ,−5. (� = 10, A0 = 20, V = 1, d1 = 1, d2 = 0, b1 = −b2 = b, c1 = c2 = 30.)

dark lines give the boundary. The final displacement arrives to the upper bound-
ary before the force product becomes zero. The lower boundary is controlled by
the sufficient conditions.

Consider the grazing variation of mapping P1 with excitation amplitude A0

as the parameters � = 8, V = 1, b1 = −b2 = 3 are used. Illustrations of the
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Figure 2.20. (continued)

grazing condition is presented in Fig. 2.21 for xi = −1,−2, . . . ,−6. Owing
to V = 1 > 0, the sufficient condition for grazing requires A0 > 3.75, and
the final switching phase will be in the interval (π, 2π) in Eq. (2.91). The cor-
responding initial force product is positive. The grazing band of the excitation
amplitude becomes large with increasing initial switching displacements. The up-
per bounded line in the final displacement is to control the grazing existence.
In Fig. 2.22, the grazing varying with excitation frequency � for mapping P1 is
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Figure 2.21. Grazing variation of mapping P1 with excitation amplitude A0: (a) initial switching
phase, (b) initial force product, (c) final switching phase, and (d) final switching displacement for

xi = −1, −2, . . . ,−6. (� = 8, V = 1, d1 = 1, d2 = 0, b1 = −b2 = 3, c1 = c2 = 30.)

shown for A0 = 20, V = 1, b1 = −b2 = 3 with xi = −0.9,−1.0, . . . ,−2.
From Fig. 2.22(b), the minimum of the initial force product approaches zero for
xi = −0.9. For xi > −0.9, it is very difficult to find the wide spectrum of exci-
tation frequency for grazing solutions obtained from Eqs. (2.90) and (2.91). The
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Figure 2.21. (continued)

initial switching phase for xi ∈ [−1.1,−0.9] takes the entire range of [0, 2π].
However, the final switching phase and displacement are in the narrow band for
large excitation frequency. For xi < −1.25, the grazing for mapping P1 exists
only in the small range of excitation frequency because the grazing conditions
catch the upper bounded lines. However, for xi ∈ [−1.1,−0.9], the grazing for
mapping P1 exists almost in the large range of excitation frequency. It implies that
the grazing exists in a wide spectrum of excitation for such initial displacements.
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Figure 2.22. Grazing variation of mapping P1 with excitation frequency �: (a) initial switching
phase, (b) initial force product, (c) final switching phase, and (d) final switching displacement for

xi = −0.9, −1.0, . . . ,−2. (A0 = 20, V = 1, d1 = 1, d2 = 0, b1 = −b2 = 3, c1 = c2 = 30.)

From the parameter characteristics of grazing for mapping P1, it is observed
that the grazing is affected by many parameters. In the two domains, the sys-
tem parameters are different. Therefore, the parameter characteristics of grazing
for mapping P2 will be presented as follows. Similarly, from the second equation
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Figure 2.22. (continued)

of Eq. (2.87), the six cases of the final switching phase for mapping P2 are:

mod(�ti+1, 2π) ∈ [
0, π + ∣∣�cr

2

∣∣) ∪ (
2π − ∣∣�cr

2

∣∣, 2π
]
,

for V > 0 and A0� > c2V ;
(2.93)mod(�ti+1, 2π) ∈ (

�cr
2 , π − �cr

2

) ⊂ (0, π),

for V < 0 and A0� > c2|V |;
mod(�ti+1, 2π) ∈ (0, π), for V = 0;
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Figure 2.23. Grazing variation of mapping P2 with belt speed V for xi = 3, 4, . . . , 8: (a) initial
switching phase, (b) initial force product, (c) final switching phase, and (d) final switching displace-

ment. (A0 = 90, � = 1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30.)

and

mod(�ti+1, 2π) ∈ [0, 2π], for V > 0 and A0� < c2V ;
(2.94)mod(�ti+1, 2π) ∈ [0, 2π]/{3π/2}, for V > 0 and A0� = c2V ;

mod(�ti+1, 2π) ∈ ∅, for V < 0 and A0� < c2|V |.
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Figure 2.23. (continued)

Consider the same system parameters (d1 = 1, d2 = 0, c1 = c2 = 30). The
grazing varying with the belt speed V for mapping P2 are presented in Fig. 2.23
for xi = 3, 4, . . . , 8 under the other parameters A0 = 90,� = 1, b1 = −b2 = 30.
From the aforementioned parameters, the final switching phase for V > 3 will be
in the entire interval of [0, 2π] as long as the grazing solution of Eqs. (2.85) and
(2.87) exists for the domain �2. In Fig. 2.23(a), the initial switching phase lies
in (0, π/2) ∪ (3π/2, 2π). With increasing the initial switching phase, the belt
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Figure 2.24. Grazing varying with friction force b for mapping P2 with xi = 2, 4, . . . , 6: (a) initial
switching phase, (b) initial force product, (c) final switching phase, and (d) final switching displace-

ment. (A0 = 90, � = 1.1, V = 1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30.)

speeds for grazing of mapping P2 will become large. For higher belt speeds, the
positive, initial force product will be obtained, as shown in Fig. 2.23(b). The fi-
nal switching phase lies in the interval (0, π) in Fig. 2.23(c). The final switching
displacement in Fig. 2.23(d) is much smaller than the initial switching displace-
ment (i.e., xi+1 < xi). The final displacement is in the region bounded by the
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Figure 2.24. (continued)

upper and lower boundaries by Eq. (2.92) (i.e., xi+1 = −2 and xi+1 = 4).
Without damping, the upper and lower boundaries for the final displacement are
independent of the velocity. The upper and lower bounded boundaries were not
presented. For this case of mapping P2, the boundaries of grazing are determined
by the sufficient conditions. The grazing of mapping P2 mostly occurs in the
positive range of the belt speed. However, the grazing of mapping P1 mostly
exists in the negative range of the belt speed. In Fig. 2.24, the grazing vary-
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Figure 2.25. Grazing varying with excitation amplitude A0 for mapping P2 with
xi = 1.1, 1.5, . . . , 8: (a) initial switching phase, (b) initial force product, (c) final switching phase, and
(d) final switching displacement. (� = 1.1, V = 1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30.)

ing with friction force for mapping P2 is illustrated for xi = 2, 4, . . . , 6 with
A0 = 90,� = 1.1, V = 1, b1 = −b2 = b. The final switching phase should be
in the interval (0, 3.44946) ∪ (5.96731, 2π). However, compared to the grazing
of mapping P1, the initial switching force product becomes zero before the final
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Figure 2.25. (continued)

switching phase reaches the critical values, as illustrated in Fig. 2.24(b). Again,
the two switching phases for appearance and disappearance of grazing mappings
are independent of the frictional force, as observed in Figs. 2.24(a) and (c). Such
a characteristic is determined by the grazing sufficient condition. The appearance
and disappearance for the final switching displacement are linear to the frictional
force, as shown in Fig. 2.24(d). The final displacement lies in the region between
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Figure 2.26. Grazing varying with excitation frequency � for mapping P2 with
xi = 1.5, 2, . . . , 8.25: (a) initial switching phase, (b) initial force product, (c) final switching
phase, and (d) final switching displacement. (A0 = 90, V = 1, d1 = 1, d2 = 0, b1 = −b2 = 30,

c1 = c2 = 30.)

the upper and lower bounded boundary of necessary conditions. The grazing vary-
ing with excitation amplitude for mapping P2 is also illustrated in Fig. 2.25 for
xi = 1.1, 1.5, . . . , 8 and � = 1.1, V = 1, b1 = −b2 = 30. The upper boundary
for grazing disappearance is generated by the zero of the initial force product.
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Figure 2.26. (continued)

The final switching displacement is in the region between the upper and lower
boundaries of the necessary grazing conditions. It seems that the grazing is de-
termined by its sufficient condition and solution existence. Finally, the grazing
varying with excitation frequency � for mapping P2 is presented in Fig. 2.26 for
xi = 1.5, 2, . . . , 8.25 and A0 = 90, V = 1, b1 = −b2 = 30. The closed dashed
line is the boundary for the grazing of mapping P2. No more grazing of mapping
P2 will exist for xi > 8.25. The initial switching phase and force product are pre-
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Figure 2.27. Grazing motion of mapping P1 for A0 = 15, 18, 21: (a) phase trajectory, (b) forces
distribution along displacement, (c) velocity–time history, and (d) forces distribution on velocity.
(� = 8, V = 1, d1 = 1, d2 = 0, b1 = −b2 = 3, c1 = c2 = 30.) The initial conditions are

(xi , yi ) = (−1.0, 1.0) and �ti ≈ 1.3617, 1.6958, 1.4830, respectively.

sented in Figs. 2.26(a) and (b), respectively. For small excitation frequencies, the
disappearance for grazing mapping P2 is caused by the zero of the initial force
product. For large excitation frequencies, the grazing disappearance is because
the sufficient condition in Eq. (2.87) cannot be satisfied.
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Figure 2.27. (continued)

To verify the analytical prediction of the grazing motions, the motion responses
of the oscillator will be demonstrated through time-history responses and trajec-
tories in phase plane. The grazing strongly depends on the force responses in this
discontinuous dynamical system. The force responses will be presented to illus-
trate the force criteria for the grazing motions in such a friction-induced oscillator.
The starting and grazing points of mapping Pα (α ∈ {1, 2}) are represented by the
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Figure 2.28. Grazing phase trajectories of mapping P1 (A0 = 20, � = 8, d1 = 1, d2 = 0,

b1 = −b2 = b, c1 = c2 = 30): (a) xi = −1.0, �ti ≈ {0.3970, 0.9060, 1.6092} for
yi ≡ V = {−1, 0, 1} with b = 3, respectively. (b) (xi , yi ) = (−3.0, 1.0) with �ti ≈ {0.3285, 0.4405,

0.7065} for b = 40, 50, 60 and V = 1, respectively.

large, hollow and dark-solid circular symbols, respectively. The switching points
from domain α to β (α, β ∈ {1, 2}, α 
= β) are depicted by smaller circular
symbols. In Fig. 2.27, phase trajectories, forces distribution along displacement,
velocity time-history and forces distribution on velocity are presented for the graz-
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Figure 2.29. Grazing phase trajectories of mapping P2 (A0 = 90, d1 = 1, d2 = 0, b1 = −b2 = 30):
(a) xi = 3.0, �ti ≈ {0.9297, 0.9551, 0.9653} for yi ≡ V = {−2, 0, 2} and � = 1, respectively;
(b) (xi , yi ) = (4.0, 1.0), �ti ≈ {0.4459, 0.6495, 0.6700} for � = {0.5, 1, 1.5} and V = 1, respec-

tively.

ing motion of mapping P1. The parameters � = 8, V = 1, b1 = −b2 = 3 plus
the initial conditions (xi, yi) = (−1.0, 1.0) and �ti ≈ 1.3617, 1.6958, 1.4830
corresponding to A0 = 15, 18, 21 are used. In phase plane, the three grazing
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trajectories are tangential to the discontinuous boundary (i.e., y = V ), which
are seen in Fig. 2.27(a). In Fig. 2.27(b), the thick and thin solid curves repre-
sent the forces F1(t) and F2(t), respectively. From the force distribution along
displacement, the force F1(t) has a sign change from negative to positive. This
indicates that the grazing conditions in Eq. (2.76) are satisfied. The forces F1(t)

and F2(t) at the switching points from domain �1 to �2 have a jump with the
same sign, which satisfies Eq. (2.77). In the velocity time-history plot, the ve-
locity curves are tangential to the discontinuous boundary (see Fig. 2.27(c)).
Finally, the forces distributions along velocity are presented in Fig. 2.27(d). The
force F1(t) at the grazing points is zero. The force jump from domain �1 to
�2 is observed as well. The phase trajectories for mapping P1 are presented in
Figs. 2.28(a) and (b). The parameters A0 = 20,� = 8, b1 = −b2 = b are used.
The initial conditions xi = −1.0, yi = −1, 0, 1 are adopted in Fig. 2.28(a) for
�ti ≈ 0.3970, 0.9060 and 1.6092. The initial conditions (xi, yi) = (−3.0, 1.0)

with �ti ≈ 0.3285, 0.4405, 0.7065 are used for b = 40, 50, 60 and V = 1, re-
spectively. Similarly, the phase trajectories of grazing motions for mapping P2
are illustrated in Figs. 2.29(a) and (b). The two sets of initial conditions and
parameters are xi = 3.0,�ti ≈ 0.9297, 0.9551, 0.9652 for yi = −2, 0, 2 and
� = 1, respectively, and (xi, yi) = (4.0, 1.0),�ti ≈ 0.4459, 0.6495, 0.6700
for � = 0.5, 1.0, 1.5 and V = 1, respectively, and the other parameters
(A0 = 90, b1 = −b2 = 30) are employed as well. The periodic motion with stick
and nonstick of this oscillator can be found in Luo and Gegg (2006a, 2006b). The
methodology can be applied to the other discontinuous systems for grazing flows.
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Flow Switching Bifurcations

In the previous chapter, the passability of flows between two adjacent accessible
domains was discussed. The tangency of flows to the separation boundary was
discussed. The sliding flows on the nonpassable boundary are important to un-
derstand the global flows in discontinuous dynamical systems. In this chapter, the
sliding dynamics on the separation boundary will be discussed based on the set-
valued vector field theory. From vector fields in the neighborhood of a specific
separation boundary, the passability of the flow from the one domain into another
one will be further discussed. The switching bifurcation conditions from the pass-
able boundary to the nonpassable boundary will be developed. The sliding flow
fragmentation on the separation boundary surface will be presented. The normal
vector product function will be introduced to determine the switching bifurcation
and sliding fragmentation.

3.1. Set-valued vector fields

Consider a flow x(α)(t) (α ∈ {i, j}) in the vicinity of the boundary ∂�ij with
n∂�ij

→ �β , with nT
∂�ij

· ẋ(α)(t) > 0 in the domain �α for t ∈ [tm−ε, tm), as

shown in Fig. 2.5. In the domain �β (α 
= β), the flow x(β)(t) in the vicinity of the
boundary ∂�ij possesses the condition nT

∂�ij
· ẋ(β)(t) < 0 at the same time inter-

val. Therefore, the normal component product of the vector fields of the two flows
satisfies the condition in Eq. (2.13), i.e., {nT

∂�ij
· ẋ(α)(tm−)}{nT

∂�ij
· ẋ(β)(tm−)} < 0.

From Theorem 2.3, such a condition implies that the boundary ∂�ij is nonpass-
able. It means that no motion exists in the normal direction of the boundary
∂�ij . Further, only the sliding motion exists on the portion of the boundary. If
no sliding motion exists on the boundary, the portion of the boundary ∂�ij is
termed the static discontinuous boundary. For instance, an oscillator moves on
the stationary surface with dry friction, and its discontinuous boundary is static.
In mechanical systems, the discontinuous displacement boundary is also static. If
the sliding motion exists, until one of the two flows (i.e., x(γ )(t), γ ∈ {α, β}) has

71
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nT
∂�ij

· ẋ(γ )(tm+) = 0 with {nT
∂�ij

· ẋ(α)(tm−ε)}{nT
∂�ij

· ẋ(β)(tm+ε)} = 0, the sliding
motion will vanish.

To investigate the sliding motion along the nonpassable separation surface, the
sliding dynamics is very important. Even for the passable boundary, the sliding
dynamics will also affect the dynamic characteristics of the output flow from the
boundary. As in Fillippov (1988), consider a differential inclusion of Eq. (2.1) on
the closed interval [0, 1] as

(3.1)ẋ ∈ F(x, t, λ), x = (x1, x2, . . . , xn)
T ∈ �i ∪ �j ∪ Sij

where a set-valued vector field F(x, t, λ) is convex and continuous with respect to
the parameter λ on the closed interval [0, 1]. The following property holds for the
convex set of the vector field:

(3.2)F(x, t, λ)

⎧⎪⎨⎪⎩
= F(α)(x, t,μα), for input vector filed in �α, λ = 0,

∈ F(0)
αβ (x, t), on the boundary ∂�αβ, λ ∈ (0, 1),

= F(β)(x, t,μβ), for output vector in �β, λ = 1

where F(α) and F(β) (α, β ∈ {i, j}, α 
= β) represent the input and output vec-
tor fields, respectively. F(0)

αβ (x, t) is a vector field along the separation boundary
∂�αβ . From the convexity of the set-valued vector field, we have

(3.3)F(0)
αβ (x, t) = λF(β)(x, t,μβ) + (1 − λ)F(α)(x, t,μα).

The sliding motion is along the separation boundary, it indicates that the vector
field is along the boundary. So nT

∂�αβ
· F(0)

αβ = 0 from which we have

(3.4)λ =
nT

∂�αβ
· F(α)(x, t,μα)

nT
∂�αβ

· [F(α)(x, t,μα) − F(β)(x, t,μβ)] .

For the traveling separation boundary controlled by ϕij (x, t), the total derivative
and convexity of ϕij (x, t) gives

(3.5)λ =
∂
∂t

ϕαβ + nT
∂�αβ

· F(α)(x, t,μα)

nT
∂�αβ

· [F(α)(x, t,μα) − F(β)(x, t,μβ)] .

The sliding motion along the separated boundary can be investigated as a contin-
uous dynamical system through

(3.6)ẋαβ = F(0)
αβ (xαβ, t).

The foregoing equation tells us flows on the tangential directions of the separation
boundary surface. However, the boundary dynamical properties can be given or
enforced in some discontinuous dynamical systems. Such given dynamical prop-
erties may not have the convexity (i.e., the nonconvex case), which can be referred
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to Aubin and Cellina (1984). For the given sliding dynamics on the boundary, the
corresponding sliding flow is uniquely determined. From Theorems 2.1 and 2.3,
the onset of sliding motions requires {nT

∂�ij
· ẋ(α)(tm−)}{nT

∂�ij
· ẋ(β)(tm−)} = 0.

However, whether the flow passes through from the domain �α to �β or not is
also dependent on the dynamics of the discontinuous dynamical system in the
neighborhood of the boundary. The onset of the sliding motion from the passable
boundary is discussed first. Notice that the dynamics on the boundary surface can
be given through a certain dynamic system.

3.2. Switching bifurcations

In this section, the switching bifurcation between the passable and nonpassable
flows will be discussed. In addition, the switching bifurcation between the sink
and source flows on the separation boundary will be discussed. The switching
bifurcations are defined first, and then the sufficient and necessary conditions for
such switching bifurcations will be developed. The product function of normal
vector fields will be introduced to develop criteria for such switching bifurcations
through the sufficient and necessary conditions.

DEFINITION 3.1. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2 ] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm−) = xm =
x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr

[tm+ε,tm)
- and Cr[tm−ε,tm+ε]-continuous

(r � 1) for time t , respectively. The tangential bifurcation of the flow x(j)(t)

at xm on the boundary
−−→
∂�ij is termed the switching bifurcation of the first kind

of nonpassable boundary (or called the sliding bifurcation) if the following two
conditions hold:

(3.7)nT
∂�ij

· ẋ(j)(tm±) = 0 and nT
∂�ij

· ẋ(i)(tm−) 
= 0, and

either

(3.8)

⎧⎪⎨⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(j)(tm−ε)

]
< 0

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

> 0 for n∂�ij
→ �j

nT
∂�ij

· [x(0)(tm−ε) − x(i)(tm−ε)
]

> 0

or

(3.9)

⎧⎪⎨⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(j)(tm−ε)

]
> 0

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

< 0 for n∂�ij
→ �i.

nT
∂�ij

· [x(0)(tm−ε) − x(i)(tm−ε)
]

< 0
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DEFINITION 3.2. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2 ] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) = xm =
x(j)(tm+). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]- and Cr

[tm+ε,tm)-continuous

(r � 1) for time t , respectively. The tangential bifurcation of the flow x(i)(t) with
the flow x(j)(t) at xm on the boundary

−−→
∂�ij is termed the switching bifurcation of

the second kind of nonpassable boundary (or called the source bifurcation) if the
following two conditions hold:

(3.10)nT
∂�ij

· ẋ(i)(tm±) = 0 and nT
∂�ij

· ẋ(j)(tm+) 
= 0, and

either

(3.11)

⎧⎪⎪⎨⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]
> 0

nT
∂�ij

· [x(i)(tm+ε) − x(0)(tm+ε)
]

< 0 for n∂�ij
→ �j

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

> 0

or

(3.12)

⎧⎪⎪⎨⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]
< 0

nT
∂�ij

· [x(i)(tm+ε) − x(0)(tm+ε)
]

> 0 for n∂�ij
→ �i.

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

< 0

From the above two definitions, the geometric illustrations for the switching bi-
furcation from the semi-passable to the nonpassable boundary of the first and
second kinds are presented in Fig. 3.1. Before the sliding bifurcation occurs, the
flow x(j)(t) for t ∈ [tm−ε, tm−) cannot exist on the semi-passable boundary

−−→
∂�ij .

However, the flow x(i)(t) for t ∈ (tm+, tm+ε] cannot appear before the switch-
ing bifurcation. From the foregoing two definitions, the source or sink bifurcation
on the semi-passable boundary requires the tangential bifurcation of the input or
output flow. The switching bifurcation from of

−−→
∂�ij to

←−−
∂�ij can be defined as

follows:

DEFINITION 3.3. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-continuous (r � 1)

for time t . The tangential bifurcation of the flow x(i)(t) and x(j)(t) at xm on the
boundary

−−→
∂�ij is termed the switching bifurcation of

−−→
∂�ij to

←−−
∂�ij if the follow-

ing two conditions hold:



3.2. Switching bifurcations 75

Figure 3.1. (a) The sliding bifurcation, and (b) the source bifurcation on the semi-passable bound-
ary

−→
∂�ij . Four points x(α)(tm±ε) (α ∈ {i, j}) and xm lie in the corresponding domains and on the

boundary ∂�ij , respectively.

(3.13)nT
∂�ij

· ẋ(α)(tm±) = 0 for α ∈ {i, j}, and

either

(3.14)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]
> 0

nT
∂�ij

· [x(i)(tm+ε) − x(0)(tm+ε)
]

< 0

nT
∂�ij

· [x(0)(tm−ε) − x(j)(tm−ε)
]

< 0

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

> 0

for n∂�ij
→ �j
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or

(3.15)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]
< 0

nT
∂�ij

· [x(i)(tm+ε) − x(0)(tm+ε)
]

> 0

nT
∂�ij

· [x(0)(tm−ε) − x(j)(tm−ε)
]

> 0

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

< 0

for n∂�ij
→ �i.

The above definitions give all the possible switching bifurcations of the semi-
passable motion on

−−→
∂�ij . The corresponding theorems can be stated as follows

to determine the switching bifurcations. The proofs can be completed in a similar
manner to Theorems 2.8–2.10. The necessary and sufficient conditions for the
switching bifurcations will be provided.

THEOREM 3.1. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm−) =
xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr

[tm+ε,tm)- and Cr[tm−ε,tm+ε]-
continuous (r � 2) for time t , respectively. The sliding bifurcation of the flow
x(i)(t) ∪ x(j)(t) on the boundary

−−→
∂�ij exists iff

(3.16)nT
∂�ij

· F(j)(tm±) = 0 and nT
∂�ij

· F(i)(tm−) 
= 0;

(3.17)
either nT

∂�ij
· F(i)(tm−) > 0 for n∂�ij

→ �j,

or nT
∂�ij

· F(i)(tm−) < 0 for n∂�ij
→ �i;

{
nT

∂�ij
· [F(j)(tm−ε) − F(0)(tm−ε)

]}
(3.18)

× {
nT

∂�ij
· [F(j)(tm+ε) − F(0)(tm−ε)

]}
< 0, or

either nT
∂�ij

· [DF(j)(tm±) − DF(0)(tm±)
]

> 0 for n∂�ij
→ �j

or nT
∂�ij

· [DF(j)(tm±) − DF(0)(tm±)
]

< 0 for n∂�ij
→ �i.

PROOF. Following the proof procedures in Theorems 2.9–2.11, the above theo-
rem can be easily proved. �

THEOREM 3.2. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε >

0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm+). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]- and Cr

[tm+ε,tm)-
continuous (r � 2) for time t , respectively. The source bifurcation of the flow
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x(i)(t) ∪ x(j)(t) on the boundary
−−→
∂�ij exists iff

(3.19)nT
∂�ij

· F(i)(tm±) = 0 and nT
∂�ij

· F(j)(tm+) 
= 0;

(3.20)
either nT

∂�ij
· F(j)(tm+) > 0 for n∂�ij

→ �j

or nT
∂�ij

· F(j)(tm+) < 0 for n∂�ij
→ �i;

{
nT

∂�ij
· [F(i)(tm−ε) − F(0)(tm−ε)

]}
(3.21)

× {
nT

∂�ij
· [F(i)(tm+ε) − F(i)(tm+ε)

]}
< 0, or

either nT
∂�ij

· [DF(i)(tm±) − DF(0)(tm±)
]

< 0 for n∂�ij
→ �j

or nT
∂�ij

· [DF(i)(tm±) − DF(0)(tm±)
]

> 0 for n∂�ij
→ �i.

PROOF. Following the proof procedures in Theorems 2.9–2.11, the above theo-
rem can be easily proved. �

THEOREM 3.3. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε >

0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-continuous (r � 2)

for time t . The switching bifurcation of the flow x(i)(t) ∪ x(j)(t) at xm on the
boundary

−−→
∂�ij exists iff

(3.22)nT
∂�ij

· F(i)(tm±) = 0 and nT
∂�ij

· F(j)(tm±) = 0,{
nT

∂�ij
· [F(α)(tm−ε) − F(0)(tm−ε)

]}
(3.23)

× {
nT

∂�ij
· [F(α)(tm+ε) − DF(0)(tm+ε)

]}
< 0 for α ∈ {i, j}, or

(3.24)
either

{
nT

∂�ij
· [DF(i)(tm±) − DF(0)(tm±)

]
< 0

nT
∂�ij

· [DF(j)(tm±) − DF(0)(tm±)
]

> 0
for n∂�ij

→ �j

or

{
nT

∂�ij
· [DF(i)(tm±) − DF(0)(tm±)

]
> 0

nT
∂�ij

· [DF(j)(tm±) − DF(0)(tm±)
]

< 0
for n∂�ij

→ �i.

PROOF. Following the proof procedures in Theorems 2.9–2.11, the above theo-
rem can be easily proved. �
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DEFINITION 3.4. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂�ij for tm and x(α)(tm±) = xm, α ∈ {i, j}.
The product of the normal vector fields on the boundary ∂�ij is defined as

(3.25)Lαβ(xm, tm,μα,μβ) = [
nT

∂�αβ
· F(α)(tm∓)

][
nT

∂�αβ
· F(β)(tm±)

]
,

where β ∈ {i, j}.

From the foregoing definitions, the passable, sink and source boundaries ∂�αβ ,
respectively, require the normal vector field products as

(3.26)
Lαβ(xm, tm,μα,μβ) > 0 on

−−→
∂�αβ,

Lαβ(xm, tm,μα,μβ) < 0 on ∂�αβ = ∂̃�αβ ∪ ∂̂�αβ.

It is obviously observed that the switching bifurcation of the flow at (xm, tm) on
the boundary ∂�αβ requires the normal vector product function

(3.27)Lαβ(xm, tm,μα,μβ) = 0.

If the product of the normal vector field is defined on one side of the neighborhood
of the boundary ∂�αβ , we have

Lαα(xm±ε, tm±ε,μα) = {
nT

∂�αβ
· [F(α)(tm−ε) − F(0)(tm−ε)

]}
(3.28)× {

nT
∂�αβ

· [F(α)(tm+ε) − F(0)(tm+ε)
]}

.

If Lαα(xm±ε, tm±ε,μα) < 0 and nT
∂�αβ

·F(α)(tm−) = 0, the flow x(α)(t) at (xm, tm)

is tangential to the boundary ∂�αβ .
Consider the normal vector field product varying with the parameters vector

pij ∈ {μα}α∈{i,j} for the switching motion of the semi-passable boundary
−−→
∂�αβ

to the nonpassable boundary. The normal vector field products for the different
location of the boundary are different. The normal vector field products between
two points xm1 and xm2 on the boundary ∂�αβ are depicted in Fig. 3.2 for the

parameter vector pαβ between p(1)
αβ and p(2)

αβ . For a specific values p(cr)
αβ between

p(1)
αβ and p(2)

αβ , there is a point xm on the boundary for the switching bifurcation
from the semi-passable to nonpassable motion on the separation boundary. Two
points xk1 and xk2 are the onset and vanishing of the nonpassable boundary for
parameter on the boundary ∂�αβ . The dashed and solid curves represent Lαβ < 0

and Lαβ � 0, respectively. For pαβ varying from p(1)
αβ → p(cr)

αβ , the normal vector
field product at x ∈ (xm1, xm2) on the boundary is positive (i.e., Lαβ > 0). There-

fore, the boundary ∂�αβ is semi-passable. For pαβ varying from p(cr)
αβ → p(2)

αβ ,
there are two values Lαβ > 0 for x ∈ {[xm1, xk1), (xk2 , xm2 ]} and Lαβ < 0
for x ∈ (xk1 , xk2). From Eq. (3.25), the portion of x ∈ (xk1, xk2) on the bound-
ary ∂�αβ is nonpassable. The portion of the boundary, relative to Lαβ > 0, is
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Figure 3.2. (a) The normal vector field product, and (b) the vector fields between two points xm1 and

xm2 on the boundary ∂�αβ . The point xm for p(cr)
αβ is the critical point for the switching bifurcation.

Two points xk1 and xk2 are the onset and vanishing of the nonpassable boundary for parameter on the
boundary

−→
∂�αβ . The dashed and solid curves represent Lαβ < 0 and Lαβ � 0, respectively.

semi-passable. For parameter pαβ varying from p(1)
αβ → p(2)

αβ , the point (xm, p(cr)
αβ )

on the boundary ∂�αβ is the onset of the nonpassable boundary. However, for

parameter pαβ varying from p(2)
αβ → p(1)

αβ , there is a point for the vanishing of
the nonpassable boundary. For three critical points {xm, xk1 , xk2}, the correspond-
ing normal vector field product is zero (i.e., Lαβ = 0). For Lαβ in Fig. 3.2(a),
the corresponding vector fields varying with the system parameter on the bound-
ary ∂�αβ are illustrated in Fig. 3.2(b). F(α)(tm−) and F(β)(tm±) are the limits
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of the vector fields in the domains �α and �β to the boundary ∂�αβ , respec-
tively. This nonpassable boundary pertaining to Lαβ < 0 is the sink boundary.
The critical points {xk1, xk2} have the same properties as the point xm for para-

meter p(cr)
αβ , (i.e., Lαβ(xm) = 0, Lαα(xm±ε) < 0 or Lββ(xm±ε) > 0). If the two

critical points have the different properties, the sliding motion between the two
different critical points will be discussed later. For instance, the normal vector
field product functions are Lαβ(xk1) = 0, Lαα(xk1±ε) < 0 for the point xk but
Lαβ(xk2) = 0, Lββ(xk2±ε) < 0 for the point xk2 .

From the above theorems, the corresponding theorems are stated by using the
normal vector field product function.

THEOREM 3.4. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε >

0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm−) =
xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr

[tm+ε,tm)
- and Cr[tm−ε,tm+ε]-

continuous (r � 2) for time t , respectively. The sliding bifurcation of the flow
x(i)(t) ∪ x(j)(t) on the boundary

−−→
∂�ij exists iff

(3.29)Lij (xm, tm,μi ,μj ) = 0,

(3.30)nT
∂�ij

· F(i)(tm−) 
= 0 and Ljj (xm±ε, tm±ε,μj ) < 0.

PROOF. Applying the normal vector field product in Definition 3.4 to Theo-
rem 3.1, the foregoing theorem can be easily proved. �

THEOREM 3.5. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε >

0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm+). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]- and Cr[tm+ε,tm)-
continuous (r � 2) for time t , respectively. The source bifurcation of the flow
x(i)(t) ∪ x(j)(t) on the boundary

−−→
∂�ij exists iff

(3.31)Lij (xm, tm,μi ,μj ) = 0,

(3.32)nT
∂�ij

· F(j)(tm+) 
= 0 and Lii(xm±ε, tm±ε,μi ) < 0.

PROOF. Applying the normal vector field product in Definition 3.4 to Theo-
rem 3.2, the theorem can be easily proved. �

THEOREM 3.6. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-continuous (r � 2)
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for time t . The switching bifurcation of the flow x(i)(t) ∪ x(j)(t) at xm on the
boundary

−−→
∂�ij exists iff

(3.33)Lij (xm, tm,μi ,μj ) = 0,

(3.34)
nT

∂�ij
· F(α)(tm±) = 0 and Lαα(xm±ε, tm±ε,μα) < 0 for α ∈ {i, j}.

PROOF. Applying the normal vector field product in Definition 3.4 to Theo-
rem 3.3, the theorem can be easily proved. �

For the passable flow at x(tm) ≡ xm ∈ [xm1, xm2] ⊂ −−→
∂�ij on the boundary−−→

∂�ij , consider the time interval [tm1, tm2] for [xm1, xm2] on the boundary, and
the normal vector field product for tm ∈ [tm1, tm2] and xm ∈ [xm1, xm2] is also
positive, i.e., Lij (xm, tm,μi ,μj ) > 0. To determine the switching bifurcation, we
define the local minimum of Lij (xm, tm,μi ,μj ). Because xm is a vector function
of time tm, the two total derivatives of Lij (xm, tm,μi ,μj ) are introduced:

DLij (xm, tm,μi ,μj )

(3.35)= ∇Lij (xm, tm,μi ,μj ) · F(0)
ij (xm, tm) + ∂Lij (xm, tm,μi ,μj )

∂tm
,

(3.36)
DkLij (xm, tm,μi ,μj ) = Dk−1{DLij (xm, tm,μi ,μj )

}
for k = 1, 2, . . . .

Therefore, from Calculus, the local minimum of Lij (xm, tm,μi ,μj ) is determined
by

(3.37)DkLij (xm, tm,μi ,μj ) = 0 (k = 1, 2, . . . , 2l − 1),

(3.38)D2lLij (xm, tm,μi ,μj ) > 0.

DEFINITION 3.5. For a discontinuous dynamical system in Eq. (2.1), there is
a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) = xm =
x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-continuous (r � 1) for
time t . The local minimum set of the product of the normal vector fields (i.e.,
Lij (xm, tm,μi ,μj )) is defined by

minLij (tm) = {
Lij (xm, tm,μi ,μj ) | ∀tm ∈ [tm1, tm2 ], ∃xm ∈ [xm1, xm2],
so that DkLij (xm, tm,μi ,μj ) = 0

(3.39)
for k = 1, 2, . . . , 2l − 1, and D2lLij (xm, tm,μi ,μj ) > 0

}
.

From the local minimum set of Lij (xm, tm,μi ,μj ), the global minimum of
Lij (xm, tm,μi ,μj ) can be defined as follows.
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DEFINITION 3.6. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2 ] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) = xm =
x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-continuous (r � 1) for
time t . The global minimum set of the product of the normal vector fields (i.e.,
Lij (xm, tm,μi ,μj )) is defined by

GminLij (tm) = min
tm∈[tm1 ,tm2 ]

{
minLij (tm), Lij (xm1, tm1 ,μi ,μj ),

(3.40)Lij (xm2, tm2,μi ,μj )
}
.

From the foregoing definition, Theorems 3.4–3.6 can be expressed through the
global minimum of Lij (xm, tm,μi ,μj ). So we have the following corollaries.
These corollaries will give the sufficient and necessary conditions for switching
bifurcation onsets.

COROLLARY 3.1. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm−) =
xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr

[tm+ε,tm)- and Cr[tm−ε,tm+ε]-
continuous (r � 2) for time t , respectively. The necessary and sufficient condi-
tions for the sliding bifurcation of the flow x(i)(t) ∪ x(j)(t) on the boundary

−−→
∂�ij

are:

(3.41)GminLij (tm) = 0,

(3.42)nT
∂�ij

· F(i)(tm−) 
= 0 and Ljj (xm±ε, tm±ε,μj ) < 0.

COROLLARY 3.2. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm+). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]- and Cr

[tm+ε,tm)-
continuous (r � 2) for time t , respectively. The necessary and sufficient condi-
tions for the source bifurcation of the flow x(i)(t) ∪ x(j)(t) on the boundary

−−→
∂�ij

are:

(3.43)GminLij (tm) = 0,

(3.44)nT
∂�ij

· F(j)(tm+) 
= 0 and Lii(xm±ε, tm±ε,μi ) < 0.

COROLLARY 3.3. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→

∂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(i)(tm±) =
xm = x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-continuous (r � 2)

for time t . The necessary and sufficient conditions for the switching bifurcation of
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the flow x(i)(t) ∪ x(j)(t) at xm on the boundary
−−→
∂�ij are:

(3.45)GminLij (tm) = 0,

(3.46)
nT

∂�ij
· F(α)(tm±) = 0 and Lαα(xm±ε, tm±ε,μα) < 0 for α ∈ {i, j}.

REMARK. The above corollaries are proved by replacing Lij (xm, tm,μi ,μj )

through the global minimum values of Lij (xm, tm,μi ,μj ) in the corresponding
theorems.

3.3. Sliding fragmentation

The onset and vanishing of the sliding and source flows on the semi-passable
boundary were discussed. The fragmentations of the sliding and source flows on
the boundary are of great interest in this section. This kind of bifurcation is still
a switching bifurcation. The definitions for such fragmentation bifurcations of
flows on the nonpassable boundary are similar to the switching bifurcations from
the semi-passable to nonpassable motion on the separation boundary. From a logic
point of view, the necessary and sufficient conditions for the fragmentation bifur-
cation from the nonpassable to passable flow on the boundary are quite similar to
the sliding and source bifurcations from the passable to nonpassable flow. How-
ever, the statements for the corresponding definitions and theorems have some
modification. For clear description of the fragmentation bifurcation phenomena,
the corresponding definitions and theorems are given as follows.

DEFINITION 3.7. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2 ] ⊂ ∂̃�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm−) =
xm = x(β)(tm±), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr

[tm+ε,tm)- and Cr[tm−ε,tm+ε]-continuous (r � 1) for time t , respectively. The tan-

gential bifurcation of the flow x(β)(t) at xm on the boundary ∂̃�ij is termed the
fragmentation bifurcation of the first kind of nonpassable boundary (or called the
sliding fragmentation bifurcation) if the following two conditions hold:

(3.47)nT
∂�ij

· ẋ(β)(tm±) = 0 and nT
∂�ij

· ẋ(α)(tm−) 
= 0, and

either

(3.48)

⎧⎪⎨⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(β)(tm−ε)

]
< 0

nT
∂�ij

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0 for n∂�ij
→ �β

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

> 0
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or

(3.49)

⎧⎪⎨⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(β)(tm−ε)

]
> 0

nT
∂�ij

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0 for n∂�ij
→ �α.

nT
∂�ij

· [x(0)(tm−ε) − x(α)(tm−ε)
]

< 0

DEFINITION 3.8. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2 ] ⊂ ∂̂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm±) =
xm = x(β)(tm+), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr[tm−ε,tm+ε]- and Cr

[tm+ε,tm)-continuous (r � 1) for time t , respectively. The tan-

gential bifurcation of the flow x(α)(t) with the flow x(β)(t) at xm on the boundary−−→
∂�ij is termed the fragmentation bifurcation of the second kind of nonpassable
boundary (or called the source fragmentation bifurcation) if the following two
conditions hold:

(3.50)nT
∂�ij

· ẋ(α)(tm±) = 0 and nT
∂�ij

· ẋ(β)(tm+) 
= 0, and

either

(3.51)

⎧⎪⎪⎨⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

< 0 for n∂�ij
→ �β

nT
∂�ij

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0

or

(3.52)

⎧⎪⎪⎨⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

> 0 for n∂�ij
→ �α.

nT
∂�ij

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0

For a geometrical explanation of the concept of the fragmentation bifurcation of
the nonpassable motion on the separation boundary, the vector fields near the
sink and source boundaries are sketched in Figs. 3.3 and 3.4, respectively. The
switching from the sink or source boundary to the semi-passable boundary has
two possibilities for each of them. Therefore, the corresponding conditions given
in Definitions 3.5 and 3.6 have been changed accordingly. Before the fragmen-
tation bifurcation of the nonpassable motion occurs on the separation boundary,
the flows x(α)(t), α ∈ {i, j}, exist for t ∈ [tm−ε, tm−) or t ∈ (tm+, tm+ε] on the
sink or source boundary. Only the sliding motion exists on such a boundary. After
the fragmentation bifurcation occurs, the sliding motion on the separation bound-
ary will split into at least two portions of the sliding and semi-passable motions.
This phenomenon is called the fragmentation of the sliding flow on the separation
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Figure 3.3. (a), (b) The sliding fragmentation bifurcation to the semi-passable boundary
−→
∂�αβ ,

α, β ∈ {i, j} and α 
= β. Four points x(α)(tm±ε), x(β)(tm±ε) and xm lie in the corresponding do-
mains and on the boundary ∂�ij , respectively.

boundary, which can help one easily understand the sliding dynamics on the sep-
aration boundary. In addition, for the nonpassable boundary, if the flows on both
sides of the nonpassable boundary possess the local singularity at the boundary,
the nonpassable boundary of the first kind switches into the nonpassable bound-
ary of the second kind and vice versa. The local singularity of such a switching is
similar to the one for the semi-passable motion on the separation boundary. The
corresponding definition of the switching bifurcation is given as follows:

DEFINITION 3.9. For a discontinuous dynamical system in Eq. (2.1), there is
a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) for tm. For an arbitrar-
ily small ε > 0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]),
and x(i)(tm±) = xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-
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Figure 3.4. (a), (b) The source fragmentation bifurcation to the semi-passable boundary
−→
∂�αβ ,

α, β ∈ {i, j} and α 
= β. Four points x(α)(tm±ε), x(β)(tm±ε) and xm lie in the corresponding do-
mains and on the boundary ∂�ij , respectively.

continuous (r � 1) for time t . The tangential bifurcation of the flow x(i)(t) and
x(j)(t) at xm on the boundary ∂̃�ij (or ∂̂�ij ) is termed the switching bifurcation
of ∂̃�ij to ∂̂�ij (or ∂̂�ij to ∂̃�ij ) if the following two conditions hold:

(3.53)nT
∂�ij

· ẋ(α)(tm±) = 0 for α ∈ {i, j}, and

either

(3.54)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]
> 0,

nT
∂�ij

· [x(i)(tm+ε) − x(0)(tm+ε)
]

< 0;
nT

∂�ij
· [x(0)(tm−ε) − x(j)(tm−ε)

]
< 0,

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

> 0
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for n∂�ij
→ �j or

(3.55)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
nT

∂�ij
· [x(0)(tm−ε) − x(i)(tm−ε)

]
< 0,

nT
∂�ij

· [x(i)(tm+ε) − x(0)(tm+ε)
]

> 0;
nT

∂�ij
· [x(0)(tm−ε) − x(j)(tm−ε)

]
> 0,

nT
∂�ij

· [x(j)(tm+ε) − x(0)(tm+ε)
]

< 0

for n∂�ij
→ �i .

The corresponding theorems for the fragmentation bifurcation of nonpassable
motion on the boundary are given in a similar manner to Theorems 3.1–3.3.

THEOREM 3.7. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm−) =
xm = x(β)(tm±), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous (r � 1) for time t , respectively. The sliding

fragmentation bifurcation of the flow x(α)(t)∪x(β)(t) on the boundary ∂̃�ij exists
iff

(3.56)nT
∂�ij

· F(β)(tm±) = 0 and nT
∂�ij

· F(α)(tm−) 
= 0;

(3.57)
either nT

∂�ij
· F(α)(tm−) > 0 for n∂�ij

→ �β

or nT
∂�ij

· F(α)(tm−) < 0 for n∂�ij
→ �α;

{
nT

∂�ij
· [F(β)(tm−ε) − F(0)(tm−ε)

]}
(3.58)

× {
nT

∂�ij
· [F(β)(tm+ε) − F(0)(tm+ε)

]}
> 0, or

either nT
∂�ij

· [DF(β)(tm±) − DF(0)(tm±)
]

< 0 for n∂�ij
→ �β

or nT
∂�ij

· [DF(β)(tm±) − DF(0)(tm±)
]

< 0 for n∂�ij
→ �α.

PROOF. Following the proof procedures in Theorems 2.9–2.11, the above theo-
rem can be easily proved. �

THEOREM 3.8. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm±) =
xm = x(β)(tm+), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr[tm−ε,tm+ε]- and Cr

(tm,tm+ε]-continuous (r � 1) for time t , respectively. The source
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fragmentation bifurcation of the flow x(α)(t) ∪ x(β)(t) on the boundary ∂̂�ij

occurs iff

(3.59)nT
∂�ij

· F(α)(tm±) = 0 and nT
∂�ij

· F(β)(tm+) 
= 0;

(3.60)
either nT

∂�ij
· F(β)(tm+) > 0 for n∂�ij

→ �β

or nT
∂�ij

· F(β)(tm+) < 0 for n∂�ij
→ �α;

{
nT

∂�ij
· [F(α)(tm−ε) − F(0)(tm−ε)

]}
(3.61)

× {
nT

∂�ij
· [F(α)(tm+ε) − F(0)(tm+ε)

]}
< 0, or

either nT
∂�ij

· [DF(α)(tm±) − DF(0)(tm±)
]

< 0 for n∂�ij
→ �β

or nT
∂�ij

· [DF(α)(tm±) − DF(0)(tm±)
]

> 0 for n∂�ij
→ �α.

PROOF. Following the proof procedures in Theorems 2.9–2.11, the above theo-
rem can be easily proved. �

THEOREM 3.9. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) for tm. For an arbitrar-
ily small ε > 0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]),
and x(i)(tm±) = xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-
continuous (r � 1) for time t . The switching bifurcation of the flow from ∂̃�ij to
∂̂�ij (or ∂̂�ij to ∂̃�ij ) exists iff

(3.62)nT
∂�ij

· F(α)(tm±) = 0 for α ∈ {i, j},{
nT

∂�ij
· [F(α)(tm−ε) − F(0)(tm−ε)

]}
(3.63)× {

nT
∂�ij

· [F(α)(tm+ε) − F(0)(tm+ε)
]}

< 0 for α ∈ {i, j}, or

(3.64a)either

{
nT

∂�ij
· [DF(i)(tm±) − DF(0)(tm±)

]
< 0

nT
∂�ij

· [DF(j)(tm±) − DF(0)(tm±)
]

> 0

for n∂�ij
→ �j

(3.64b)or

{
nT

∂�ij
· [DF(i)(tm±) − DF(0)(tm±)

]
> 0

nT
∂�ij

· [DF(j)(tm±) − DF(0)(tm±)
]

< 0

for n∂�ij
→ �i.
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PROOF. Following the proof procedures in Theorems 2.9–2.11, the above theo-
rem can be easily proved. �

In the similar manner, the normal vector field product varying with the parame-
ters vector pij ∈ {μα}α∈{i,j} is used to discuss the switching of the nonpassable
boundary ∂�αβ to the semi-passable boundary

−−→
∂�αβ . The normal vector prod-

ucts of the nonpassable boundary are Lαβ < 0 with varying with the location
of the boundary. The normal vector field products between two points xm1 and
xm2 on the sink boundary ∂̃�αβ are sketched in Fig. 3.5 for the parameter vector

pαβ between p(1)
αβ and p(2)

αβ . For Lαβ in Fig. 3.5(a), the corresponding vector fields
varying with system parameter on the boundary ∂�αβ are illustrated in Fig. 3.5(b).
F(α)(tm−) and F(β)(tm±) are the limits of the vector fields in the domains �α and
�β to the boundary ∂�αβ , respectively. This nonpassable boundary pertaining to

Lαβ < 0 is the sink boundary. There is a specific value p(cr)
αβ between p(1)

αβ and

p(2)
αβ . Under this particular value, a point xm on the sink boundary can be found

for the sliding fragmentation bifurcation on the separation boundary. Two points
xk1 and xk2 are the onset and vanishing of the passable boundary for parameter on
the boundary ∂̃�αβ . The dashed and solid curves represent Lαβ > 0 and Lαβ � 0,

respectively. For pαβ varying from p(1)
αβ → p(cr)

αβ , the normal vector field product
at x ∈ (xm1, xm2) on the boundary is negative (i.e., Lαβ < 0). Therefore, the

boundary ∂�αβ is nonpassable. For pαβ varying from p(cr)
αβ → p(2)

αβ , there are two
values Lαβ < 0 for x ∈ {[xm1, xk1), (xk2 , xm2]} and Lαβ > 0 for x ∈ (xk1 , xk2).
From Eq. (3.25), the portion of x ∈ (xk1 , xk2) on the boundary ∂�αβ is semi-
passable. The portion of the boundary, relative to Lαβ > 0, is semi-passable. For

pαβ varying from p(1)
αβ → p(2)

αβ , the point (xm, p(cr)
αβ ) on the boundary ∂�αβ is the

onset of the semi-passable boundary. It implies that the sliding motion on the sep-
aration boundary will be fragmentized. However, for parameter pαβ varying from

p(2)
αβ → p(1)

αβ , the sliding fragmentation will disappear at some parameter value.
For three critical points (xm, xk1 , xk2 ), the corresponding normal vector field prod-
uct is zero (i.e., Lαβ = 0). The critical points {xk1, xk2} have the same properties
as the critical point xm. If the two critical points have the different properties, the
passable motion between the two different critical points will be discussed.

From the normal vector field product function, the criteria for the sliding frag-
mentation bifurcation can be given as similar to the ones in Theorems 3.4–3.6.
Thus, the corresponding bifurcation conditions based on the normal vector field
product function are stated as follows.

THEOREM 3.10. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm−) =
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Figure 3.5. (a) The normal vector field product, and (b) the vector fields between two points xm1 and

xm2 on the boundary ∂̃�αβ . The point xm for p(cr)
αβ is the critical point for the switching bifurcation.

Two points xk1 and xk2 are the onset and vanishing of the passable boundary for parameter on the
boundary ∂̃�αβ . The dashed and solid curves represent Lαβ > 0 and Lαβ � 0, respectively.

xm = x(β)(tm±), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr

[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous (r � 1) for time t , respectively. The sliding

fragmentation bifurcation of the flow x(α)(t)∪x(β)(t) on the boundary ∂̃�ij exists
iff

(3.65)Lαβ(xm, tm,μα,μβ) = 0,

(3.66)nT
∂�ij

· F(α)(tm+) 
= 0 and Lββ(xm±ε, tm±ε,μj ) < 0.
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PROOF. Applying the normal vector field product in Definition 3.4 to Theo-
rem 3.7, the foregoing theorem can be easily proved. �

THEOREM 3.11. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̂�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm±) =
xm = x(β)(tm+), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr[tm−ε,tm+ε]- and Cr

(tm,tm+ε]-continuous (r � 1) for time t , respectively. The source

fragmentation bifurcation of the flow x(α)(t) ∪ x(β)(t) on the boundary ∂̂�ij

occurs iff

(3.67)Lαβ(xm, tm,μα,μβ) = 0,

(3.68)nT
∂�ij

· F(β)(tm+) 
= 0 and Lαα(xm±ε, tm±ε,μj ) < 0.

PROOF. Applying the normal vector field product in Definition 3.4 to Theo-
rem 3.8, the foregoing theorem can be easily proved. �

THEOREM 3.12. For a discontinuous dynamical system in Eq. (2.1), there is
a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) for tm. For an arbitrar-
ily small ε > 0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]),
and x(i)(tm±) = xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-
continuous (r � 1) for time t . The switching bifurcation of the flow from ∂̃�ij to
∂̂�ij (or ∂̂�ij to ∂̃�ij ) exists iff

(3.69)Lij (xm, tm,μi ,μj ) = 0,

(3.70)

nT
∂�ij

· F(α)(tm±) = 0 and Lαα(xm±ε, tm±ε,μα) < 0 for α ∈ {i, j}.

PROOF. Applying the normal vector field product in Definition 3.4 to Theo-
rem 3.9, the foregoing theorem can be easily proved. �

For a nonpassable flow at x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) con-
sider a time interval [tm1, tm2 ] for [xm1, xm2] on the boundary, and the normal
vector field product for tm ∈ [tm1, tm2] and xm ∈ [xm1, xm2] is also negative, i.e.,
Lij (xm, tm,μi ,μj ) < 0. To determine the switching bifurcation, we define the lo-
cal maximum of Lij (xm, tm,μi ,μj ). With Eqs. (3.35) and (3.36) from Calculus,
the local maximum of Lij (xm, tm,μi ,μj ) is determined by

(3.71)DkLij (xm, tm,μi ,μj ) = 0 (k = 1, 2, . . . , 2l − 1),

(3.72)D2lLij (xm, tm,μi ,μj ) < 0.
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DEFINITION 3.10. For a discontinuous dynamical system in Eq. (2.1), there is
a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) for tm. For an arbitrar-
ily small ε > 0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]),
and x(i)(tm±) = xm = x(j)(tm∓). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-
continuous (r � 1) for time t . The local maximum set of the normal vector field
product Lij (xm, tm,μi ,μj ) is defined by

maxLij (tm) = {
Lij (xm, tm,μi ,μj ) | ∀tm ∈ [tm1, tm2], ∃xm ∈ [xm1, xm2],
so that DkLij (xm, tm,μi ,μj ) = 0

(3.73)

for k = 1, 2, . . . , 2l − 1, and D2lLij (xm, tm,μi ,μj ) > 0
}
.

From the local maximum set of Lij (xm, tm,μi ,μj ), the global maximum of
Lij (xm, tm,μi ,μj ) can be defined as follows.

DEFINITION 3.11. For a discontinuous dynamical system in Eq. (2.1), there is
a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) for tm. For an arbitrarily
small ε > 0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and
x(i)(tm±) = xm = x(j)(tm∓). The global maximum set of the normal vector field
product Lij (xm, tm,μi ,μj ) is defined by

GmaxLij (tm) = max
tm∈[tm1 ,tm2 ]

{
maxLij (tm), Lij (xm1, tm1,μi ,μj ),

(3.74)Lij (xm2, tm2,μi ,μj )
}
.

From the foregoing definition, Theorems 3.10–3.12 can be expressed through the
global maximum of Lij (xm, tm,μi ,μj ). So we have the following corollaries.
The corollaries will give the sufficient and necessary conditions for sliding frag-
mentation bifurcations.

COROLLARY 3.4. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij for tm. For an arbitrarily small ε > 0,
there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm−) =
xm = x(β)(tm±), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr

[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous (r � 1) for time t , respectively. The neces-
sary and sufficient conditions for the sliding fragmentation bifurcation of the flow
x(α)(t) ∪ x(β)(t) on the boundary ∂̃�ij are:

(3.75)GmaxLαβ(tm) = 0,

(3.76)nT
∂�ij

· F(α)(tm+) 
= 0 and Lββ(xm±ε, tm±ε,μj ) < 0.

COROLLARY 3.5. For a discontinuous dynamical system in Eq. (2.1), there is a
point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̂�ij for tm. For an arbitrarily small ε > 0,
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there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and x(α)(tm±) =
xm = x(β)(tm+), α, β ∈ {i, j} and α 
= β. The flows x(α)(t) and x(β)(t) are
Cr[tm−ε,tm+ε]- and Cr

(tm,tm+ε]-continuous (r � 1) for time t , respectively. The neces-
sary and sufficient conditions for the source fragmentation bifurcation of the flow
x(α)(t) ∪ x(β)(t) on the boundary ∂̂�ij are:

(3.77)GmaxLαβ(tm) = 0,

(3.78)nT
∂�ij

· F(β)(tm+) 
= 0 and Lαα(xm±ε, tm±ε,μj ) < 0.

COROLLARY 3.6. For a discontinuous dynamical system in Eq. (2.1), there is
a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij (or ∂̂�ij ) for tm. For an arbitrarily
small ε > 0, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]), and
x(i)(tm±) = xm = x(j)(tm±). The flows x(i)(t) and x(j)(t) are Cr[tm−ε,tm+ε]-
continuous (r � 1) for time t . The necessary and sufficient conditions for the
switching bifurcation of ∂̃�ij to ∂̂�ij (or ∂̂�ij to ∂̃�ij ) are:

(3.79)GmaxLij (tm) = 0,

(3.80)

nT
∂�ij

· F(α)(tm±) = 0 and Lαα(xm±ε, tm±ε,μα) < 0 for α ∈ {i, j}.

REMARK. The proof of the above corollaries can be completed by replacing
Lij (xm, tm,μi ,μj ) through its global maximum values in the corresponding the-
orems.

3.4. Sliding conditions in a friction oscillator

The friction-induced oscillator in Eqs. (2.62)–(2.66) is considered herein as an ex-
ample to demonstrate how to develop the analytical conditions for sliding motion.
The vectors in Eq. (2.67) are adopted. The corresponding subdomains and bound-
aries in Eq. (2.68) are used. The singular points are at (±∞, V ). The equations of
motion in Eqs. (2.64) and (2.66) can be described as

(3.81)ẋ = F(λ)(x, t), λ ∈ {0, α}
where

F(α)(x, t) = (
y, Fα(x,�t)

)T in �α (α ∈ {1, 2});
(3.82)F(0)

αβ (x, t) = (V , 0)T on ∂̃�αβ ({α, β} ∈ {1, 2}, α 
= β),

F(0)
αβ (x, t) ∈ [

F(α)(x, t), F(β)(x, t)
]

on
−−→
∂�αβ.
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Notice that Fα(x,�t) is given in Eq. (2.71). For a boundary ∂̃�αβ possess-
ing nonzero measure, the critical initial and final states of the sliding motion
are (�tc, xc, V ) and (�tf , xf , V ), respectively. Consider a sliding motion start-
ing for (�ti, xi, V ) and ending at (�ti+1, xi+1, V ), where (�ti+1, xi+1, V ) �
(�tf , xf , V ). From Theorem 2.4, the sliding motion (or called the stick motion
in physics) through the real flow is guaranteed for tm ∈ [ti , ti+1) ⊆ [tc, tf ) by

(3.83)
[
nT

∂�αβ
· F(α)(x, tm−)

][
nT

∂�αβ
· F(β)(x, tm−)

]
� 0.

For a boundary
−−→
∂�αβ with nonzero measure, the starting and ending states of

the passable motion are (�ts, xs, V ) and (�te, xe, V ) accordingly. From Theo-
rem 2.2, the nonsliding motion (or called passable motion to the boundary in Luo
(2005a, 2005d) is guaranteed for tn ⊂ (ts , te) by

(3.84)
[
nT

∂�αβ
· F(α)(x, tn−)

][
nT

∂�αβ
· F(β)(x, tn+)

]
> 0.

For the boundary switching from
−−→
∂�αβ to ∂̃�αβ , we have te = tc, otherwise,

tf = ts . Suppose the starting state is a switching state of the sliding motion. From
Theorem 2.4, the switching condition of the sliding motion from

−−→
∂�αβ to ∂̃�αβ

at tm = tc is

either
[
nT

∂�αβ
· F(α)(x, tm−)

]
< 0, for n∂�αβ → �β,

(3.85)or
[
nT

∂�αβ
· F(α)(x, tm−)

]
> 0, for n∂�αβ → �α;[

nT
∂�αβ

· F(β)(x, tm+)
] = 0.

Furthermore, for the sliding motion on ∂̃�αβ , the sliding motion vanishing from
∂̃�αβ and going into the domain �γ (γ = α or β) at tm = tf requires:

either
[
nT

∂�αβ
· F(α)(x, tm−)

]
< 0, for n∂�αβ → �β,

(3.86)or
[
nT

∂�αβ
· F(α)(x, tm−)

]
> 0, for n∂�αβ → �α;[

nT
∂�αβ

· F(γ )(x, tm+)
] = 0.

From Eqs. (3.85) and (3.86), the switching conditions for the sliding motions are
summarized as

(3.87)
[
nT

∂�αβ
· F(α)(x, tm−)

][
nT

∂�αβ
· F(β)(x, tm−)

] = 0.

The normal vector of the boundary ∂�12 and ∂�21 is given in Eq. (2.74). There-
fore, we have

(3.88)nT
∂�αβ

· F(α)(x, t) = nT
∂�βα

· F(α)(x, t) = Fα(x,�t).

The normal projection of the vector flow is the force for the oscillator in
Eq. (3.81). For a better understanding of the force characteristic of the sliding mo-
tion, the conditions for sliding and nonsliding motions in Eqs. (3.83) and (3.84)
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can be re-written by

(3.89)F1(xm,�tm−) < 0 and F2(xm,�tm−) > 0 for ∂̃�12;
and

(3.90)
F1(xm,�tm−) < 0 and F2(xm,�tm+) < 0 for

−−→
∂�12,

F2(xm,�tm−) > 0 and F1(xm,�tm+) > 0 for
−−→
∂�21.

Equations (3.85) and (3.86), respectively, give the switching conditions for the
sliding motion in Eq. (2.83), i.e.,

(3.91)
F1(xm,�tm−) < 0 and F2(xm,�tm−) = 0 for

−−→
∂�12 → ∂̃�12,

F2(xm,�tm−) > 0 and F1(xm,�tm−) = 0 for
−−→
∂�21 → ∂̃�21

at tm = tc, and

(3.92)
F1(xm,�tm−) < 0 and F2(xm,�tm−) = 0 for ∂̃�αβ → �2,

F2(xm,�tm−) > 0 and F1(xm,�tm−) = 0 for ∂̃�αβ → �1

at tm = tf . A sketch of the vector field and classification of the sliding motion is
illustrated in Fig. 3.6. In Fig. 3.6(a), the switching condition for the sliding motion
is presented through the vector fields of F(1)(x, t) and F(2)(x, t). The ending con-
dition for sliding (or stick) motion along the velocity boundary is illustrated by
F2(tm−) = 0. However, the starting point of the sliding motion may not be switch-
ing points from the possible boundary to the sliding motion boundary. When the
flow arrives to the discontinuous boundary, once Eq. (3.89) holds, the sliding mo-
tion along the corresponding discontinuous boundary will be formed. From the
switching conditions in Eqs. (3.91) and (3.92), there are four possible sliding mo-
tions (I)–(IV), as shown in Fig. 3.6(b). The switching condition in Eq. (3.91) is
the critical condition for formation of the sliding motion. The above switching
conditions for onset, forming and vanishing of the sliding motions along the dis-
continuous friction boundary at a certain velocity are strongly dependent on the
total force acting on the oscillator. Because the total force can be contributed from
the linear or nonlinear continuous forces from spring or dampers, it implies that
such switching conditions can be applied to dynamical systems possessing non-
linear, continuous spring and viscous damping forces with a nonlinear friction
with a C0-discontinuity.

3.5. Sliding criteria for a friction oscillator

The three generic mappings in Eq. (2.83) are governed by the algebraic equations
in Eq. (2.85). For nonsliding mapping, two equations are given. Two equations
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Figure 3.6. (a) The vector field, and (b) classification of sliding motions for belt speed V > 0.

with four unknowns in Eq. (2.85) cannot give the unique solutions for the sliding
motion. Once the initial state is given, the final state of the sliding motion is
uniquely determined. Consider the switching states (�tc, xc, V ) and (�tf , xf , V )

as the critical-initial and final conditions of the sliding motion, respectively. For
the time interval [ti , ti+1] ⊆ [tc, tf ] of any sliding motion, the sliding motion
requires (�ti+1, xi+1, V ) � (�tf , xf , V ). From Eqs. (3.89) and (3.91), the initial
condition of the sliding motion for all ti ∈ [tc, tf ) and on the boundary ∂̃�αβ

satisfies the following force relation:

(3.93)L12(ti) = F1(xi, V ,�ti)F2(xi, V ,�ti) � 0.

The foregoing equation is the normal vector product of Eq. (3.81). The switching
condition in Eq. (3.86) or (3.91) for the sliding motion at the critical time ti also
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Figure 3.7. A sketch of a force product for sliding motion under given parameters for belt speed
V > 0. maxL12(tk) and L12(ti ) represent the local maximum and initial force products, respectively.
xi and xi+1 represent the switching displacements of the stating and vanishing points of the sliding

motion, respectively.

gives the initial force product condition, i.e.,

(3.94)L12(tc) = F1(xc, V ,�tc)F2(xc, V ,�tc) = 0.

If the initial condition satisfies Eq. (3.94), the sliding motion is called the critical
sliding motion. The condition in Eq. (3.86) or (3.92) for the sliding motion at the
time ti+1 = tf gives the final force product condition, i.e.,

(3.95)L12(ti+1) = F1(xi+1, V ,�ti+1)F2(xi+1, V ,�ti+1) = 0.

From Eq. (3.95), it is observed that the force product on the discontinuous bound-
ary is also very significant. Once the force product of the sliding motion for
tm ∈ (ti , ti+1) changes its sign, the sliding motion for the friction induced oscil-
lator will vanish. So the characteristic of the force product for the sliding motion
should be further discussed. To explain the force mechanism of the sliding mo-
tion, the force product for sliding motion starting at (�ti, xi, V ) and ending at
(�ti+1, xi+1, V ) is sketched in Fig. 3.7 for given parameters with the belt speed
V > 0. xi and xi+1 represent the switching displacements of the stating and end-
ing points of the sliding motion, respectively.

From the local normal vector product, the local peak force product relative to
the domains �1 and �2, is defined as

maxL12(tk) = {
L12(tk) | ∀tk ∈ (ti , ti+1), ∃xk ∈ (xi , xi+1),

(3.96)DL12(t)|t=tk = 0 and D2L12(t)|t=tk < 0
}
,

and from the global normal vector field product, the maximum force product for
the computational convenience is defined as

(3.97)GmaxL12(tk) = max
tk∈(ti ,ti+1)

{
L12(ti), maxL12(tk)

}
.
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By using the chain rule and dx/dt = V for the sliding motion, the above defini-
tions are described as

maxL12(xk) = {
L12(xk) | ∀xk ∈ (xi, xi+1), ∃tk = xk−xi

V
∈ [ti , ti+1],

(3.98)d
dx

L12(x)|x=xk
= 0 and d2

dx2 L12(x)|x=xk
< 0

}
,

(3.99)GmaxL12(xk) = max
xk∈(xi ,xi+1)

{
L12(xi), maxL12(xk)

}
.

Once one of the global maximum force products is greater than zero, the slid-
ing motion will disappear. Further, the sliding motion will be fragmentized. The
corresponding critical condition is

(3.100)GmaxL12(tk) = 0 or GmaxL12(xk) = 0, for tk ∈ (ti , ti+1).

The foregoing condition is termed the global maximum force product condition
of the sliding fragmentation. For simplicity, it is also called the sliding fragmen-
tation condition. After fragmentation, consider the starting to ending points of the
two sliding motions to be (�ti, xi, V ) to (�ti+1, xi+1, V ) and (�ti+2, xi+2, V )

to (�ti+3, xi+3, V ), respectively. It is assumed that ti < ti+1 � ti+2 < ti+3.
The nonsliding motion between the two fragmentized motions requires from
Eq. (3.84)

(3.101)L12(tk) > 0 for tk ∈ (ti+1, ti+2).

The inverse process of the sliding motion fragmentation is the merging of the two
adjacent sliding motions. If the two sliding motions merge together, the global
maximum force product condition in Eq. (3.100) will be satisfied at the gluing
point of the two sliding motions. Once the force products of the two sliding mo-
tions are monitored, the peak force product condition similar to Eq. (3.100) can
be observed. Before the merging of the two sliding motions, we consider them
as in fragmentized sliding motions. That is, (�ti+1, xi+1, V ) 
= (�ti+2, xi+2, V ).
Extending definitions of Eqs. (3.97) and (3.99) to the starting and ending points of
the sliding motions. The merging condition for the two adjacent sliding motions
is

(3.102)
GmaxL12(tk) = 0 or GmaxL12(xk) = 0 for k ∈ {i + 1, i + 2},
(�ti+1, xi+1, V ) = (�ti+2, xi+2, V ).

To explain the above condition of the fragmentation and merging of the sliding
motions, the corresponding force product characteristics and phase plane of the
sliding motion are sketched in Fig. 3.8. The sliding, critical sliding and sliding
fragmentation motions are depicted for given parameters with belt speed V > 0
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Figure 3.8. A sketch of (a) force product and (b) phase plane for sliding, critical sliding and sliding

fragmentation motions under given parameters for belt speed V > 0 and A
(1)
0 < A

(2)
0 < A

(3)
0 . The

ending point of the sliding motion vanishes on the boundary and goes to the domain �1.

and excitation amplitude A
(1)
0 < A

(2)
0 < A

(3)
0 . The sliding motion vanishes from

the boundary and goes into the domain �1. The displacements xi and xi+1 repre-
sent the starting and vanishing switching ones of the sliding motion, respectively.
The point xk ∈ (xi, xi+1) represents the critical point for the fragmentation or
merging of the sliding motion. After the fragmentation (or before the merging),
the critical point xk is split into two new points xi+1 and xi+2. However, after
fragmentation (or merging), the index of xi+1 (or xx+3) will be shifted as xx+3
(or xi+1). Suppose the peak force product increases with increasing excitation am-
plitude. The motions from the sliding to the sliding fragmentation are given for

A
(1)
0

increase−→ A
(3)
0 . The dashed and thin solid curves represent nonsliding motion. It

is clear that the nonsliding portion of the sliding fragmentation needs L12(t) > 0
as in Eq. (3.103) for t ∈ Un = (tnj , tnj+1) ⊂ (ti , ti+1) where L12(tk) = 0 for
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Figure 3.9. The four onsets of the sliding motion and the corresponding sliding motion in phase
plane for belt speed V > 0.

tk = {tnj , tnj+1}. However, for the sliding portion, the force products keep the re-
lation L12(t) < 0 for t ∈ (ti , ti+1)\⋃

n Un. Otherwise, suppose the peak force
products at the potential merging points of the two sliding motion decrease with
decreasing excitation. The merging of the two sliding motion can be observed for

A
(3)
0

decreases−→ A
(1)
0 . Whatever the merging or fragmentation of the sliding motion

occur, the old sliding motion will be destroyed. Therefore, the conditions for the
fragmentation and merging of the sliding motion are called the vanishing condi-
tions for the sliding motion.

Consider the sliding motion with the nonzero measure of ∂̃�αβ with starting

and ending points (�ti, xi, V ) and (�ti+1, xi+1, V ). Define δ =
√

δ2
xi

+ δ2
ti

with
δxi

= xi+1−xi and δti = �ti+1−�ti � 0. Suppose the starting and ending points
satisfy the initial and final force product conditions, as δ → 0, the following force
product condition is termed the onset condition for the sliding motion:

(3.103)
L12(tk) = 0 for k ∈ {i, i + 1},
(�ti+1, xi+1, V ) = lim

δ→0
(�ti + δti , xi + δxi

, V ).

The foregoing condition is also called the onset force product condition.
The onset condition has four possible cases from Eqs. (3.91) and (3.92), as

sketched in Fig. 3.9. The four cases are: F2(ti) = F2(ti+1) = 0 (case I), F2(ti) =
F1(ti+1) = 0 (case II), F1(ti) = F2(ti+1) = 0 (case III) and F1(ti) = F1(ti+1) =
0 (case IV). For δ 
= 0, the four sliding motions exist. The onset conditions of the
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sliding motion for cases I and IV is the same as for the grazing motion. The details
can be referred to Luo and Gegg (2006d). The two onsets of the sliding motions
can be called the grazing onsets. The other onset conditions based on the cases II
and III are the inflexed onsets for the sliding motions. In this subsection, the force
product criteria for onset, forming and vanishing of the sliding motions along
the discontinuous friction boundary at a certain velocity have been developed.
From the expressions of such criteria, the achieved criteria can be applied for a
nonlinear, continuous spring and viscous damper oscillator including a nonlinear
friction with a C0-discontinuity.

For the sliding motion vanishing on the boundary and going into the domain
�1, due to the trigonometric constraint | cos �ti+1| � 1, the second equation of
Eq. (2.84) gives

(3.104)
|2d1V + c1xi+1 + b1| � A0 or∣∣2d1V + c1

[
V (ti+1 − ti ) + xi

] + b1
∣∣ � A0.

Therefore, the final and initial switching displacements should be bounded by the
foregoing equation. The criteria for the sliding motion are illustrated first through
effects of excitation amplitude. Consider a set of system parameters {V = 1,� =
1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30, mod(�ti, 2π) = π}. The
final state responses, initial and maximum force products for specified initial dis-
placements (i.e., xi = −2,−3, . . . ,−7) are illustrated by the dark solid curves in
Fig. 3.10. The onset and vanishing boundaries of the sliding motion are presented
by the thin dashed curves. The boundaries of the sliding motion in the parameter
space may be determined by the force product conditions. With varying the ex-
citation amplitude, the final switching displacement and phases are presented in
Figs. 3.10(a) and (b) for the sliding motion. The lower boundary is determined
by the initial force product condition in Eq. (3.94), and the upper right-hand-
side boundary is controlled by the sliding fragmentation condition in Eq. (3.100).
The upper left-hand-side boundary is controlled by the merging force product
conditions in Eq. (3.102). In Fig. 3.10(a), the dark, dashed lines are given by
Eq. (3.104). The final switching displacement should lies in the right-hand-side
area of the two dark dashed lines. The narrow strip for sliding motion varying
with excitation amplitude is observed. With increasing excitation amplitude, the
bandwidths of the final displacements and phases for the sliding motion do not
change too much. The initial and maximum force products versus the excitation
amplitude are shown in Figs. 3.10(c) and (d). The gray and hollow symbols rep-
resent the zero values for the initial and maximum force products, respectively.
The force product plots (or the normal vector product) give the implications of
the onset and vanishing of the sliding motion. For the shaded area, such a sliding
motion does not exist any more. The analytical prediction from the theory gives
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Figure 3.10. Effects of excitation amplitude for sliding motion vanishing on the boundary and going
into the domain �1: (a) final switching displacement, (b) final switching phase, (c) initial force prod-
uct, and (d) maximum force product. (V = 1, � = 1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30,

mod(�ti , 2π) = π .)

the region for the sliding motion on the discontinuous boundary. Once the ini-
tial conditions of the motion get into such a domain, the sliding motion will be
observed. Numerical illustrations of sliding motions will be presented.
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Figure 3.10. (continued)

Due to discontinuity, the system possessing different parameters in the two do-
mains will cause the different sliding characteristics. The constraint in Eq. (3.104)
for the sliding motion going to the domain �2 becomes

(3.105)
|2d2V + c2xi+1 + b2| � A0 or∣∣2d2V + c2

[
V (ti+1 − ti ) + xi

] + b2
∣∣ � A0.
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Figure 3.11. Effects of excitation amplitude for sliding motion vanishing on the boundary and going
into the domain �2: (a) final switching displacement, (b) final switching phase, (c) initial force prod-
uct, and (d) maximum force product. (V = 1, � = 1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30,

mod(�ti , 2π) ≈ 0.8729.)

Consider the basic system parameters d1 = 1, d2 = 0, b1 = −b2 = b, c1 =
c2 = 30 for the sliding motion vanishing on the boundary and going to the
domain �2. The effects of the excitation amplitude and frequency to the final
switching displacements and phases are presented in Fig. 3.11 for V = 1, b =
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Figure 3.11. (continued)

30,mod(�ti, 2π) ≈ 0.8729,� = 1. The final switching displacement versus
the excitation amplitude are shown in Figs. 3.11(a) and (b). the final switching dis-
placement versus the excitation amplitude is bounded in the right-hand-side area
of the dark, dashed lines computed by Eq. (3.105). The thin, straight, dashed line
boundary is the onset boundary determined by Eq. (3.102), and the curved bound-
ary is determined by the initial force product condition in Eq. (3.92). Compared
with the sliding motion relative to the domain �1, no fragmentation and merging
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Figure 3.12. Sliding motion vanishing on the boundary and going into the domain �1 for
A0 = 58.0, 85.0, 116.1: (a) phase plane, (b) force product versus displacement, (c) velocity time his-
tory, (d) force product time history. (V = 1, � = 1, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30,

xi = −3, �ti = π .)

boundaries exists for this case. In an alike manner, the initial and maximum force
products varying with excitation amplitude are presented in Figs. 3.11(c) and (d).
The initial and maximum force products are identical. It indicates that no local
maximum force product exists or the local maximum force product is smaller
than the initial force product in the specific parameter range of excitation ampli-
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Figure 3.12. (continued)

tude. In the domain �1, for a given initial displacement, it is observed that the
initial and maximum force products are identical. However, for larger excitation
amplitude, the local maximum force product is greater than the initial force prod-
uct. For the sliding motion, the effects of other parameters and initial conditions
can be referred to Luo and Gegg (2006d).

Consider the parameters (i.e., V = 1,� = 1, d1 = 1, d2 = 0, b1 = −b2 =
30, c1 = c2 = 30) with initial condition xi = 3, yi = 1 and �ti = π for
demonstration. For specific excitation amplitudes A0 = 58.0, 85.0, 116.1, the
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Figure 3.13. Phase planes of sliding motion disappearing on the boundary and going to the domain
�1: (a) � = 1, V = 1, �ti = π, b = 20, 50, 80; (b) � = 1, b = 30, �ti = π, V = −1, 0, 1;
(c) V = 1, b = 30, �ti = π,� = 0.81, 1.0, 1.25; (d) � = 1, V = 1, b = 30, �ti = 3π/4, π, 5π/4.

(A0 = 90, xi = −3.0, d1 = 1, d2 = 0, b1 = −b2 = 30, c1 = c2 = 30.)

phase trajectories of corresponding sliding motions are plotted in Fig. 3.12(a).
The force product versus displacement for the sliding motion are presented in
Fig. 3.12(b), and it is observed that the sliding motions satisfy F1 × F2 � 0.
For A0 = 58.0, the initial force product is zero, it implies that A0 min ≈ 58.0.
If A0 < A0 min, such a sliding motion cannot be observed. For A0 ≈ 116.1, the
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Figure 3.13. (continued)

maximum force product is tangential zero. This value will be the maximum value
for this sliding motion A0 max ≈ 116.1. If A0 > A0 max, the sliding motion will
be fragmentized into two parts, as discussed in Fig. 3.7. Thus, under the above
parameters, the sliding motion starting at (xi, yi,�ti) = (−3.0, 1.0, π) will exist
for A0 min � A0 � A0 max. Further, the velocity and force product time-histories
are also presented in Figs. 3.12(c) and (d). It is interesting that the force product
time history is similar to the force product versus the displacement. The equiva-
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Figure 3.14. Phase planes of sliding motion disappearing on the boundary and going to the do-
main �2: (a) V = 1, xi = −1, �ti ≈ 0.8729, b = 50, 60, 70; (b) b = 15, xi = −1, �ti = π ,
V = 0.5, 0.75, 1; (c) b = 15, V = 1, xi = 3, �ti = π/2, π, 3π/2; (d) b = 15, V = 1,
�ti = π, xi = −1.0, −0.75, −0.5. (� = 1, A0 = 20, d1 = 1, d2 = 0, b1 = −b2 = b,

c1 = c2 = 30.)

lency of definitions in Eqs. (3.96) and (3.98) is verified numerically for nonzero
constant belt speed. The phase trajectories of the sliding motions disappearing on
the boundary and going to the domain �1 are presented in Fig. 3.13 for para-
meters A0 = 90, xi = −3, d1 = 1, d2 = 0, b1 = −b2 = b, c1 = c2 = 30.
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Figure 3.14. (continued)

In Fig. 3.12(a), the parameters � = 1, V = 1,�ti = π, b = 20, 50, 80
are used. The parameters (� = 1, b = 30,�ti = π, V = −1, 0, 1), (V =
1, b = 30,�ti = π,� = 0.81, 1.0, 1.25) and (� = 1, b = 30, V =
1,�ti = 3π/4, π, 5π/4) are also used in Figs. 3.13(b), (c) and (d), respectively. In
Fig. 3.14, the phase trajectories of the sliding motion disappearing on the bound-
ary and going to the domain �2 are plotted through the parameters � = 1, A0 =
20, d1 = 1, d2 = 0, b1 = −b2 = b, c1 = c2 = 30. The four sets of the other pa-
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rameters and initial conditions (V = 1, xi = −1,�ti ≈ 0.8729, b = 50, 60, 70),
(b = 15, xi = −1,�ti = π, V = 0.5, 0.75, 1), (b = 15, V = 1, xi = 3,�ti =
π/2, π, 3π/2) and (b = 15, V = 1,�ti = π, xi = −1.0,−0.75,−0.5) are used
in Figs. 3.14(a), (b), (c) and (d), respectively. From the above demonstrations of
the phase trajectories, the analytical prediction and numerical simulations are in a
very good agreement.



Chapter 4

Transversal Singularity and Bouncing Flows

The flow tangential to the separation boundary in an accessible domain was dis-
cussed in Chapter 2. The sliding flows on the boundary and the switching bifurca-
tion between the passable and nonpassable flows on the boundary were discussed.
In this chapter, the transversal tangential singularity and bouncing flows in the
vicinity of the discontinuous boundary will be discussed. The basic concepts for
such transversal tangential singularity will be introduced. The corresponding nec-
essary and sufficient conditions for the transversal tangential flows on the passable
separation boundaries are developed. The bouncing flows on the boundary will be
discussed also. This phenomenon can be observed in dynamical systems with
discontinuity from certain controls. A simple discontinuous dynamical system is
presented herein for helping us understand such concepts.

4.1. Transversal tangential flows

Consider a flow x(α)(t) (α ∈ {i, j}) in the vicinity of the boundary ∂�ij with
nT

∂�ij
· ẋ(α)(t) > 0 in the domain �α for n∂�ij

→ �β for t ∈ [tm−ε, tm), as

shown in Fig. 2.4. In the domain �β (α 
= β), the flow x(β)(t) in the vicinity
of the boundary ∂�ij possesses the condition nT

∂�ij
· ẋ(β)(t) > 0 at the same

time interval. Therefore, the product of the normal components of the two flows
satisfies the condition in Eq. (2.9), i.e., {nT

∂�ij
· ẋ(α)(tm−)}{nT

∂�ij
· ẋ(β)(tm+)} > 0.

From Theorem 2.1, such a condition implies that the flow for the boundary ∂�ij is
passable. Therefore, the flow can pass through the boundary into another domain.
The tangential bifurcation for a flow tangential to the separatrix was discussed
without transversality in Chapter 2. The sliding dynamics along the discontinuous
boundary and the switching bifurcation of flows on the boundary were discussed
in Chapter 3. The tangency of the flow occurs just after the flow passes through
the separation boundary. This tangential flow is termed the transversal tangential
flow, and the mathematical definition is given as

113
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DEFINITION 4.1. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time in-

tervals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+)

with α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are

Cr−1
[tm−ε,tm)

- and Cr
(tm,tm+ε]-continuous (r � 2), respectively. The transverse flow

x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary

−−→
∂�αβ

is termed a transversal tangential flow of the first kind if the following conditions
are satisfied:

(4.1)
either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.2)nT
∂�αβ

· ẋ(β)(tm+) = 0;

(4.3)
either tT

∂�αβ
· [x(β)(tm+ε) − x(β)(tm+)

]
> 0 for tT

∂�αβ
· ẋ(0)

αβ > 0

or tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

< 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

From the above definition, the first two condition gives a necessary condition of
a flow tangential to the semi-passable boundary just after the flow passes through
the boundary. The third condition determines the direction of a flow after the flow
passes over the boundary, which is very strongly influenced by the sliding flow
along the separation boundary. The direction of the component of the transversal
tangential flow on the tangential vector of the separatrix ∂�ij has the same direc-
tion of the sliding motion along the separatrix. Therefore, the third condition can
be re-written as

(4.4)
[
x(β)(tm+ε) − x(β)(tm+)

] · ẋ(0)
αβ > 0.

However, the computation of Eq. (4.3) is much easier and more intuitive than
Eq. (4.4) because the flow x(0)

αβ is determined by ẋ(0)
αβ = F(0)

αβ (x, t) for sliding
dynamics in Chapter 3.

To illustrate the above concept, the geometrical description of flows passing
through a boundary ∂�ij with n∂�ij

→ �j are presented in Figs. 4.1 and 4.2.
A pre-transversal tangential flow and a transversal tangential flow are sketched
in Fig. 4.1. The tangency of the transverse flow occurs at the portion of the
outflow. Consider a sliding motion along the positive direction of t∂�ij

(i.e.,

tT
∂�ij

· ẋ(0)
ij > 0). The pre-transversal tangential flow is a regular transverse flow
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Figure 4.1. The flows of the pre-transversal tangential bifurcation to a boundary ∂�ij with
n∂�ij

→ �j : (a) a pre-transversal tangential flow, and (b) a transversal tangential flow. The slid-

ing motion is along the positive t∂�ij
(i.e., tT

∂�ij
· ẋ(0)

ij
> 0).

from the domain �i to �j . The transversal tangential flow is a flow tangential
to the separation boundary just after the flow passes over the boundary. After the
transversal tangential bifurcation, a post-transversal tangential flow exists. For a
post-transversal tangential flow, there are two intersected points on the separa-
tion boundary locally and the bouncing motion at the first intersected point will
appear, as shown in Fig. 4.2(a). Because this tangential bifurcation may cause
the bouncing motion, such a bifurcation can also termed “the bouncing bifurca-
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Figure 4.2. The flows of the post-transversal tangential bifurcation to a boundary ∂�ij with
n∂�ij

→ �j : (a) a bouncing flow, and (b) sliding flow. The sliding motion is along the positive

t∂�ij
(i.e., tT

∂�ij
· ẋ(0)

ij
> 0).

tion”. The post-transversal tangential bifurcation may cause the sliding motion
in Fig. 4.2(b). Thus, this bifurcation can be termed “the sliding bifurcation”, as
discussed in Chapter 3.

THEOREM 4.1. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡ xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals [tm−ε, tm)

and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈ {i, j}
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(α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−1

[tm−ε,tm)- and Cr
(tm,tm+ε]-

continuous (r � 2) respectively with ‖drx(γ )/dt r‖ < ∞ (γ ∈ {α, β}). The flow
x = x(α)(t < tm) ∪ x(0)

αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary
−−→
∂�αβ

is a transversal tangential flow of the first kind iff

(4.5)
either

{
nT

∂�αβ
· ẋ(α)(tm−) > 0,

nT
∂�αβ

· [ẋ(β)(tm+ε) − ẋ(0)(tm+ε)
]

> 0
for n∂�αβ → �β,

or

{
nT

∂�αβ
· ẋ(α)(tm−) < 0,

nT
∂�αβ

· [ẋ(β)(tm+ε) − ẋ(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.6)nT
∂�αβ

· ẋ(β)(tm+) = 0;

(4.7)
either tT

∂�αβ
· ẋ(β)(tm+ε) > 0 for tT

∂�αβ
· ẋ(0)

αβ > 0

or tT
∂�αβ

· ẋ(β)(tm+ε) < 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

PROOF. For a point x(0)
αβ ∈ ∂�αβ with n∂�αβ → �β , suppose x(α)(tm−) = x(0)

αβ

and x(0)
αβ = x(β)(tm+) with α, β ∈ {i, j} (α 
= β) for x(0)

αβ (tm) = xm. Both x(α)(t)

and x(β)(t) are Cr−1
[tm−ε,tm)- and Cr

(tm,tm+ε]-continuous (r � 2), respectively with

‖drx(γ )/dt r‖ < ∞ (γ ∈ {α, β}) for 0 < ε 
 1. Similarly to the proof of Theo-
rem 2.1, application of the Taylor series expansion of x(α)(tm−ε) and x(β)(tm+ε)

with tm±ε = tm ± ε (α ∈ {i, j}) to x(α)(tm±) and up to the second order term with
a ∈ [tm−ε, tm−) gives

x(α)(tm−ε) ≡ x(α)(tm− − ε)

= x(α)(a) + ẋ(α)(a)(tm− − a − ε) + o(tm− − a − ε),

x(β)(tm+) ≡ x(β)(tm+ε − ε) = x(β)(tm+ε) − ẋ(β)(tm+ε)ε + o(ε).

Let a → tm−. Because of 0 < ε 
 1, the second and higher order terms of the
Taylor series expansion can be ignored in the foregoing equations. Therefore, we
have

nT
∂�αβ

· [x(α)(tm−) − x(α)(tm−ε)
] = nT

∂�ij
· ẋ(α)(tm−)ε > 0 and

nT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
] = nT

∂�ij
· ẋ(β)(tm+ε)ε > 0;

Similarly,

nT
∂�αβ

· [x(0)(tm−) − x(0)(tm−ε)
] = εnT

∂�αβ
· ẋ(0)(tm−) = 0,

nT
∂�αβ

· [x(0)(tm+ε) − x(0)(tm+)
] = εnT

∂�αβ
· ẋ(0)(tm+ε).
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Therefore,

nT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
] = εnT

∂�αβ
· ẋ(α)(tm−) > 0,

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
] = εnT

∂�αβ
· [ẋ(β)(tm+ε) − ẋ(0)(tm+ε)

]
> 0.

tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

= tT
∂�αβ

· ẋ(β)(tm+ε)ε

{
> 0 for tT

∂�αβ
· ẋ(0)

αβ > 0,

< 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

From Definitions 2.8 and 4.1, the transverse flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪

x(β)(t > tm) on the semi-passable boundary
−−→
∂�αβ is a transverse, tangential flow

of the first kind for the boundary ∂�αβ with n∂�αβ → �β . In a similar fashion,
for the boundary ∂�αβ with n∂�αβ → �α , it can be proved that the transverse

flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary−−→

∂�αβ is a transversal tangential flow of the first kind. �

THEOREM 4.2. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡ xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals [tm−ε, tm)

and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈ {i, j}

(α 
= β) for x(0)
αβ (tm) = xm. Both F(α)(t) and F(β)(t) are Cr−1

[tm−ε,tm)- and Cr
(tm,tm+ε]-

continuous (r � 1) respectively with ‖dr+1x(γ )/dt r+1‖ < ∞ (γ ∈ {α, β}). The
flow x = x(α)(t < tm) ∪ x(0)

αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary−−→
∂�αβ is a transversal tangential flow of the first kind iff

(4.8)
either

{
nT

∂�ij
· F(α)(tm−) > 0,

nT
∂�ij

· [F(β)(tm+ε) − F(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�ij
· F(α)(tm−) < 0,

nT
∂�ij

· [F(β)(tm+ε) − F(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.9)nT
∂�αβ

· F(β)(tm+) = 0;

(4.10)
either tT

∂�αβ
· F(β)(tm+ε) > 0 for tT

∂�αβ
· F(0)

αβ > 0

or tT
∂�αβ

· F(β)(tm+ε) < 0 for tT
∂�αβ

· F(0)
αβ < 0.

PROOF. With Eq. (2.1) and ẋ(0)
αβ = F(0)

αβ (x, t), the inequalities of Eqs. (4.5)–(4.7)
gives Eqs. (4.8)–(4.10). So, the theorem is proved. �
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THEOREM 4.3. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-

vals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with

α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−1

[tm−ε,tm)
-

and Cr
(tm,tm+ε]-continuous (r � 3), respectively, with ‖dr−1x(α)/dt r−1‖ < ∞ and

‖drx(β)/dt r‖ < ∞. The transverse flow x = x(α)(t < tm)∪x(0)
αβ (tm)∪x(β)(t > tm)

on the semi-passable boundary
−−→
∂�αβ is a transversal tangential flow of the first

kind iff

(4.11)

either

{
nT

∂�ij
· ẋ(α)(tm−) > 0,

nT
∂�ij

· [ẍ(β)(tm+) − ẍ(0)(tm+)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�ij
· ẋ(α)(tm−) < 0,

nT
∂�ij

· [ẍ(β)(tm+) − ẍ(0)(tm+)
]

< 0
for n∂�αβ → �α;

(4.12)nT
∂�αβ

· ẋ(β)(tm+) = 0;

(4.13)
either tT

∂�αβ
· ẋ(β)(tm+) > 0 for tT

∂�αβ
· ẋ(0)

αβ > 0

or tT
∂�αβ

· ẋ(β)(tm+) < 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

PROOF. For an arbitrarily small ε > 0, the procedure of Theorem 2.1 is used.
The application of the Taylor series expansion of x(α)(tm−ε) to x(α)(tm−) up to
the second term with a ∈ [tm−ε, tm−) and x(β)(tm+ε) to x(β)(tm+) up to the third
term with b ∈ (tm+, tm+ε] gives

x(α)(tm−ε) ≡ x(α)(tm− − ε)

= x(α)(a) + ẋ(α)(a)(tm− − ε − a) + o(tm− − ε − a),

x(β)(tm+ε) ≡ x(β)(tm+ + ε) = x(β)(b) + ẋ(β)(b)(tm+ + ε − b)

+ ẍ(β)(b)(tm+ − ε − b)2 + o
(
(tm+ + ε − b)2).

Let a → tm− and b → tm+. Since 0 < ε 
 1, the higher order terms can be
ignored. The deformation of the above equations and multiplication by n∂�αβ and
t∂�αβ leads to

nT
∂�αβ

· [x(α)(tm−) − x(α)(tm−ε)
] = nT

∂�αβ
· ẋ(α)(tm−)ε,

nT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
] = nT

∂�αβ
· ẋ(β)(tm+)ε

+ nT
∂�αβ

· ẍ(β)(tm+)ε2,
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tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
] = tT

∂�αβ
· ẋ(β)(tm+)ε.

Similarly, we have the same expressions for ẋ(0) = F(0)(x, t). With Eq. (4.12), we
have

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
] = nT

∂�αβ
· [ẍ(β)(tm+) − ẍ(0)(tm+)

]
ε2.

For the boundary ∂�αβ with n∂�αβ → �β , using the first inequality equation of
Eq. (4.11), the foregoing two equations lead to

nT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
] = nT

∂�αβ
· ẋ(α)(tm−)ε > 0,

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
] = nT

∂�αβ
· [ẍ(β)(tm+) − ẍ(0)(tm+)

]
ε2 > 0.

Similarly, for the boundary ∂�αβ with n∂�αβ → �α , using the second inequality
equation of Eq. (4.11), the foregoing two equations lead to

nT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
] = nT

∂�αβ
· ẋ(α)(tm−)ε < 0,

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
] = nT

∂�αβ
· [ẍ(β)(tm+) − ẍ(0)(tm+)

]
ε2 < 0.

From Eq. (4.13), we have

tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

=
{

tT
∂�αβ

· ẋ(β)(tm+)ε > 0 for tT
∂�αβ

· ẋ(0)
αβ > 0,

tT
∂�αβ

· ẋ(β)(tm+)ε < 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

Therefore from Definition 4.1, the flow x = x(α)(t < tm)∪x(0)
αβ (tm)∪x(β)(t > tm)

on the semi-passable boundary
−−→
∂�αβ is a transversal tangential flow of the first

kind. �

THEOREM 4.4. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-

vals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with

α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both F(α)(t) and F(β)(t) are Cr−1

[tm−ε,tm)-

and Cr
(tm,tm+ε]-continuous (r � 2), respectively, with ‖drx(α)/dt r‖ < ∞ and

‖dr+1x(β)/dt r+1‖ < ∞. If the following conditions are satisfied:

(4.14)
either

{
nT

∂�ij
· F(α)(tm−) > 0,

nT
∂�ij

· [DF(β)(tm+) − DF(0)(tm+)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�ij
· F(α)(tm−) < 0,

nT
∂�ij

· [DF(β)(tm+) − DF(0)(tm+)
]

< 0
for n∂�αβ → �α;
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(4.15)nT
∂�αβ

· F(β)(tm+) = 0;

(4.16)
either tT

∂�αβ
· F(β)(tm+) > 0 for tT

∂�αβ
· F(0)

αβ > 0,

or tT
∂�αβ

· F(β)(tm+) < 0 for tT
∂�αβ

· F(0)
αβ < 0,

then the transverse flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-

passable boundary
−−→
∂�αβ is a transversal tangential flow of the first kind.

PROOF. Using Eq. (2.1) and equation of motion for sliding dynamics (i.e., ẋ(0)
αβ =

F(0)
αβ (x, t)), from Theorem 4.3, the above theorem is proved. �

DEFINITION 4.2. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−2l+2

[tm−ε,tm)
- and

Cr
(tm,tm+ε]-continuous (r � 2l), respectively. The transverse flow x = x(α)(t <

tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary

−−→
∂�αβ is termed

a transversal, (2l − 1)th-order tangential flow of the first kind if the following
conditions are satisfied:

(4.17)

either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.18)
nT

∂�αβ
· dk

dtk

[
x(β)(tm+) − x(0)(tm+)

] = 0 for k = 1, 2, . . . , 2l − 1;

nT
∂�αβ

· d2l

dt2l

[
x(β)(tm+) − x(0)(tm+)

] 
= 0;

(4.19)
either tT

∂�αβ
· [x(β)(tm+ε) − x(β)(tm+)

]
> 0 for tT

∂�αβ
· ẋ(0)

αβ > 0

or tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

< 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

THEOREM 4.5. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-

vals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with
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α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−2l+2

[tm−ε,tm)-

and Cr
(tm,tm+ε]-continuous (r � 2l), respectively, with ‖drx(β)/dt r‖ < ∞ and

‖dr−2l+2x(α)/dt r−2l+2‖ < ∞. The transverse flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪

x(β)(t > tm) on the semi-passable boundary
−−→
∂�αβ a transversal, (2l −1)th-order

tangential flow of the first kind iff

(4.20)
either

{
nT

∂�αβ
· ẋ(α)(tm−) > 0,

nT
∂�αβ

· ẋ(β)(tm+ε) > 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· ẋ(α)(tm−) < 0,

nT
∂�αβ

· ẋ(β)(tm+ε) < 0
for n∂�αβ → �α;

(4.21)
nT

∂�αβ
· dk

dtk

[
x(β)(tm+) − x(0)(tm+)

] = 0 for k = 1, 2, . . . , 2l − 1;

nT
∂�αβ

· d(2l)

dt (2l)

[
x(β)(tm+) − x(0)(tm+)

] 
= 0;

(4.22)
either tT

∂�αβ
· ẋ(β)(tm+) > 0 for tT

∂�αβ
· ẋ(0)

αβ > 0

or tT
∂�αβ

· ẋ(β)(tm+) < 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

PROOF. Following the proof procedure of Theorem 2.8, and using the Taylor
series expansion, the above theorem can be proved. �

THEOREM 4.6. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time in-

tervals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+)

with α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are

Cr−2l+2
[tm−ε,tm)- and Cr

(tm,tm+ε]-continuous (r � 2l − 1), respectively. The transverse

flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary−−→

∂�αβ
−−→
∂�αβ is a transversal, (2l − 1)th-order tangential flow of the first kind iff

(4.23)
either

{
nT

∂�αβ
· F(α)(tm−) > 0,

nT
∂�αβ

· [F(β)(tm+ε) − F(0)(tm+ε)
]

> 0
for n∂�αβ → �β,

or

{
nT

∂�αβ
· F(α)(tm−) < 0,

nT
∂�αβ

· [F(β)(tm+ε) − F(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.24)
nT

∂�αβ
· Dk−1[F(β)(tm+) − F(0)(tm+)

] = 0 for k = 1, 2, . . . , 2l − 1,
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nT
∂�αβ

· D2l−1[F(β)(tm+) − F(0)(tm+)
] 
= 0;

(4.25)
either tT

∂�αβ
· F(β)(tm+) > 0 for tT

∂�αβ
· F(0)

αβ > 0

or tT
∂�αβ

· F(β)(tm+) < 0 for tT
∂�αβ

· F(0)
αβ < 0.

PROOF. Following the proof procedure of Theorem 2.9 and using of the Taylor
series expansion, the above theorem can be proved. �

THEOREM 4.7. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-

vals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with

α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−2l+1

[tm−ε,tm)-

and Cr
(tm,tm+ε]-continuous (r � 2l), respectively, with ‖drx(β)/dt r‖ < ∞ and

‖dr−2l+1x(α)/dt r−2l+1‖ < ∞. The transverse flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪

x(β)(t > tm) on the semi-passable boundary
−−→
∂�αβ a transversal, (2l −1)th-order

tangential flow of the first kind iff

(4.26)
either

{
nT

∂�αβ
· ẋ(α)(tm−) > 0,

nT
∂�αβ

· d2l

dt2l

[
x(β)(tm+ε) − x(0)(tm+ε)

]
> 0

for n∂�αβ → �β

or

{
nT

∂�αβ
· ẋ(α)(tm−) < 0,

nT
∂�αβ

· d2l

dt2l

[
x(β)(tm+ε) − x(0)(tm+ε)

]
< 0

for n∂�αβ → �α;

(4.27)nT
∂�αβ

· dk

dtk
x(β)(tm+) = 0 (k = 1, 2, . . . , 2l − 1);

(4.28)
either tT

∂�αβ
· ẋ(β)(tm+) > 0 for tT

∂�αβ
· ẋ(0)

αβ > 0

or tT
∂�αβ

· ẋ(β)(tm+) < 0 for tT
∂�αβ

· ẋ(0)
αβ < 0.

PROOF. Following the proof procedure of Theorem 2.10 and using the Taylor
series expansion, the above theorem can be proved. �

THEOREM 4.8. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time inter-

vals [tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with

α, β ∈ {i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both F(α)(t) and F(β)(t) are Cr−2l+2

[tm−ε,tm)-
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and Cr
(tm,tm+ε]-continuous (r � 2l−1), respectively, with ‖dr+1x(β)/dt r+1‖ < ∞

and ‖dr−2l+3x(α)/dt r−2l+3‖ < ∞. The transverse flow x = x(α)(t < tm) ∪
x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary

−−→
∂�αβ a transversal,

(2l − 1)th-order tangential flow of the first kind iff

(4.29)
either

{
nT

∂�αβ
· F(α)(tm−) > 0,

nT
∂�αβ

· D2l−1
[
F(β)(tm+) − F(0)(tm+)

]
> 0

for n∂�αβ → �β

or

{
nT

∂�αβ
· F(α)(tm−) < 0,

nT
∂�αβ

· D2l−1
[
F(β)(tm+) − F(0)(tm+)

]
< 0

for n∂�αβ → �α;

(4.30)nT
∂�αβ

· Dk−1[F(β)(tm+) − F(0)(tm+)
] = 0 (k = 1, 2, . . . , 2l − 1);

(4.31)
either tT

∂�αβ
· F(β)(tm+) > 0 for tT

∂�αβ
· F(0)

αβ > 0

or tT
∂�αβ

· F(β)(tm+) < 0 for tT
∂�αβ

· F(0)
αβ < 0.

PROOF. Following the proof procedure of Theorem 2.11 and using the Taylor
series expansion, the above theorem can be proved. �

DEFINITION 4.3. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β). Both x(α)(t) and x(β)(t) are Cr−1
[tm−ε,tm) and Cr

(tm,tm+ε]-continuous

(r � 2), respectively. The transverse flow x = x(α)(t < tm) ∪ x(0)
αβ (tm) ∪ x(β)(t >

tm) on the semi-passable boundary
−−→
∂�αβ is termed a transversal tangential flow

of the second kind if the following conditions are satisfied:

(4.32)

either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α,

(4.33)nT
∂�αβ

· ẋ(α)(tm−) = 0.

If the conditions in relative to the β-term in Eq. (4.32) is replaced by

either nT
∂�αβ

· [x(α)(tm+ε) − x(0)(tm+ε)
]

> 0 for n∂�αβ → �β
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Figure 4.3. The flows passing through a boundary ∂�ij with n∂�ij
→ �j : (a) a transversal tangen-

tial flow of the second kind, and (b) a post-transversal tangential flow for tT
∂�ij

· ẋ(0)
ij

> 0.

(4.34)

or nT
∂�αβ

· [x(α)(tm+ε) − x(0)(tm+ε)
]

> 0 for n∂�αβ → �α.

The foregoing definition gives the grazing bifurcation, which was discussed in
Chapter 2. If those conditions are replaced by

either nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0 for n∂�αβ → �β

(4.35)
or nT

∂�αβ
· [x(β)(tm+ε) − x(0)(tm+ε)

]
> 0 for n∂�αβ → �α,

the sliding bifurcation will be defined. Similarly, a transversal, (2l − 1)th-order
tangential flow of the second kind will be introduced as follows.
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Figure 4.4. The flows passing through a boundary ∂�ij with n∂�ij
→ �j : (a) a transversal tangen-

tial flow of the second kind, and (b) a post-transversal tangential flow for tT
∂�ij

· ẋ(0)
ij

< 0.

DEFINITION 4.4. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−2l+2

[tm−ε,tm)- and

Cr
(tm,tm+ε]-continuous (r � 2l), respectively. The transverse flow x = x(α)(t <

tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) on the semi-passable boundary

−−→
∂�αβ is termed a

transversal, (2l − 1)th-order tangential flow of the second kind if the following
conditions are satisfied:
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(4.36)
either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.37)
nT

∂�αβ
· dk

dtk

[
x(α)(tm−) − x(0)(tm−)

] = 0 for k = 1, 2, . . . , 2n − 1,

nT
∂�αβ

· d2n

dt2n

[
x(α)(tm−) − x(0)(tm−)

] 
= 0.

The theorems for the transversal tangential flows of the second kind on the semi-
passable boundary

−−→
∂�ij can be similar to Theorems 4.1–4.8 for the transversal

tangential flow of the first kind. The transversal tangential flows of the second
kind on the semi-passable boundary

−−→
∂�ij are illustrated in Figs. 4.3 and 4.4. The

flows crossing over the boundary for two cases (t∂�ij
·ẋ(0)

ij > 0 and t∂�ij
·ẋ(0)

ij < 0)
are demonstrated. The transversality of flow on the boundary should be used.
Compared to the transversal tangential flow of the first kind, the input tangential
flow is independent of the sliding flow. After the transversal tangential bifurcation
of the second kind occurs, the bouncing motion appears in the post-transversal
tangential flow. The outflow of the bouncing motion is strongly dependent upon
the sliding motion.

4.2. Cusped and inflexed tangential flows

The tangency of a flow occurs just before and after the flow passes through the
separation boundary. This tangential flow includes cusped and inflexed tangential
flows. The definitions are given as follows.

DEFINITION 4.5. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−1

[tm−ε,tm)- and

Cr
(tm,tm+ε]-continuous (r � 2), respectively. The transverse flow x = x(α)(t <

tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) passing through

−−→
∂�αβ is termed a transversal,

cusped tangential flow if the following conditions are satisfied:

(4.38)
either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β
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or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.39)nT
∂�αβ

· ẋ(α)(tm−) = nT
∂�αβ

· ẋ(β)(tm+) = 0;

(4.40)
either

{
tT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
]

< 0

tT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for tT

∂�αβ
· ẋ(0)

αβ > 0

or

{
tT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
]

> 0

tT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for tT

∂�αβ
· ẋ(0)

αβ < 0.

DEFINITION 4.6. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are Cr−1

[tm−ε,tm)
- and

Cr
(tm,tm+ε]-continuous (r � 2), respectively. The transverse flow x = x(α)(t <

tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) passing through

−−→
∂�αβ is termed the transversal,

inflexed tangential flow if the following conditions are satisfied:

(4.41)
either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α;

(4.42)nT
∂�αβ

· ẋ(α)(tm−) = nT
∂�αβ

· ẋ(β)(tm+) = 0;

(4.43)
either

{
tT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
]

> 0

tT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for tT

∂�αβ
· ẋ(0)

αβ > 0

or

{
tT
∂�αβ

· [x(0)(tm−ε) − x(α)(tm−ε)
]

< 0

tT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for tT

∂�αβ
· ẋ(0)

αβ < 0.

DEFINITION 4.7. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are C

r−2q+2p

[tm−ε,tm) - and

Cr
(tm,tm+ε]-continuous (r � 2q), respectively. The transverse flow x = x(α)(t <
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tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) passing through

−−→
∂�αβ is termed the transversal,

cusped, (2p − 1 : 2q − 1)-order tangential flow if the following conditions are
satisfied:

(4.44)
either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α,

(4.45)

⎧⎨⎩nT
∂�αβ

· dk1

dtk1

[
x(α)(tm−) − x(0)(tm−)

] = 0 (k1 = 1, 2, . . . , 2p − 1),

nT
∂�αβ

· d2p

dt2q

[
x(α)(tm−) − x(0)(tm−)

] 
= 0,⎧⎨⎩nT
∂�αβ

· dk2

dtk2

[
ẋ(β)(tm+) − ẋ(0)(tm+)

] = 0 (k2 = 1, 2, . . . , 2q − 1),

nT
∂�αβ

· d2p

dt2q

[
ẋ(β)(tm+) − ẋ(0)(tm+)

] 
= 0;

(4.46)
either

{
tT
∂�αβ

· [x(α)(tm−) − x(α)(tm−ε)
]

< 0

tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

> 0
for tT

∂�αβ
· ẋ(0)

αβ > 0

or

{
tT
∂�αβ

· [x(α)(tm−) − x(α)(tm−ε)
]

> 0

tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

< 0
for tT

∂�αβ
· ẋ(0)

αβ < 0.

DEFINITION 4.8. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm−) = x(0)
αβ (tm) = x(β)(tm+) with α, β ∈

{i, j} (α 
= β) for x(0)
αβ (tm) = xm. Both x(α)(t) and x(β)(t) are C

r−2q+2p

[tm−ε,tm) - and

Cr
(tm,tm+ε]-continuous (r � 2q), respectively. The transverse flow x = x(α)(t <

tm) ∪ x(0)
αβ (tm) ∪ x(β)(t > tm) passing through

−−→
∂�αβ is termed the transversal,

inflexed, (2p − 1 : 2q − 1)-order tangential flow if the following conditions are
satisfied:

(4.47)
either

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �β

or

{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�αβ

· [x(β)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �α

and

(4.48)

⎧⎨⎩nT
∂�αβ

· dk1

dtk1

[
x(α)(tm−) − x(0)(tm−)

] = 0 (k1 = 1, 2, . . . , 2p − 1),

nT
∂�αβ

· d2p

dt2p

[
x(α)(tm−) − x(0)(tm−)

] 
= 0,
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Figure 4.5. The flows passing through a boundary ∂�ij with n∂�ij
→ �j for: (a) the cusped

tangential flow (tT
∂�ij

· ẋ(0)
ij

> 0), and (b) the inflexed tangential flow tT
∂�ij

· ẋ(0)
ij

< 0.

⎧⎨⎩nT
∂�αβ

· dk2

dtk2

[
ẋ(β)(tm+) − x(0)(tm+)

] = 0 (k2 = 1, 2, . . . , 2q − 1),

nT
∂�αβ

· d2q

dt2q

[
ẋ(β)(tm+) − x(0)(tm+)

] 
= 0;

(4.49)
either

{
tT
∂�αβ

· [x(α)(tm−) − x(α)(tm−ε)
]

> 0

tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

> 0
for tT

∂�αβ
· ẋ(0)

αβ > 0

or

{
tT
∂�αβ

· [x(α)(tm−) − x(α)(tm−ε)
]

< 0

tT
∂�αβ

· [x(β)(tm+ε) − x(β)(tm+)
]

< 0
for tT

∂�αβ
· ẋ(0)

αβ < 0.
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Figure 4.6. The post cusped tangential flows passing through a boundary ∂�ij with n∂�ij
→ �j

for tT
∂�ij

· ẋ(0)
ij

> 0: (a) first kind, and (b) second kind.

The theorems for such cusped and inflexed tangential flows can be developed that
are similar to the ones for the transversal tangential flows of the first and sec-
ond kinds. The corresponding conditions in the transverse tangential flows can be
used for the tangential, input and output flows of the cusped and inflexed flows.
Therefore, no further theorems are presented herein. To help understand the above
definitions, the cusped and inflexed tangential flow are sketched in Figs. 4.5(a)
and (b). The post cusped tangential flows of the first and second kind are pre-
sented in Figs. 4.6(a) and (b). The post inflexed tangential flows of the first and
second kind are presented in Figs. 4.7(a) and (b) as well. Such tangential flows can
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Figure 4.7. The post inflexed tangential flows passing through a boundary ∂�ij with n∂�ij
→ �j

for tT
∂�ij

· ẋ(0)
ij

< 0: (a) first kind, and (b) second kind.

easily be found in discontinuous dynamical systems with higher-order, nonlinear
polynomial vector fields. This section will help ones investigate the singularity
in nonlinear, discontinuous dynamical systems. In this book, only linear discon-
tinuous dynamical systems are presented as sampled problems in order to verify
the currently developed theory. This is because the closed form solutions for lin-
ear, discontinuous dynamical systems can be obtained easily in the accessible
domains.
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Figure 4.8. Semi-tangential nonpassable boundary set ∂�ij = ∂̃�ij ∪ ∂̂�ij : (a) the semi-
tangential sink boundary, and (b) the semi-tangential source boundary.

4.3. Nonpassable tangential flows

The properties of a flow in the semi-passable boundary are discussed. In this sec-
tion, the local characteristics of flows around the nonpassable boundary will be
discussed.

DEFINITION 4.9. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval [tm−ε, tm).
Suppose x(α)(tm−) = xm (α ∈ {i, j}), x(α)(t) is Cr

[tm−ε,tm)-continuous (r � 2) for
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Figure 4.9. Tangential nonpassable boundary set ∂�ij = ∂̃�ij ∪∂̂�ij : (a) the tangential sink bound-
ary, and (b) the tangential source boundary.

time t and ‖drx(α)/dt r‖ < ∞ with{
nT

∂�αβ
· [x(0)(tm−ε) − x(α)(tm−ε)

]}
(4.50)× {

nT
∂�αβ

· [x(0)(tm−ε) − x(β)(tm−ε)
]}

< 0.

(i) The flow to the nonempty boundary ∂̃�ij is the semi-tangential nonpassable
flow of the first kind if x(α)(t) and x(β)(t) also satisfies

(4.51)either nT
∂�ij

· ẋ(α)(tm−) = 0 or nT
∂�ij

· ẋ(β)(tm−) = 0.
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(ii) The flow to the nonempty boundary ∂̃�ij is the tangential nonpassable flow
of the first kind, if x(α)(t) and x(β)(t) also satisfies

(4.52)nT
∂�ij

· ẋ(α)(tm−) = 0 and nT
∂�ij

· ẋ(β)(tm−) = 0.

DEFINITION 4.10. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there is a time interval (tm, tm−ε].
Suppose x(α)(tm−) = xm (α ∈ {i, j}), x(α)(t) is Cr

[tm−ε,tm)-continuous (r � 2) for

time t and ‖drx(α)/dt r‖ < ∞ with{
nT

∂�αβ
· [x(i)(tm+ε) − x(0)(tm+ε)

]}
(4.53)× {

nT
∂�αβ

· [x(j)(tm+ε) − x(0)(tm+ε)
]}

< 0.

(i) The flow to the nonempty boundary ∂̂�ij is the semi-tangential nonpassable
flow of the second kind if x(α)(t) and x(β)(t) also satisfies

(4.54)nT
∂�ij

· ẋ(α)(tm+) = 0 or nT
∂�ij

· ẋ(β)(tm+) = 0.

(ii) The flow to the nonempty boundary ∂̂�ij is the tangential nonpassable flow
of the second kind if x(α)(t) and x(β)(t) also satisfies

(4.55)nT
∂�ij

· ẋ(α)(tm+) = 0 and nT
∂�ij

· ẋ(β)(tm+) = 0.

The theorems for the semi-tangential and tangential nonpassable boundaries
can be developed as before. The corresponding conditions in the tangential flows
in the corresponding domains can be used for the tangential input or output flows
on the semi-tangential and tangential nonpassable boundaries. Therefore, no fur-
ther theorems are presented herein. The tangential sink and source boundaries are
shown in Figs. 4.8 and 4.9 from the above definitions. The nonpassable flows oc-
curs at the sink and source boundary bifurcations, which were also discussed in
Chapter 3.

4.4. Bouncing flows

For discontinuous dynamical systems, after the semi-tangential bifurcation in �j

occurs at the semi-passable boundary
−−→
∂�ij , the transversal flow may become

the sliding flow on the nonpassable boundary ∂̃�ij or the a bouncing flow in
�i at both the semi-passable boundary

←−−
∂�ij . When a flow x(i)(t) arrives to the

boundary
←−−
∂�ij or ∂̂�ij , the flow will bounce at such a boundary. To describe the

bouncing flow, the following mathematical description is given as follows.

DEFINITION 4.11. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
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[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) is
Cr

[tm−ε,tm)
- and Cr

(tm,tm+ε]-continuous (r � 1) for time t . The flow x(α)(t) in �α is
a bouncing flow to the boundary ∂�ij if

(4.56)nT
∂�ij

· ẋ(α)(tm±) 
= nT
∂�ij

· ẋ(0)
αβ (tm) = 0;

(4.57)

either

{
nT

∂�ij
· [x(0)(tm−ε) − x(α)(tm−ε)

]
> 0

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

< 0
for n∂�αβ → �β

or

{
nT

∂�ij
· [x(0)(tm−ε) − x(α)(tm−ε)

]
< 0

nT
∂�ij

· [x(α)(tm+ε) − x(0)(tm+ε)
]

> 0
for n∂�αβ → �α.

DEFINITION 4.12. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t . The bouncing flow x(α)(t)

in �α (α ∈ {i, j}) at xm ∈ ∂�ij is of

(i) the first kind for x(α)(tm±) = xm if{
tT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
]}

(4.58)× {
tT
∂�ij

· [x(α)(tm+ε) − x(α)(tm−)
]}

< 0;
(ii) the second kind if{

tT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
]}

(4.59)× {
tT
∂�ij

· [x(α)(tm+ε) − x(α)(tm−)
]}

> 0;
(iii) the third kind if{

tT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
]}

(4.60)× {
tT
∂�ij

· [x(α)(tm+ε) − x(α)(tm−)
]} = 0.

DEFINITION 4.13. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t . A bouncing flow of the

third kind x(α)(t) in �α (α ∈ {i, j}) at xm ∈ ∂�ij for x(α)(tm±) = xm is:

(i) a normal-input bouncing flow if

(4.61)tT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
] = 0;
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Figure 4.10. A flow in �i bouncing on ∂�ij with n∂�ij
→ �j : (a)–(c) the first- and second-kind

bouncing flows, and (d)–(f) the normal-input, normal-output and complete bouncing flows. The

lightly-shaded symbols represent two points (x(i)
m−ε and x(i)

m+ε) on the flow before and after the bounc-
ing. The bouncing point xm on ∂�ij is represented by a large circular symbol.

(ii) a normal-output bouncing flow if

(4.62)tT
∂�ij

· [x(α)(tm+ε) − x(α)(tm+)
] = 0;
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(iii) a complete bouncing flow if

tT
∂�ij

· [x(α)(tm−) − x(α)(tm−ε)
]

(4.63)= tT
∂�ij

· [x(α)(tm+ε) − x(α)(tm+)
] = 0.

From the three definitions of bouncing bifurcations, the geometrical illustrations
are sketched in Figs. 4.10(a)–(f). n∂�ij

and t∂�ij
are the normal and tangential

direction of the boundary ∂�ij . The direction of t∂�ij
× n∂�ij

is the positive
direction of the coordinate by the right-hand rule. The classification of bounc-
ing bifurcations is based on the components of the flow x(α)(t) on the normal
and tangential direction of the boundary ∂�ij . In Figs. 4.10(a)–(c), the first- and
second-kind bouncing bifurcations are depicted. The bouncing bifurcation of the
third kind is shown in Figs. 4.10(d)–(f). The lightly-shaded symbols represent two
points (x(i)

m−ε and x(i)
m+ε) on the flow before and after the bouncing. The bouncing

point xm on the boundary ∂�ij is represented by a large circular symbol. This
bifurcation exists only in nonsmooth dynamical systems.

THEOREM 4.9. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡ xm ∈
∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals [tm−ε, tm)

and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) is Cr
[tm−ε,tm)

- and

Cr
(tm,tm+ε]-continuous (r � 1) for time t and ‖dxr/dt r‖ < ∞. The flow x(α)(t) in

�α is a bouncing flow to the boundary ∂�ij iff

(4.64)nT
∂�ij

· ẋ(α)(tm±) 
= nT
∂�ij

· ẋ(α)(tm) = 0,{
nT

∂�ij
· [ẋ(0)(tm−ε) − ẋ(α)(tm−ε)

]}
(4.65)× {

nT
∂�ij

· [ẋ(α)(tm+ε) − ẋ(0)(tm+ε)
]}

< 0.

PROOF. This theorem can be proved following the proof procedure in Theo-
rem 2.8. �

THEOREM 4.10. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and F(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t and ‖dxr+1/dt r+1‖ < ∞.

The flow x(α)(t) in �α is a bouncing flow to the boundary ∂�ij iff

(4.66)nT
∂�ij

· F(α)(tm±) 
= nT
∂�ij

· F(α)(tm) = 0,{
nT

∂�ij
· [F(α)(tm−ε) − F(0)(tm−ε)

]}
(4.67)× {

nT
∂�ij

· [F(α)(tm+ε) − F(0)(tm+ε)
]}

< 0.
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PROOF. This theorem can be proved following the proof procedure in Theo-
rem 2.9. �

THEOREM 4.11. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2) for time t and ‖dxr/dt r‖ < ∞. The

bouncing flow x(α)(t) in �α is:

• of the first kind for x(α)(tm±) = xm iff

(4.68)
[
tT
∂�ij

· ẋ(α)(tm−ε)
][

tT
∂�ij

· ẋ(α)(tm+ε)
]

< 0;
• of the second kind iff

(4.69)
[
tT
∂�ij

· ẋ(α)(tm−ε)
][

tT
∂�ij

· ẋ(α)(tm+ε)
]

> 0;
• of the third kind iff

(4.70)
[
tT
∂�ij

· ẋ(α)(tm−ε)
][

tT
∂�ij

· ẋ(α)(tm+ε)
] = 0.

PROOF. This theorem can be proved following the proof procedure in Theo-
rem 2.8 and using the Taylor series. �

THEOREM 4.12. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and F(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t and ‖dxr+1/dt r+1‖ < ∞.

The bouncing flow x(α)(t) in �α for x(α)(tm±) = xm is:

• of the first kind iff

(4.71)
[
tT
∂�ij

· F(α)(tm−ε)
][

tT
∂�ij

· F(α)(tm+ε)
]

< 0;
• of the second kind iff

(4.72)
[
tT
∂�ij

· F(α)(tm−ε)
][

tT
∂�ij

· F(α)(tm+ε)
]

> 0;
• is of the third kind iff

(4.73)
[
tT
∂�ij

· F(α)(tm−ε)
][

tT
∂�ij

· F(α)(tm+ε)
] = 0.

PROOF. This theorem can be proved using Eq. (2.1) and Theorem 4.3. �

THEOREM 4.13. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
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[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and x(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2) for time t and ‖dxr/dt r‖ < ∞. The

bouncing flow of the third kind x(α)(t) in �α for x(α)(tm±) = xm is:

(i) a normal-input bouncing flow iff

(4.74)tT
∂�ij

· ẋ(α)(tm−ε) = 0;
(ii) a normal-output bouncing flow iff

(4.75)tT
∂�ij

· ẋ(α)(tm+ε) = 0;
(iii) a complete bouncing flow iff

(4.76)tT
∂�ij

· ẋ(α)(tm−ε) = tT
∂�ij

· ẋ(α)(tm+ε) = 0.

PROOF. This theorem can be proved following the proof procedure in Theo-
rem 2.8 and using the Taylor series. �

THEOREM 4.14. For a discontinuous dynamical system in Eq. (2.1), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals
[tm−ε, tm) and (tm, tm+ε]. Suppose x(α)(tm±) = xm (α ∈ {i, j}) and F(α)(t) is
Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t and ‖dxr+1/dt r+1‖ < ∞.

The bouncing flow of the third kind x(α)(t) in �α for x(α)(tm±) = xm is:

(i) a normal-input bouncing flow iff

(4.77)tT
∂�ij

· F(α)(tm−ε) = 0;
(ii) a normal-output bouncing flow iff

(4.78)tT
∂�ij

· F(α)(tm+ε) = 0;
(iii) a complete bouncing flow iff

(4.79)tT
∂�ij

· F(α)(tm−ε) = tT
∂�ij

· F(α)(tm+ε) = 0.

PROOF. The theorem can be proved using Eq. (2.1) and Theorem 4.13. �

REMARK. The theories for tangential and bouncing motions are suitable for the
motion in nonsmooth dynamical systems with nonpassable boundaries.
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4.5. A controlled piecewise linear system

Consider a following piecewise linear dynamical system with a control law in two
domains as

(4.80)ẍ + 2dαẋ + cαx = bα + Q0 cos �t

where α ∈ {1, 2} and the two domains are partitioned by the following equation:

(4.81)a1x + a2ẋ = e.

Once the flow leaves from a point of the boundary ∂�αβ (α, β ∈ {1, 2}, α 
=
β) at moment tm into the domain �α , the control force will be exerted in the
corresponding domain �α . The controlling force on the boundary is given through
the constant force varying with the location of boundary (i.e., bα = cαx(tm),
α ∈ {1, 2}). The domains partitioned by the boundary are sketched in Fig. 4.11.
The boundary is represented by the dashed line. The domains are shaded. E =
e/a1. The circular symbol represents an equilibrium point. Let y = ẋ, the two
subdomains are expressed by

(4.82)
�1 = {

(x, y) | a1x + a2y > e
} ⊂ �2,

�2 = {
(x, y) | a1x + a2y < e

} ⊂ �2.

The entire phase space is a union of the two domains,

(4.83)� = �1 ∪ �2.

The corresponding oriented separation boundaries for α, β ∈ {1, 2} are

(4.84)
−−→
∂�αβ = �α ∩ �β = {

(x, y) | ϕαβ(x, y) ≡ a1x + a2y − e = 0
}
.

From the above definitions, Eq. (4.80) gives

(4.85)x = F(α)(x, t,μα,π) for x = (x, y)T ∈ �α (α ∈ {1, 2}),
where

(4.86)F(α)(x, t,μα,π) = (y, bα − 2dαy − cαx + Q0 cos �t)T.

The normal and tangential vectors of the boundary ∂�αβ are

(4.87)n∂�αβ = (a1, a2)
T and t∂�αβ = (−a2, a1)

T,

and F(0) = (−a2, a1)
T. The corresponding normal vector fields to the boundary

∂�αβ are determined by

(4.88)F
(α)
N = nT

∂�αβ
· F(α) = a1y + a2(bα − 2dαy − cαx + Q0 cos �t).
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Figure 4.11. Phase plane partition for (a) a1a2 > 0, and (b) a1a2 < 0.

For each domain �α (α ∈ {1, 2}), consider the initial conditions on the bound-
ary, the closed-form solutions are given in Appendix A. Through the closed
form solutions for discontinuous dynamical systems in Eq. (4.80), the bounc-
ing, transversal-tangential, and post-transversal-tangential flows to the separation
boundary will be presented. The parameters a1 = a2 = 1, c1 = 2, c2 =
6, d1 = d2 = 0.01,Q0 = 40 are used for illustrations of bouncing and transver-
sal tangential flows. Select an initial condition on the boundary (�ti, xi, yi) =
(4.8520,−0.2150, 1.2150) with � = 1.6. The phase trajectory and the corre-
sponding normal components of vector fields for the bouncing flow in the domain
�2 are illustrated in Fig. 4.12. In Fig. 4.12(a), the arrow direction is the direc-
tion of the flow. The bouncing phenomenon of the flow in domain the domain
�2 is observed, which is labeled “Bouncing”. In Fig. 4.12(b), the normal com-



4.5. A controlled piecewise linear system 143

Figure 4.12. The flow bouncing on the boundary in the lower domain (� = 1.60): (a) phase
trajectory, and (b) the normal vector field to the boundary ∂�12. The initial condition is
(�ti , xi , yi ) = (4.8520, −0.2150, 1.2150). (a1 = a2 = 1, c1 = 2, c2 = 6, d1 = d2 = 0.01,

Q0 = 40.)
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Figure 4.13. The transversal tangential flow tangential to the upper domain (� = 1.49):
(a) phase trajectory, and (b) the normal vector field to the boundary ∂�12. The initial condition is
(�ti , xi , yi ) = (4.6458, −1.8672, 2.8672). (a1 = a2 = 1, c1 = 2, c2 = 6, d1 = d2 = 0.01,

Q0 = 40.) The acronym “TT” represents transversal tangential point.
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Figure 4.14. The post-transversal tangential flow (� = 1.37): (a) phase trajectory, and (b) the normal
vector field to the boundary ∂�12. The initial condition is (�ti , xi , yi ) = (4.3675, −2.0605, 3.0605).
(a1 = a2 = 1, c1 = 2, c2 = 6, d1 = d2 = 0.01, Q0 = 40.) The acronym “B” represents transversal

tangential point.



146 Chapter 4. Transversal Singularity and Bouncing Flows

ponent of vector fields to the discontinuous boundary is presented. The normal
vector fields on the boundary are of the same for the flow passing over the bound-
ary. However, for the flow bouncing on the boundary, it is observed that the
normal components of the vector field before and after bouncing in the domain
�2 have the opposite sign. The circular symbols represent the flow switching on
the boundary. In Fig. 4.13, the transversal tangential flow tangential to the up-
per domain with � = 1.49 is presented. The initial condition is (�ti, xi, yi) =
(4.6458,−1.8672, 2.8672). The acronym “TT” represents transversal tangential
point. Through the zoomed window, it is clearly observed that the flow tangential
to the boundary just after the flow passes over the boundary. The normal com-
ponent of the field for the tangential flow is zero in Fig. 4.13(b), which verify
the theory developed in previous sections. For the bouncing and passability of
the flow, the normal vector fields are the same as in Fig. 4.12. Finally, the post-
transversal tangential flow is presented in Fig. 4.14 for � = 1.37. The initial
condition is (�ti, xi, yi) = (4.3675,−2.0605, 3.0605). The acronym “B” repre-
sents bouncing point.



Chapter 5

Real and Imaginary Flows

The local theory for discontinuous dynamical systems on the connectable do-
mains was presented in Chapters 2–4. The onset, existence and disappearance of
the passable, nonpassable (or sink and source) flows on the boundary were investi-
gated. In this chapter, the singularity on the separation boundary will be discussed.
The singular sets of the separation boundary will be introduced. In the vicinity of
such singular sets, flows hyperbolicity and parabolicity will be discussed. The real
and imaginary flows in nonsmooth dynamical system will be introduced for the
onset and vanishing of the sink and source flows. The imaginary flows are defined
on the other domains rather than the original domain. This concept of the imagi-
nary flows will help us understand the mechanism of sink and source flows in the
vicinity of the boundary.

5.1. Singularity on boundary

In Chapter 2, the passability of flows to the separation boundary was discussed.
Several separation boundaries with different passabilities will be connected to-
gether to form a complicated separation boundary. The gluing singular sets to
connect all the single separation boundaries will be introduced herein. A gluing
set on the boundary connects two portions of separatrix on which the flows pos-
sess two different flow directions. Therefore, this zero-dimensional gluing set has
special properties, similar to the traditional singular points in dynamical systems.
To make a difference between the singular points in smooth dynamical system and
the singular points on the discontinuous boundary. The gluing sets are adopted
herein. The definitions of passable and nonpassable boundaries are based on the
flow component on the normal direction of the boundary. Therefore, the gluing
sets (or surfaces) are defined as

DEFINITION 5.1. A singular set on the boundary ∂�ij ⊂ �n−1

�ij =
{

x(0)
k ∈ ∂�ij

∣∣ x ∈ �α ⊆ �n, lim
x→x(0)

k

(
nT

∂�ij
· ẋ

) = 0, α ∈ {i, j},
(5.1)k ∈ N

}
⊂ �r

is termed the r-dimensional, gluing singular set (r ∈ {0, 1, 2, . . . , n − 2}).

147
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Notice that N is the natural number set. The gluing singular set is a special case
of the corner point sets. This gluing surface can be either static or dynamic. The
static gluing sets can be determined from the equilibrium points for equations
of the sliding dynamics (i.e., limx→x(0)

k

(tT
∂�ij

· ẋ) = 0). If the equation of mo-

tion for sliding dynamics in friction-induced vibration did not have equilibrium,
the dynamical gluing sets also exist (i.e., limx→x(0)

k

(tT
∂�ij

· ẋ) 
= 0). For 2-D dis-

continuous systems, the gluing singular surfaces will shrink into points. For 3-D
discontinuous, the gluing singular surfaces will be lines or points.

DEFINITION 5.2. A singular set on the boundary ∂�ij ⊂ �n−1

�
(α)
ij =

{
x(0)
k ∈ ∂�ij

∣∣ x ∈ �α ⊆ �n, lim
x→x(0)

k

(
nT

∂�ij
· ẋ

) = 0, α = {i or j},

(5.2)k ∈ N

}
⊆ �r

is termed the r-dimensional, input or output, semi-gluing, singular set on the
boundary (r ∈ {0, 1, 2, . . . , n − 2}).

The above definition �
(α)
ij indicates the switching of the flow direction at the

singular sets on the side of �α

DEFINITION 5.3. A countable set on the boundary ∂�ij ⊂ �n−1

�
(0)
ij =

{
x(0)
k ∈ ∂�ij

∣∣ x ∈ �α ⊆ �n, lim
x→x(0)

k

(
nT

∂�ij
· ẋ

) = 0, α = {i and j},

(5.3)k ∈ N

}
is termed the r-dimensional, full-gluing, singular point set (r ∈ {0, 1, 2, . . . ,

n − 2}).

The foregoing definition �
(0)
ij indicates the switching of the flow direction at

the singular point on both sides of �α . The singular, gluing set is �ij = �
(i)
ij ∪

�
(j)
ij ∪ �

(0)
ij .

5.2. Hyperbolicity and parabolicity

To investigate the dynamical behaviors in the neighborhood of the r-dimensional,
gluing singular sets, the δ-subdomains and boundaries relative to the gluing sets
are defined as
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Figure 5.1. The δ-subdomains and sub-boundary in the neighborhood of the gluing sets x(0)
k

∈ �ij .

DEFINITION 5.4. The δ-subdomains and boundaries are

�(δ)
α = {

x ∈ �α

∣∣ for a given δ > 0,
∥∥x − x(0)

k

∥∥ < δ, x(0)
k ∈ �ij , α ∈ {i, j}

(5.4)for k ∈ N
}
,

∂�
(δ)
ij = {

xm ∈ ∂�ij

∣∣ for a given δ > 0,
∥∥xm − x(0)

k

∥∥ < δ, x(0)
k ∈ �ij ,

(5.5)α ∈ {i, j} for k ∈ N
}
,

(5.6)�
(δ)
ij = �

(δ)
i ∪ �

(δ)
j ∪ ∂�

(δ)
ij .

From the above definition, the δ-subdomains and boundary in the neighborhood
of x(0)

k ∈ �ij are presented in Fig. 5.1. The δ-boundary ∂�
(δ)
ij is represented by the

dark curve. The gluing set is expressed by the circular symbol. The δ-subdomains
�

(δ)
i and �

(δ)
j are expressed by the shaded and white areas, respectively. Through

the flow possibility, a 3-D sketch for the δ-subdomains and singular sets with
several separation surfaces are arranged in Fig. 5.2.

DEFINITION 5.5. For a discontinuous dynamical system in Eq. (2.1), there is a
gluing point x(0)

k ∈ �ij on ∂�ij . For an arbitrarily small δ > 0, there are two

points xm1, xm2 ∈ ∂�
(δ)
ij and x(α)(tm1+), x(α)(tm2−) ∈ �

(δ)
α (α ∈ {i, j}). Suppose

x(α)(tm1+) = xm1 and x(α)(tm2−) = xm2 , x(α)(t) is Cr
(tm+,tn−)-continuous (r � 2)

and ‖drx(α)/dt r‖ < ∞ in �α . For an arbitrarily small ε > 0, there are two time
intervals (tm1+, tm1+ε] and [tm2−ε, tm2−). For x(α)(tm1+ε), x(α)(tm2−ε) ∈ �

(δ)
α and
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Figure 5.2. A 3-D illustration of the δ-subdomains and sub-boundary and singular points with several
separation surfaces.

α 
= β, the following conditions hold:

either

⎧⎨⎩
(
nm1

∂�ij

)T · [x(α)(tm1+ε) − x(α)(tm1+)
]

> 0(
nm2

∂�ij

)T · [x(α)(tm2−ε) − x(α)(tm2−)
]

< 0

(5.7)for n∂�αβ → �α

or

⎧⎨⎩
(
nm1

∂�ij

)T · [x(α)(tm1+ε) − x(α)(tm1+)
]

< 0(
nm2

∂�ij

)T · [x(α)(tm2−ε) − x(α)(tm2−)
]

> 0

for n∂�αβ → �β.

The gluing singular point x(0)
k ∈ �ij is parabolic on the side of �α if

either

⎧⎨⎩
(
tm1
∂�ij

)T · [x(α)(tm1+ε) − x(α)(tm1+)
]

> 0(
tm2
∂�ij

)T · [x(α)(tm2−ε) − x(α)(tm2−)
]

> 0

(5.8)for n∂�αβ → �α

or

⎧⎨⎩
(
tm1
∂�ij

)T · [x(α)(tm1+ε) − x(α)(tm1+)
]

< 0(
tm2
∂�ij

)T · [x(α)(tm2−ε) − x(α)(tm2−)
]

< 0

for n∂�αβ → �β.
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The gluing singular point x(0)
k ∈ �ij is hyperbolic on the side of �α if

either

⎧⎨⎩
(
tm1
∂�ij

)T · [x(α)(tm1+ε) − x(α)(tm1+)
]

< 0(
tm2
∂�ij

)T · [x(α)(tm2−ε) − x(α)(tm2−)
]

< 0

(5.9)for n∂�αβ → �α

or

⎧⎨⎩
(
tm1
∂�ij

)T · [x(α)(tm1+ε) − x(α)(tm1+)
]

> 0(
tm2
∂�ij

)T · [x(α)(tm2−ε) − x(α)(tm2−)
]

> 0

for n∂�αβ → �β.

Note that tm1
∂�ij

and nm1
∂�ij

are the tangential and normal vectors relative to the

point xm1 ∈ ∂�ij but xm1 /∈ �ij . tm1
∂�ij

· nm1
∂�ij

> 0. From the above definition,

the hyperbolicity and parabolicity of the gluing point x(0)
k ∈ �ij are illustrated

respectively in Figs. 5.3 and 5.4 as δ → 0 and ε → 0. The domain in the dashed
boundary is �

(δ)
ij . The flow x(α)(t) in �

(δ)
α for t ∈ (tm1+, tm2−) will not have any

other sets intersected with the boundary ∂�ij . The hyperbolicity and parabolic-
ity of the gluing singular sets on both sides of the boundary are different from
the ones in continuous dynamical systems. Such properties generate the motion
complexity in nonsmooth dynamical systems. If all x(0)

k ∈ �ij are parabolic, the

singular gluing surface �ij is parabolic. However, if all x(0)
k ∈ �ij are hyperbolic,

the singular gluing surface �ij is hyperbolic.

THEOREM 5.1. For a discontinuous dynamical system in Eq. (2.1), there is a
gluing point x(0)

k ∈ �ij on ∂�ij . For an arbitrarily small δ > 0, there are two

points xm1, xm2 ∈ ∂�
(δ)
ij and x(α)(tm1+), x(α)(tm2−) ∈ �

(δ)
α (α ∈ {i, j}). Suppose

x(α)(tm1+) = xm1 and x(α)(tm2−) = xm2 , x(α)(t) is Cr
(tm+,tn−)-continuous (r � 2),

‖drx(α)/dt r‖ < ∞ in �α and α 
= β. For an arbitrarily small ε > 0, there
are two time intervals (tm1+, tm1+ε] and [tm2−ε, tm2−), and the following relation
holds:

either
(
nm1

∂�ij

)T · ẋ(α)(tm1+) > 0 and
(
nm2

∂�ij

)T · ẋ(α)(tm2−) < 0

(5.10)for n∂�αβ → �α

or
(
nm1

∂�ij

)T · ẋ(α)(tm1+) < 0 and
(
nm2

∂�ij

)T · ẋ(α)(tm2−) > 0

for n∂�αβ → �β.

The gluing singular point x(0)
k ∈ �ij is parabolic on the side of �α iff

either
(
nm1

∂�ij

)T · ẋ(α)(tm1+) > 0 and
(
nm2

∂�ij

)T · ẋ(α)(tm2−) > 0
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Figure 5.3. Parabolic flows in the δ-domain �
(δ)
ij

of x(0)
k

∈ �ij on the side of (a) �j and (b) �i .
The boundary ∂�ij possesses a normal vector n∂�ij

pointing to the domain �j . The domain in the

dashed boundary is �
(δ)
ij

.

(5.11)for n∂�αβ → �α

or
(
nm1

∂�ij

)T · ẋ(α)(tm1+) < 0 and
(
nm2

∂�ij

)T · ẋ(α)(tm2−) < 0

for n∂�αβ → �β.
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Figure 5.4. Hyperbolic flows in the δ-domain �
(δ)
ij

of x(0)
k

∈ �ij on the side of (a) �j and (b) �i .
The boundary ∂�ij possesses a normal vector n∂�ij

pointing to the domain �j . The domain in the

dashed boundary is �
(δ)
ij

.

The gluing singular point x(0)
k ∈ �ij is hyperbolic on the side of �α iff

either
(
nm1

∂�ij

)T · ẋ(α)(tm1+) < 0 and
(
nm2

∂�ij

)T · ẋ(α)(tm2−) < 0

(5.12)for n∂�αβ → �α
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or
(
nm1

∂�ij

)T · ẋ(α)(tm1+) > 0 and
(
nm2

∂�ij

)T · ẋ(α)(tm2−) > 0

for n∂�αβ → �β.

PROOF. Following the proof procedure of Theorem 2.1, the theorem can be
proved. �

THEOREM 5.2. For a discontinuous dynamical system in Eq. (2.1), there is a
gluing point x(0)

k ∈ �ij on ∂�ij . For an arbitrarily small δ > 0, there are two

points xm, xn ∈ ∂�
(δ)
ij and x(α)(tm1+), x(α)(tm1−) ∈ �

(δ)
α (α ∈ {i, j}). Sup-

pose x(α)(tm1+) = xm1 and x(α)(tm2−) = xm2 , F(α)(t) is Cr
(tm1+,tm2−)-continuous

(r � 1), ‖dr+1x(α)/dt r+1‖ < ∞ in �α , α 
= β and the following relation holds:

either
(
nm1

∂�ij

)T · F(α)(tm1+) > 0 and
(
nm2

∂�ij

)T · F(α)(tm2−) < 0

(5.13)for n∂�αβ → �α

or
(
nm1

∂�ij

)T · F(α)(tm1+) < 0 and
(
nm2

∂�ij

)T · F(α)(tm2−) > 0

for n∂�αβ → �β.

The gluing point x(0)
k ∈ �ij is parabolic on the side of �α iff

either
(
nm1

∂�ij

)T · F(α)(tm1+) > 0 and
(
nm2

∂�ij

)T · F(α)(tm2−) > 0

(5.14)for n∂�αβ → �α

or
(
nm1

∂�ij

)T · F(α)(tm1+) < 0 and
(
nm2

∂�ij

)T · F(α)(tm2−) < 0

for n∂�αβ → �β.

The gluing point x(0)
k ∈ �ij is hyperbolic on the side of �α iff

either
(
nm1

∂�ij

)T · F(α)(tm1+) < 0 and
(
nm2

∂�ij

)T · F(α)(tm2−) < 0

(5.15)for n∂�αβ → �α

or
(
nm1

∂�ij

)T · F(α)(tm1+) > 0 and
(
nm2

∂�ij

)T · F(α)(tm2−) > 0

for n∂�αβ → �β.

PROOF. Following the proof procedure of Theorem 2.2, the theorem can be
proved. �

If the gluing singular point x(0)
k ∈ �

(0)
ij on both sides of boundary possesses the

hyperbolicity in the corresponding δ-domain, the hyperbolic motion will appear.
If the gluing singular point x(0)

k ∈ �
(0)
ij on both sides of boundary experiences par-

abolicity in the corresponding δ-domain, the parabolic motion will be observed.
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However, due to the discontinuity, the parabolicity and hyperbolicity of the gluing
singular point x(0)

k ∈ �
(0)
ij on both sides of the boundary cannot occur at the same

time always. Therefore, the C-motion will appear. The mathematical definition is
given as follows.

DEFINITION 5.6. In �
(δ)
ij for x(0)

k ∈ �ij , there is x(α)(t) in �
(δ)
α (α ∈ {i, j}) and

x(β)(t) in �
(δ)
β (β ∈ {i, j}, α 
= β). Three possible motions exist:

(i) The flow in �
(δ)
ij is termed a C-flow around the gluing point x(0)

k if x(α)(t)

and x(β)(t) possess the hyperbolicity and parabolicity to x(0)
k , respectively.

(ii) The flow in �
(δ)
ij is termed a hyperbolic flow around the gluing point x(0)

k if

x(α)(t) and x(β)(t) possess the hyperbolicity to x(0)
k .

(iii) The flow in �
(δ)
ij is termed a parabolic flow around the gluing point x(0)

k if

x(α)(t) and x(β)(t) possess the parabolicity to x(0)
k .

5.3. Boundary formation

In the nonsmooth dynamic system, the separation boundary often consists of
several semi-passable boundaries, nonpassable boundaries and gluing singular
points. Consider two semi-passable boundary sets

−−→
∂�ij and

←−−
∂�ij with a gluing

point, i.e.,

(5.16)
←→
∂�ij = −−→

∂�ij ∪ ←−−
∂�ij ∪ �

(0)
ij .

Based on the above boundary, the hyperbolic, parabolic and C-shape motions in
the δ-domain of the gluing point x(0)

k can exist. The corresponding phase portraits
in the δ-domain of the gluing point are sketched in Figs. 5.5 and 5.6, respectively.
The largest, solid circular circle is the singular gluing point x(0)

k ∈ �ij . The bold-
est solid curve with circular symbols is the discontinuous boundary set. On the
semi-passable boundary

−−→
∂�ij (or

←−−
∂�ij ), the flow depicted by the smaller solid

curves passes through the boundary from the domain �i into �j (or �j into �i).

Generally, an open chain boundary consisting of
−−→
∂�

(n1)
ij and

←−−
∂�

(n2)
ij with �

(0)(n3)
ij

possesses the following structures as

(5.17)
←→
∂�ij =

k1⋃
n1=1

−−→
∂�

(n1)
ij ∪

k2⋃
n2=1

←−−
∂�

(n2)
ij ∪

k1+k2−1⋃
n3=1

�
(0)(n3)
ij
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Figure 5.5. Phase portraits for (a) hyperbolic, (b) parabolic flows in the δ-domain near the discontin-
uous boundary set ∂�ij = −→

∂�ij ∪ ←−
∂�ij ∪ �

(0)
ij

. The largest, solid circular circles denote the gluing
sets �

(i)
ij

and �
(j)
ij

. The boldest solid curve with circular symbols is the entire discontinuous boundary
set.

where two integers satisfy |k1 − k2| � 1. A closed passable boundary is formed
as

(5.18)
←→
∂�ij =

k⋃
n1=1

−−→
∂�

(n1)
ij ∪

k⋃
n2=1

←−−
∂�

(n2)
ij ∪

2n⋃
n3=1

�
0(n3)
ij .
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Figure 5.6. Phase portraits for two C-motions in the δ-domain near the discontinuous boundary set

∂�ij = −→
∂�ij ∪ ←−

∂�ij ∪ �
(0)
ij

. The largest, solid circular circles denote the gluing sets �
(i)
ij

and �
(j)
ij

.
The boldest solid curve with circular symbols is the entire discontinuous boundary set.

Consider a nonpassable boundary formed by two nonpassable sub-boundaries and
a gluing point, expressed by

(5.19)∂�ij = ∂̃�ij ∪ �
(0)
ij ∪ ∂̂�ij .
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Figure 5.7. Phase portraits for (a) parabolic, (b) hyperbolic flows near the nonpassable boundary

∂�ij = ∂̃�ij ∪ �
(0)
ij

∪ ∂̂�ij . The largest, solid circular circles denote the gluing sets �
(i)
ij

and �
(j)
ij

.
The dashed curve is the nonpassable boundary.

For a passable boundary involving the nonpassable sub-boundary of the first and
second kinds, the boundaries are formed as

←→
∂�ij = −−→

∂�ij ∪ �
(j)
ij ∪ ∂̃�ij ∪ �

(i)
ij︸ ︷︷ ︸

sliding

∪←−−
∂�ij ,



5.3. Boundary formation 159

Figure 5.8. Phase portraits for (a), (b) inversed C-flows near the nonpassable boundary

∂�ij = ∂̃�ij ∪ �
(0)
ij

∪ ∂̂�ij . The largest, solid circular circles denote the gluing sets �
(i)
ij

and �
(j)
ij

.
The dashed curve is the nonpassable boundary.

(5.20)
←→
∂�ij = −−→

∂�ij ∪ �
(i)
ij ∪ ∂̂�ij ∪ �

(j)
ij︸ ︷︷ ︸

outflow

∪←−−
∂�ij ,

←→
∂�ij = −−→

∂�ij ∪ �
(j)
ij ∪ ∂�ij ∪ �

(j)
ij︸ ︷︷ ︸

slinding and outflow

∪←−−
∂�ij .

As in Eq. (5.18), the generalized boundary with nonpassable sub-boundaries can
be developed. To demonstrate the discontinuous boundary including the nonpass-
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Figure 5.9. Phase portraits near the passable boundary with a sliding nonpassable sub-boundary:
(a) semi-hyperbolic flows, and (b) semi-parabolic flows. The largest, solid circular circles denote the

gluing sets �
(i)
ij

and �
(j)
ij

. The boldest solid curve with circular symbols plus the dashed bold curve is
the entire discontinuous boundary set. The dashed curve is the nonpassable boundary.

able boundary, the phase portraits near the nonpassable boundary are sketched in
Figs. 5.7(a), (b) and 5.8(a), (b). The nonpassable boundaries of the first and sec-
ond kinds are connected by a gluing point x(0)

k ∈ �ij . The largest, solid circular

circle is the gluing set x(0)
k ∈ �

(0)
ij . The dashed curve is the nonpassable boundary.
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Figure 5.10. Phase portraits near the passable boundary with a sliding nonpassable sub-boundary:
(a) and (b) mixed semi-parabolic and semi-hyperbolic flows. The largest, solid circular circles denote

the gluing sets �
(i)
ij

and �
(j)
ij

. The boldest solid curve with circular symbols plus the dashed bold curve
is the entire discontinuous boundary set. The dashed curve is the nonpassable boundary.
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The parabolic, hyperbolic and inversed C-motions exist in the neighborhood of
the gluing point x(0)

k . Similarly, the phase portraits near the passable discontinu-
ous boundary sets with the nonpassable boundary of the first kind are depicted in
Figs. 5.9(a), (b) and 5.10(a), (b). Two semi-gluing points are used to connect the
nonpassable boundary and semi-passable boundaries. In the neighborhood of the
semi-gluing points, the hyperbolicity of the flows to the semi-gluing point is sim-
ilar to the one for the gluing points, and either semi-hyperbolic or semi-parabolic
behaviors of flows in such a neighborhood exist as well. Such phenomena exist
in the vicinity of the passable boundary with the nonpassable boundary of the
second kind.

5.4. Real flows

Consider a dynamic system consisting of n subdynamic systems in a universal
domain � ⊂ �n. The universal domain is divided into m accessible subdomains
�i , and the union of all the accessible subdomains

⋃n
i=1 �i and the universal do-

main � = ⋃n
i=1 �i ∪�0, as shown in Fig. 2.1. �0 is the union of the inaccessible

domains. For an accessible domain �i , the vector field F(i)(x(i)
i , t,μi ) is defined

on such a domain. The dynamical system in Eq. (2.1) just satisfies the aforemen-
tioned condition. The corresponding flow given by such a dynamical system is
called a real flow. The more strictly mathematical definition is given as follows.

DEFINITION 5.7. The Cr+1-continuous flow x(i)
i (t) = �(i)(x(i)

i (t0), t,μi ) is a
real flow in the ith open subdomain �i , which is determined by a Cr -continuous
system (r � 1) on �i in a form of

(5.21)ẋ(i)
i ≡ F(i)

(
x(i)
i , t,μi

) ∈ �2, x(i)
i = (

x
(i)
i1 , x

(i)
i2 , . . . , x

(i)
in

)T ∈ �i,

with the initial condition

(5.22)x(i)
i (t0) = �(i)

(
x(i)
i (t0), t0,μi

)
.

Notice that time is t and ẋ(i)
i = dx(i)

i /dt . The vector field F(i)(x(i)
i , t,μi ) ≡ F(i)

i (t)

in the domain �i has system parameter vectors μi = (μ
(1)
i , μ

(2)
i , . . . , μ

(l)
i )T ∈ �l

is Cr -continuous (r � 1) in x and for all time t . �(i)(x(i)
i (t), t0,μi ) ≡ �

(i)
i (t).

x(t)
i (t) denotes the flow in the ith subdomain �i , governed by a dynamical system

defined on the ith subdomain �i . As in Luo (2005a), the hypotheses for the theory
of nonsmooth dynamical systems in Eq. (5.21) become as follows:

A1. The switching between two adjacent subsystems possesses time-continuity.
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Figure 5.11. A 3-D subdomains �i and �j with the boundary ∂�ij .

A2. For an unbounded, accessible subdomain �i , there is an open domain
Di ⊂ �i . The vector field and flow on Di are bounded, i.e.,

(5.23)

∥∥F(i)
i

∥∥ � K1 (const) and∥∥�
(i)
i

∥∥ � K2 (const) on Di for t ∈ [0,∞).

A3. For a bounded, accessible domain �i , there is an open domain Di ⊆ �i . The
vector field on Di is bounded but the corresponding flow may be unbounded,
i.e.,

(5.24)

∥∥F(i)
i

∥∥ � K1 (const) and∥∥�
(i)
i

∥∥ < ∞ on Di for t ∈ [0,∞).

Consider a boundary set of any two accessible subdomains, formed by the in-
tersection of the closed subdomains, i.e., ∂�ij = �i ∩ �j (i, j ∈ {1, 2, . . . , n},
j 
= i). A 3-D sketch for two adjacent subdomains with the corresponding bound-
ary is shown in Fig. 5.11. In Section 5.2, the δ-domain of singular points on the
separation boundary was introduced to investigate the dynamics of the singular
points. To describe the dynamical characteristics of flows near the separation
boundary in nonsmooth dynamical systems, the δ-layer of the boundary ∂�ij

is introduced that is the neighborhood of ∂�ij in phase plane. Such δ-sublayers
in the neighborhood of ∂�ij are illustrated in Fig. 5.12. The δ-sublayers δ�α

(α ∈ {i, j}) are expressed by the shaded areas. The following mathematical de-
scription of the δ-layer of the boundary ∂�ij is given by the following definition.
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Figure 5.12. The δ-sublayers of boundary ∂�ij : (a) simplified n-D boundary layer, and (b) a 3-D
view of boundary layer.
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DEFINITION 5.8. The δ-layer of the boundary ∂�ij is defined as

(5.25)δ�ij ≡ δ�i ∪ δ�j ∪ ∂�ij ,

while the δ-sublayer in �α, α ∈ {i, j}, is defined as

(5.26)
δ�α = {

x(α)
α ∈ �α

∣∣ for given δα > 0,
∥∥x(α)

α − x(0)
αβ

∥∥ < δα, x(0)
αβ ∈ ∂�ij

}
.

For forming a separation boundary, except for the semi-passable and nonpass-
able boundaries, the gluing point connecting two portions of separatrix on the
boundary is very important, and on the new boundary the flows possess two dif-
ferent vector characteristics. As in Section 5.1, the gluing points are re-defined
through real flows to develop the imaginary flows of such dynamical systems
later.

DEFINITION 5.9. A singular set on the boundary ∂�ij

�ij =
{

x(0)
(k)

∈ ∂�ij

∣∣ x(α)
α ∈ �α, lim

x(α)
α →x(0)

(k)

(
nT

∂�ij
· ẋ(α)

α

) = 0,

(5.27)α ∈ {i, j}, k ∈ N

}
is termed the gluing point set, and N is the natural number set.

DEFINITION 5.10. A singular set on the boundary ∂�ij

�
(α)
ij =

{
x(0)
(k) ∈ ∂�ij

∣∣ x(α)
α ∈ �α, lim

x(α)
α →x(0)

(k)

(
nT

∂�ij
ẋ(α)
α

) = 0,

(5.28)α = {i or j}, k ∈ N

}
⊂ �ij

is termed the input or output, semi-gluing, singular set on the boundary on the
side of �α .

The above definition of �
(α)
ij indicates the switching of the flow direction at the

singular point on the side of �α .

DEFINITION 5.11. A singular set on the boundary ∂�ij

�
(0)
ij =

{
x(0)
k ∈ ∂�ij

∣∣ x(α)
α ∈ �α, lim

x(α)
α →x(0)

k

(
nT

∂�ij
ẋ(α)
α

) = 0,

(5.29)α = {i and j}, k ∈ N

}
⊂ �ij

is termed the full-gluing, singular set.
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The foregoing definition of �
(0)
ij indicates the switching of the flow di-

rection at the singular point on both sides of �α . The gluing point set is
�ij = �

(i)
ij ∪ �

(j)
ij ∪ �

(0)
ij . The gluing sets connecting the semi-passable and non-

passable boundaries will form a new separation boundary. The definitions and
theorems for semi-passable and nonpassable boundaries were presented in Luo
(2005a), which are used in the further discussion. Therefore, to compare with
imagery flows in next section, they are briefly stated through the real flow.

DEFINITION 5.12. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(i)
i (tm−) = xm = x(j)

j (tm+). The real flow

x(α)
α (t) (α ∈ {i, j}) from the domain �i to �j is semi-passable to the nonempty

boundary set ∂�ij if the flow x(α)
α (t) possesses the following properties:

either

{
nT

∂�ij
· [x(0)(tm−ε) − x(i)

i (tm−ε)
]

> 0

nT
∂�ij

· [x(j)
j (tm+ε) − x(0)(tm+ε)

]
> 0

(5.30)for n∂�ij
→ �j

or

{
nT

∂�ij
· [x(0)(tm−ε) − x(i)

i (tm−ε)
]

< 0

nT
∂�ij

· [x(j)
j (tm+ε) − x(0)(tm+ε)

]
< 0

for n∂�ij
→ �i.

THEOREM 5.3. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(i)
i (tm−) = xm = x(j)

j (tm+). Both x(i)
i (t) and

x(j)
j (t) are Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 2) for time t , respectively,

and ‖drx(α)
α /dt r‖ < ∞ (α ∈ {i, j}). The real flow x(α)

α (t) (α ∈ {i, j}) from the
domain �i to �j is semi-passable to the nonempty boundary set ∂�ij iff

(5.31)
either

{
nT

∂�ij
· ẋ(i)

i (tm−) > 0

nT
∂�ij

· ẋ(j)
j (tm+) > 0

for n∂�ij
→ �j

or

{
nT

∂�ij
· ẋ(i)

i (tm−) < 0

nT
∂�ij

· ẋ(j)
j (tm+) < 0

for n∂�ij
→ �i.

THEOREM 5.4. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε]. Suppose x(i)
i (tm−) = xm = x(j)

j (tm+). Both F(i)
i (t) and
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F(j)
j (t) are Cr

[tm−ε,tm)- and Cr
(tm,tm+ε]-continuous (r � 1) for time t , respectively,

and ‖dr+1x(α)
α /dt r+1‖ < ∞ (α ∈ {i, j}). The real flow x(α)

α (t) (α ∈ {i, j}) from
the domain �i to �j is semi-passable to the nonempty boundary set ∂�ij iff

(5.32)
either

{
nT

∂�ij
· F(i)

i (tm−) > 0

nT
∂�ij

· F(j)
j (tm+) > 0

for n∂�ij
→ �j

or

{
nT

∂�ij
· F(i)

i (tm−) < 0

nT
∂�ij

· F(j)
j (tm+) < 0

for n∂�ij
→ �i

where F(i)
i (tm−) ≡ F(i)(x(i)

i , tm−,μi ) and F(j)
j (tm+) = F(j)(x(j)

j , tm+,μj ).

DEFINITION 5.13. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there is a time interval [tm−ε, tm).

Suppose x(α)
α (tm−) = xm (α ∈ {i, j}). The nonempty boundary ∂�ij is the non-

passable boundary of the first kind to the real flow x(α)
α (α ∈ {i, j}) if the following

condition is satisfied:

(5.33)

{
nT

∂�ij
· [x(0)(tm−ε) − x(i)

i (tm−ε)
]}{

nT
∂�ij

· [x(0)(tm−ε) − x(j)
j (tm−ε)

]}
< 0.

DEFINITION 5.14. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there is a time interval (tm, tm+ε].
Suppose x(α)

α (tm+) = xm (α ∈ {i, j}). The nonempty boundary ∂�ij is the non-

passable boundary of the second kind to the real flow x(α)
α (α ∈ {i, j}) if the

following condition is satisfied:

(5.34)

{
nT

∂�ij
· [x(i)

i (tm+ε) − x(0)(tm+ε)
]}{

nT
∂�ij

· [x(j)
j (tm+ε) − x(0)(tm+ε)

]}
< 0.

THEOREM 5.5. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there is a time interval

[tm−ε, tm). Suppose x(α)
α (tm−) = xm (α ∈ {i, j}). The real flow x(α)

α (t) is
Cr

[tm−ε,tm)
-continuous (r � 2) for time t and ‖drx(α)

α /dt r‖ < ∞. The nonempty

boundary ∂�ij is the nonpassable boundary of the first kind to the real flow x(α)
α

(α ∈ {i, j}) iff

(5.35)
[
nT

∂�ij
· ẋ(i)

i (tm−)
][

nT
∂�ij

· ẋ(j)
j (tm−)

]
< 0.

THEOREM 5.6. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there is a time interval
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[tm−ε, tm). Suppose x(α)
α (tm−) = xm (α ∈ {i, j}). The real vector field F(α)

α (t)

is Cr
[tm−ε,tm)

-continuous (r � 1) for time t and ‖dr+1x(α)
α /dt r+1‖ < ∞. The non-

empty boundary ∂�ij is the nonpassable boundary of the second kind to the real

flow x(α)
α iff

(5.36)
[
nT

∂�ij
· F(i)

i (tm−)
][

nT
∂�ij

· F(j)
j (tm−)

]
< 0

where F(α)
α (tm−) � F(α)(x(α)

α , tm−,μα) (α ∈ {i, j}).

THEOREM 5.7. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there is a time interval (tm, tm+ε].
Suppose x(α)

α (tm+) = xm (α ∈ {i, j}). The real flow x(α)
α is Cr

(tm,tm+ε]-continuous

(r � 2) for time t and ‖drx(α)
α /dt r‖ < ∞. The nonempty boundary set ∂�ij is a

nonpassable boundary of the second kind to the real flow x(α)
α (α ∈ {i, j}) iff

(5.37)
[
nT

∂�ij
· ẋ(i)

i (tm+)
][

nT
∂�ij

· ẋ(j)
j (tm+)

]
< 0.

THEOREM 5.8. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij at tm. For an arbitrarily small ε > 0, there is a time interval

(tm, tm+ε]. Suppose x(α)
α (tm+) = xm (α ∈ {i, j}). The real vector field F(α)

α (t)

is Cr
(tm,tm+ε]-continuous (r � 1) for time t and ‖dr+1x(α)

α /dt r+1‖ < ∞. The non-
empty boundary set ∂�ij is a nonpassable boundary of the second kind to the real

flow x(α)
α (α ∈ {i, j}) iff

(5.38)
[
nT

∂�ij
· F(i)

i (tm+)
][

nT
∂�ij

· F(j)
j (tm+)

]
< 0

where F(α)
α (tm+) � F(α)(x(α)

α , tm+,μα).

The other definitions and theorems in Chapters 2–4 can be expressed by the
real flows in a similar fashion.

5.5. Imaginary flows

The above definitions and theorems of semi-passable and nonpassable boundaries
are based on the real flows of the nonsmooth dynamical system in Eq. (5.21). The
real flow x(i)

i (t) in �i is governed by a dynamical system on its own domain.

However, another flow x(j)
i in �i is governed by a dynamical system defined on

the j th subdomain �j , which is of great interest herein. This kind of flow is called
an imaginary flow because the flow is not determined by the dynamical system on
its own domain. To understand further the dynamical behavior of the nonsmooth
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Figure 5.13. Real and imaginary flows in the neighborhood of (a), (b) the semi-passable boundary.
The boundary point xm is at time tm. The solid and dashed curves represent the real and imaginary

flows.

dynamical system, it is necessary to introduce the imaginary flows. Let the j th
imaginary flow in the ith domain �i be a flow in �i governed by the dynamical
system defined on the j th subdomain �j . The flow is not a real one governed by
the discontinuous dynamical system, thus this flow is also termed the imaginary
flow in this sense. In additions, the two subdomains can be either adjacent or
separable. The mathematical definition of imaginary flows is as follows.

DEFINITION 5.15. The Cr+1 (r � 1)-continuous flow x(j)
i (t) is termed the j th

imaginary flow in the ith open subdomain �i if the flow x(j)
i (t) is determined by

application of a Cr -continuous system, defined on the j th open subdomain �j , to
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Figure 5.14. Real and imaginary flows in the neighborhood of (a) the sink boundary, and (b) the
source boundary. The boundary point xm is at time tm. The solid and dashed curves represent the real

and imaginary flows.

the ith open subdomain �i , i.e.,

(5.39)ẋ(j)
i ≡ F(j)

(
x(j)
i , t,μj

) ∈ �2, x(j)
i = (

x
(j)

1i , x
(j)

2i , . . . , x
(j)
ni

)T ∈ �i,

with the initial conditions

(5.40)x(j)
i (t0) = �(j)

(
x(j)
i (t0), t0,μj

)
.

To demonstrate the above concept, the real and imaginary flows in two adjacent
subdomains are illustrated in Figs. 5.13 and 5.14 for the semi-passable boundary,
the sink boundary and the source boundary. The boundary point xm is at time tm,
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and x(α)
α (tm) = xm = x(α)

β (tm) for α, β ∈ {i, j} and α 
= β. The real flows x(α)
α (t)

are represented by solid curves. The imaginary flows x(β)
α (t) in the domain �α

are depicted by dashed curves. x(α)
α (tm±ε) and x(β)

α (tm±ε) in the δ-layer are the
values of the real and imaginary flows at tm±ε = tm ±ε for an arbitrary ε > 0. As
ε → 0, {x(α)

α (tm±ε), x(β)
α (tm±ε)} → xm. From the foregoing definition, the flow

x(α)
α (t) ∪ x(α)

β (t) gives a continuous flow in the two subdomains �i and �j plus
the boundary ∂�ij . Therefore, Definitions 5.12–5.14 for the real flows near the
semi-passable, sink and source boundaries are applicable to the imaginary flows.
Similarly, Theorems 5.3–5.8 are applicable to the imaginary flows.

THEOREM 5.9. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij for tm. For arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε] in the δ-layer of ∂�ij . Suppose {x(α)
α (tm−), x(β)

β (tm+)} =
xm, {x(β)

α (tm−), x(α)
β (tm+)} = xm (α, β ∈ {i, j} and α 
= β) hold, the real

and imaginary flows {x(α)
α (t), x(α)

β (t)} and {x(β)
α (t), x(β)

β (t)} are Cr
[tm−ε,tm)

- and

Cr
(tm,tm+ε]-continuous (r � 2) for time t , respectively, and ‖drx(β)

α /dt r‖ < ∞
(α, β ∈ {i, j}).

(i) The boundary set ∂�αβ to the real and imaginary flows is semi-passable−−→
∂�αβ iff

(5.41)

[
nT

∂�ij
· ẋ(α)

α (tm−)
][

nT
∂�ij

· ẋ(β)
α (tm−)

]
> 0 or[

nT
∂�ij

· ẋ(α)
β (tm+)

][
nT

∂�ij
· ẋ(β)

α (tm+)
]

> 0.

(ii) The boundary set ∂�αβ to the real and imaginary flows is nonpassable of
the first kind (sink boundary) ∂̃�αβ iff

(5.42)

[
nT

∂�ij
· ẋ(α)

α (tm−)
][

nT
∂�ij

· ẋ(β)
α (tm+)

]
< 0 or

[
nT

∂�ij
· ẋ(α)

β (tm+)
][

nT
∂�ij

· ẋ(β)
α (tm+)

]
< 0.

(iii) The boundary set ∂�αβ to the real and imaginary flows is nonpassable of
the second kind (source boundary) ∂̂�αβ iff

(5.43)

[
nT

∂�ij
· ẋ(α)

α (tm+)
][

nT
∂�ij

· ẋ(β)
α (tm−)

]
< 0 or

[
nT

∂�ij
· ẋ(α)

β (tm−)
][

nT
∂�ij

· ẋ(β)
α (tm−)

]
< 0.

PROOF. Consider all points x(tm) ≡ xm ∈ −−→
∂�αβ in the δ-layer, and application

of Theorem 5.3 to the real and imaginary flows gives the necessary and sufficient
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conditions as

either

{
nT

∂�αβ
· ẋ(α)

α (tm−) > 0

nT
∂�αβ

· ẋ(β)
β (tm+) > 0

for n∂�αβ → �β

or

{
nT

∂�αβ
· ẋ(α)

α (tm−) < 0

nT
∂�αβ

· ẋ(β)
β (tm+) < 0

for n∂�αβ → �α,

and

either

{
nT

∂�αβ
· ẋ(β)

α (tm−) > 0

nT
∂�αβ

· ẋ(α)
β (tm+) > 0

for n∂�αβ → �β

or

{
nT

∂�αβ
· ẋ(β)

α (tm−) < 0

nT
∂�αβ

· ẋ(α)
β (tm+) < 0

for n∂�αβ → �α.

Therefore, no matter how ∂�αβ is convex to either �α or �β , the real flows re-
quire[

nT
∂�ij

· ẋ(α)
α (tm−)

][
nT

∂�ij
· ẋ(β)

β (tm+)
]

> 0,

and the imaginary flows require[
nT

∂�ij
· ẋ(α)

β (tm+)
][

nT
∂�ij

· ẋ(β)
α (tm−)

]
> 0.

Because the real and imaginary flows (i.e., x(i)
i (t) ∪ x(i)

j (t) and x(j)
i (t) ∪ x(j)

j (t))

are Cr[tm−ε,tm+ε]-continuous (r � 2) for time t , the following relations at t = tm±
show the continuity equations between the real and imaginary flows:

dsx(α)
α

dt s

∣∣∣∣
t=tm−

= dsx(α)
β

dt s

∣∣∣∣
t=tm+

and
dsx(β)

α

dt s

∣∣∣∣
t=tm−

= dsx(β)
β

dt s

∣∣∣∣
t=tm+

for s ∈ {0, 1, . . . , r} and α, β ∈ {i, j} with α 
= β. From the foregoing equation,
the following relations hold:[

nT
∂�ij

· ẋ(α)
α (tm−)

][
nT

∂�ij
· ẋ(β)

α (tm−)
]

> 0,[
nT

∂�ij
· ẋ(α)

β (tm+)
][

nT
∂�ij

· ẋ(β)
β (tm+)

]
> 0.

Similarly, from Theorems 5.4 and 5.6, the continuity equations between the real
and imaginary flows imply the following relations:[

nT
∂�ij

· ẋ(α)
α (tm−)

][
nT

∂�ij
· ẋ(β)

α (tm+)
]

< 0,[
nT

∂�ij
· ẋ(α)

β (tm+)
][

nT
∂�ij

· ẋ(β)
α (tm+)

]
< 0;
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nT

∂�ij
· ẋ(α)

α (tm+)
][

nT
∂�ij

· ẋ(β)
α (tm−)

]
< 0,[

nT
∂�ij

· ẋ(α)
β (tm−)

][
nT

∂�ij
· ẋ(β)

α (tm−)
]

< 0.

The theorem is proved. �

THEOREM 5.10. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij for tm. For an arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε] in the δ-layer of ∂�ij . Suppose {x(α)
α (tm−), x(β)

β (tm+)} =
xm, {x(β)

α (tm−), x(α)
β (tm+)} = xm (α, β ∈ {i, j} and α 
= β) hold, the real and

imaginary vector fields {F(α)
α (t), F(α)

β (t)} and {F(β)
α (t), F(β)

β (t)} are Cr[tm−ε,tm)- and

Cr
(tm,tm+ε]-continuous (r � 1) for time t , respectively, and ‖dr+1x(β)

α /dt r+1‖ < ∞
(α, β ∈ {i, j}).

(i) The boundary set ∂�αβ to the real and imaginary flows is semi-passable−−→
∂�αβ iff

(5.44)

[
nT

∂�ij
· F(α)

α (tm−)
][

nT
∂�ij

· F(β)
α (tm−)

]
> 0,

[
nT

∂�ij
· F(α)

β (tm+)
][

nT
∂�ij

· F(β)
β (tm+)

]
> 0.

(ii) The boundary set ∂�αβ to the real and imaginary flows is nonpassable of
the first kind (sink boundary) ∂̃�αβ iff

(5.45)

[
nT

∂�ij
· F(α)

α (tm−)
][

nT
∂�ij

· F(β)
α (tm+)

]
< 0, or

[
nT

∂�ij
· F(α)

β (tm+)
][

nT
∂�ij

· F(β)
α (tm+)

]
< 0.

(iii) The boundary set ∂�αβ to the real and imaginary flows is nonpassable of
the second kind (source boundary) ∂̂�αβ iff

(5.46)

[
nT

∂�ij
· F(α)

α (tm+)
][

nT
∂�ij

· F(β)
α (tm−)

]
< 0, or

[
nT

∂�ij
· F(α)

β (tm−)
][

nT
∂�ij

· F(β)
α (tm−)

]
< 0.

PROOF. Application of Definitions 5.8 and 5.14 to Eqs. (5.41)–(5.43) from The-
orem 5.9. The theorem is proved. �

LEMMA 5.1. For a discontinuous system in Eq. (5.1), a point x(0) ∈ ∂�ij is

(i) a gluing point x(0) ∈ �ij for α ∈ {i, j}, (ii) a semi-gluing point x(0) ∈ �
(α)
ij for

α = {i or j}, and (iii) a full-gluing point x(0) ∈ �
(0)
ij for α = {i and j} iff in the
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δ-layer of ∂�ij

(5.47)
lim

x(α)
α (tm±)→x(0)

(k)

(
nT

∂�ij
· F(α)

α (tm±)
) = 0, lim

x(α)
α (tm±)→x(0)

(k)

(
nT

∂�ij
· F(β)

α (tm∓)
) = 0.

PROOF. Application of Definitions 5.8 and 5.14 to Definitions 5.9–5.11 yields
Eq. (5.47). The lemma is proved. �

In Section 5.3, the formation of the boundary was discussed. However, the
necessary and sufficient conditions need to be developed for four basic forma-
tions of boundaries in nonsmooth, dynamical systems. From the definitions of the
semi-passable, nonpassable boundaries and gluing points, the following theorems
are presented for such necessary and sufficient conditions. Through the real and
imaginary flows, the passable and nonpassable boundaries are described, which
can further be used to discuss the conditions for boundary formation. The critical
conditions for the motion switching on the boundary can be determined.

THEOREM 5.11. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij for tm. For arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε] in the δ-layer of ∂�ij . Suppose {x(α)
α (tm−), x(β)

β (tm+)} =
xm, {x(β)

α (tm−), x(α)
β (tm+)} = xm (α, β ∈ {i, j} and α 
= β) hold, the real

and imaginary flows {x(α)
α (t), x(α)

β (t)} and {x(β)
α (t), x(β)

β (t)} are Cr
[tm−ε,tm)- and

Cr
(tm,tm+ε]-continuous (r � 2) for time t , respectively, ‖drx(β)

α /dt r‖ < ∞
(α, β ∈ {i, j}) and m ∈ {m1,m2,m3}.

(i) A passable boundary (∂�ij = −−→
∂�ij ∪ �ij ∪ ←−−

∂�ij ) exists iff[
nT

∂�ij
· ẋ(i)

i (tλ∓)
][

nT
∂�ij

· ẋ(j)
i (tλ∓)

]
> 0,

(5.48)
[
nT

∂�ij
· ẋ(i)

j (tλ±)
][

nT
∂�ij

· ẋ(j)
j (tλ±)

]
> 0,[

nT
∂�ij

· ẋ(i)
i (tm3±)

][
nT

∂�ij
· ẋ(j)

j (tm3∓)
] = 0

for xm1 ∈ −−→
∂�ij , xm2 ∈ ←−−

∂�ij and xm3 ∈ �ij with λ ∈ {m1,m2}.
(ii) A nonpassable boundary (∂�ij = ∂̃�ij ∪ �ij ∪ ∂̂�ij ) exists iff[

nT
∂�ij

· ẋ(i)
i (tm1−)

][
nT

∂�ij
· ẋ(j)

j (tm1−)
]

< 0,

(5.49)
[
nT

∂�ij
· ẋ(i)

i (tm2+)
][

nT
∂�ij

· ẋ(j)
j (tm2+)

]
< 0,[

nT
∂�ij

· ẋ(i)
i (tm3±)

][
nT

∂�ij
· ẋ(j)

j (tm3±)
] = 0

for xm1 ∈ ∂̃�ij , xm2 ∈ ∂̂�ij and xm3 ∈ �ij .
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(iii) A mixed boundary of the first kind (∂�ij = −−→
∂�αβ ∪ �ij ∪ ∂̃�ij ) exists iff[

nT
∂�ij

· ẋ(α)
α (tm1−)

][
nT

∂�ij
· ẋ(β)

α (tm1−)
]

> 0,

(5.50)
[
nT

∂�ij
· ẋ(i)

i (tm2−)
][

nT
∂�ij

· ẋ(j)
j (tm2−)

]
< 0,[

nT
∂�ij

· ẋ(i)
i (tm3−)

][
nT

∂�ij
ẋ(j)
j (tm3−)

] = 0

for xm1 ∈ −−→
∂�αβ, xm2 ∈ ∂̃�ij and xm3 ∈ �ij .

(iv) A mixed boundary of the second kind ∂�ij = −−→
∂�αβ ∪ �ij ∪ ∂̂�ij iff[

nT
∂�ij

· ẋ(α)
β (tm1+)

][
nT

∂�ij
· ẋ(β)

β (tm1+)
]

> 0,

(5.51)
[
nT

∂�ij
· ẋ(i)

i (tm2+)
][

nT
∂�ij

· ẋ(j)
j (tm2+)

]
< 0,[

nT
∂�ij

· ẋ(i)
i (tm3+)

][
nT

∂�ij
· ẋ(j)

j (tm3+)
] = 0

for xm1 ∈ −−→
∂�αβ, xm2 ∈ ∂̂�ij and xm3 ∈ �ij .

PROOF. Using Theorem 5.9 and Lemma 5.1, this theorem is directly proved. �

THEOREM 5.12. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij for tm. For arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε] in the δ-layer of ∂�ij . Suppose {x(α)
α (tm−), x(β)

β (tm+)} =
xm, {x(β)

α (tm−), x(α)
β (tm+)} = xm (α, β ∈ {i, j} and α 
= β) hold, the real and

imaginary vector fields {F(α)
α (t), F(α)

β (t)} and {F(β)
α (t), F(β)

β (t)} are Cr[tm−ε,tm)- and

Cr
(tm,tm+ε]-continuous (r � 1) for time t , respectively, ‖dr+1x(β)

α /dt r+1‖ < ∞
(α, β ∈ {i, j}) and m ∈ {m1,m2,m3}.

(i) A passable boundary (∂�ij = −−→
∂�ij ∪ �ij ∪ ←−−

∂�ij ) exists iff[
nT

∂�ij
· F(i)

i (tλ∓)
][

nT
∂�ij

· F(j)
i (tλ∓)

]
> 0,

(5.52)
[
nT

∂�ij
· F(i)

j (tλ±)
][

nT
∂�ij

· F(j)
j (tλ±)

]
> 0,[

nT
∂�ij

· F(i)
i (tm3±)

][
nT

∂�ij
· F(j)

j (tm3∓)
] = 0

for xm1 ∈ −−→
∂�ij , xm2 ∈ ←−−

∂�ij and xm3 ∈ �ij with λ ∈ {m1,m2}.
(ii) A nonpassable boundary (∂�ij = ∂̃�ij ∪ �ij ∪ ∂̂�ij ) exists iff[

nT
∂�ij

· F(i)
i (tm1−)

][
nT

∂�ij
· F(j)

j (tm1−)
]

< 0,

(5.53)
[
nT

∂�ij
· F(i)

i (tm2+)
][

nT
∂�ij

· F(j)
j (tm2+)

]
< 0,[

nT
∂�ij

· F(i)
i (tm3±)

][
nT

∂�ij
· F(j)

j (tm3±)
] = 0

for xm1 ∈ ∂̃�ij , xm2 ∈ ∂̂�ij and xm3 ∈ �ij .
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Figure 5.15. The onset, existence and disappearance of the sliding flows in the δ-sublayer of bound-
ary ∂�ij = −→

∂�ij ∪ ∂̃�ij ∪ −→
∂�ij .

(iii) A mixed boundary of the first kind (∂�ij = −−→
∂�αβ ∪ �ij ∪ ∂̃�ij ) exists iff[

nT
∂�ij

· F(α)
α (tm1−)

][
nT

∂�ij
· F(β)

α (tm1−)
]

> 0,

(5.54)
[
nT

∂�ij
· F(i)

i (tm2−)
][

nT
∂�ij

· F(j)
j (tm2−)

]
< 0,[

nT
∂�ij

· F(i)
i (tm3−)

][
nT

∂�ij
· F(j)

j (tm3−)
] = 0

for xm1 ∈ −−→
∂�αβ, xm2 ∈ ∂̃�ij and xm3 ∈ �ij .

(iv) A mixed boundary of the second kind ∂�ij = −−→
∂�αβ ∪ �ij ∪ ∂̂�ij iff[

nT
∂�ij

· F(α)
β (tp+)

][
nT

∂�ij
· F(β)

β (tp+)
]

> 0,

(5.55)
[
nT

∂�ij
· F(i)

i (tq+)
][

nT
∂�ij

· F(j)
j (tq+)

]
< 0,[

nT
∂�ij

· F(i)
i (tn+)

][
nT

∂�ij
· F(j)

j (tn+)
] = 0

for xn ∈ �ij , xp ∈ −−→
∂�αβ and xq ∈ ∂̂�ij .

PROOF. Application of Definition 5.8 to Theorem 5.11 yields Eqs. (5.52)–(5.55).
The theorem is proved. �

Using the definitions and theorems of the semi-passable, sink and source
boundaries, the flow characteristics in the vicinity of the mixed boundary can be
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discussed and the corresponding theorem can be developed. Based on the forego-
ing theorem, the local nature of the flow near the mixed boundary can be analyzed
through the investigation of the vector fields of the real and imaginary flows. The
flow switching between the semi-passable flows or between nonpassable flows are
presented. The onset, existence and disappearance of the sink and source flows
can be presented through the real and imaginary flows. The flow switching at
the gluing singular sets is described in the following definition. In addition, the
concept of the normal vector field product in Chapter 3 can be also used in the
real and imaginary flows. To demonstrate the concepts more intuitively, the nor-
mal vector field forms of the real and imaginary flows are still used in the further
development.

DEFINITION 5.16. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij for tm. For arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε] in the δ-layer of ∂�ij . Suppose {x(α)
α (tm−), x(β)

β (tm+)} =
xm, {x(β)

α (tm−), x(α)
β (tm+)} = xm (α, β ∈ {i, j} and α 
= β) hold, the real

and imaginary flows {x(α)
α (t), x(α)

β (t)} and {x(β)
α (t), x(β)

β (t)} are Cr
[tm−ε,tm)

- and

Cr
(tm,tm+ε]-continuous (r � 2) for time t , respectively, ‖drx(β)

α /dt r‖ < ∞
(α, β ∈ {i, j}) and m ∈ {m1,m2,m3}.

(i) Two different semi-passable flows in the δ-layer of ∂�ij = −−→
∂�ij ∪�ij ∪←−−

∂�ij

are switched on the boundary if[
nT

∂�ij
· ẋ(i)

i (tm1−)
][

nT
∂�ij

· ẋ(i)
i (tm2+)

]
< 0,

(5.56)
[
nT

∂�ij
· ẋ(j)

j (tm1+)
][

nT
∂�ij

· ẋ(j)
j (tm2−)

]
< 0,

nT
∂�ij

· ẋ(i)
i (tm3±) = 0, nT

∂�ij
· ẋ(j)

j (tm3±) = 0

for xm1 ∈ −−→
∂�ij , xm2 ∈ ←−−

∂�ij and xm3 ∈ �ij .
(ii) The source and sink flows in the δ-layer of ∂�ij = ∂̃�ij ∪ �ij ∪ ∂̂�ij are

switched on the boundary if[
nT

∂�ij
· ẋ(i)

i (tm1−)
][

nT
∂�ij

· ẋ(i)
i (tm2+)

]
< 0,

(5.57)
[
nT

∂�ij
· ẋ(j)

j (tm1−)
][

nT
∂�ij

· ẋ(j)
j (tm2+)

]
< 0,[

nT
∂�ij

· ẋ(i)
i (tm3±)

] = [
nT

∂�ij
· ẋ(j)

j (tm3±)
] = 0

for xm1 ∈ ∂̃�ij , xm3 ∈ ∂̂�ij and xm3 ∈ �ij .
(iii) The sliding flow in the δ-layer of ∂�ij = −−→

∂�αβ ∪ �ij ∪ ∂̃�ij appears or
disappears if[

nT
∂�ij

· ẋ(α)
α (tm1−)

][
nT

∂�ij
· ẋ(α)

α (tm2−)
]

> 0,
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(5.58)
[
nT

∂�ij
· ẋ(β)

α (tm1−)
][

nT
∂�ij

· ẋ(β)
β (tm2−)

]
< 0,

nT
∂�ij

· ẋ(β)
β (tm3−) = 0, nT

∂�ij
· ẋ(α)

α (tm3−) 
= 0

for xm1 ∈ −−→
∂�αβ, xm2 ∈ ∂̃�ij and xm3 ∈ �ij .

(iv) The source flow in the δ-layer of ∂�ij = −−→
∂�αβ ∪ �ij ∪ ∂̂�ij appears or

disappears if[
nT

∂�ij
· ẋ(α)

β (tm1+)
][

nT
∂�ij

· ẋ(α)
α (tm2+)

]
< 0,

(5.59)
[
nT

∂�ij
· ẋ(β)

β (tm1+)
][

nT
∂�ij

· ẋ(β)
β (tm2+)

]
> 0,

nT
∂�ij

· ẋ(α)
α (tm3+) = 0, nT

∂�ij
· ẋ(β)

β (tm3+) 
= 0

for xm1 ∈ −−→
∂�αβ, xm2 ∈ ∂̂�ij and xm3 ∈ �ij .

From the above definition, the onset, existence and disappearance of the slid-
ing flows on the boundary ∂�ij = −−→

∂�ij ∪ ∂̃�ij ∪ −−→
∂�ij in the δ-sublayer are

intuitively illustrated in Fig. 5.15 through the real and imaginary flows. The solid
and dash-dotted curves are used for x(α)

α (t) (α ∈ {i, j}) for (t ∈ [tm−ε, tm−))
and (t ∈ (tm+, tm+ε]) accordingly. The dashed curves depict the imaginary flows
x(β)
α (t) (α 
= β ∈ {i, j}) in the two domains. The dark and light curves represent

the flows in �i and �j , respectively. The points xm and xn are the appearance
and disappearance of the sliding motions. xp ∈ ∂̃�ij is all the points on the
sliding boundary. Similarly, the onset, existence and disappearance of the source
flows of the boundary ∂�ij can be described. The switching between the two
semi-passable boundaries and between the source and sink boundaries can be il-
lustrated.

THEOREM 5.13. For a discontinuous dynamical system in Eq. (5.21), x(tm) ≡
xm ∈ ∂�ij for tm. For arbitrarily small ε > 0, there are two time intervals

[tm−ε, tm) and (tm, tm+ε] in the δ-layer of ∂�ij . Suppose {x(α)
α (tm−), x(β)

β (tm+)} =
xm, {x(β)

α (tm−), x(α)
β (tm+)} = xm (α, β ∈ {i, j} and α 
= β) hold, the real and

imaginary vector fields {F(α)
α (t), F(α)

β (t)} and {F(β)
α (t), F(β)

β (t)} are Cr
[tm−ε,tm)- and

Cr
(tm,tm+ε]-continuous (r � 1) for time t , respectively, ‖dr+1x(β)

α /dt r+1‖ < ∞
(α, β ∈ {i, j}) and m ∈ {m1,m2,m3}.

(i) Two different semi-passable flows in the δ-layer of ∂�ij = −−→
∂�ij ∪�ij ∪←−−

∂�ij

are switched on the boundary if[
nT

∂�ij
· F(i)

i (tm1−)
][

nT
∂�ij

· F(i)
i (tm2+)

]
< 0,

(5.60)
[
nT

∂�ij
· F(j)

j (tm1+)
][

nT
∂�ij

· F(j)
j (tm2−)

]
< 0,
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nT
∂�ij

· F(i)
i (tm3±) = 0, nT

∂�ij
· F(j)

j (tm3±) = 0

for xm1 ∈ −−→
∂�ij , xm2 ∈ ←−−

∂�ij and xm3 ∈ �ij .
(ii) The source and sink flows in the δ-layer of ∂�ij = ∂̃�ij ∪ �ij ∪ ∂̂�ij are

switched on the boundary if[
nT

∂�ij
· F(i)

i (tm1−)
][

nT
∂�ij

· F(i)
i (tm2+)

]
< 0,

(5.61)
[
nT

∂�ij
· F(j)

j (tm1−)
][

nT
∂�ij

· F(j)
j (tm2+)

]
< 0,[

nT
∂�ij

· F(i)
i (tm3±)

] = [
nT

∂�ij
· F(j)

j (tm3±)
] = 0

for xm1 ∈ ∂̃�ij , xm3 ∈ ∂̂�ij and xm3 ∈ �ij .
(iii) The sliding flow in the δ-layer of ∂�ij = −−→

∂�αβ ∪ �ij ∪ ∂̃�ij appears or
disappears if[

nT
∂�ij

· F(α)
α (tm1−)

][
nT

∂�ij
· F(α)

α (tm2−)
]

> 0,

(5.62)
[
nT

∂�ij
· F(β)

α (tm1−)
][

nT
∂�ij

· F(β)
β (tm2−)

]
< 0,

nT
∂�ij

· F(β)
β (tm3−) = 0, nT

∂�ij
F(α)

α (tm3−) 
= 0

for xm1 ∈ −−→
∂�αβ , xm2 ∈ ∂̃�ij and xm3 ∈ �ij .

(iv) The source flow in the δ-layer of ∂�ij = −−→
∂�αβ ∪ �ij ∪ ∂̂�ij appears or

disappears if[
nT

∂�ij
· F(α)

β (tm1+)
][

nT
∂�ij

· F(α)
α (tm2+)

]
< 0,

(5.63)
[
nT

∂�ij
·(β)
β (tm1+)

][
nT

∂�ij
· F(β)

β (tm2+)
]

> 0,

nT
∂�ij

· F(α)
α (tm3+) = 0, nT

∂�ij
· F(β)

β (tm3+) 
= 0

for xm1 ∈ −−→
∂�αβ , xm2 ∈ ∂̂�ij and xm3 ∈ �ij .

PROOF. Using Definitions 5.8, 5.10 and 5.16, the theorem is proved directly. �

The real and imaginary flows for nonsmooth dynamical systems are introduced.
The theory for real flows in Chapters 2–4 can be applied to the imaginary flows.
The δ-layer of the separation boundary is also introduced. The onset, existence
and disappearance of the sink and source flows in the δ-layer are discussed, and
the switching between the two semi-passable flows and the switching between the
sink and source flows are investigated as well. Finally, the necessary and sufficient
conditions for the onset, disappearance and switching are presented. These condi-
tions can be very easily applied to nonsmooth dynamical systems in engineering,
such as friction-induced vibrations, control systems with periodical excitations.
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5.6. An example

Consider a piecewise linear dynamical system in two domains �α (α ∈ {1, 2}),
given by

(5.64)ẍ + 2dαẋ + cαx = bα + Q0 cos �t

where bα is constant rather than the control force in Eq. (4.80). The two domains
are partitioned by the same boundary in Eq. (4.81). The domains partitioned by
the boundary are sketched in Fig. 4.11. The domains and boundary definitions
are given in Eqs. (4.82)–(4.84). The corresponding vector equations are given in
Eqs. (4.85) and (4.86). The normal and tangential vectors of the boundary ∂�αβ

are

(5.65)n∂�αβ = (a1, a2)
T and t∂�αβ = (−a2, a1)

T.

From Chapter 3, through the convexity, a dynamical equation of sliding motion
on the boundary is determined by

(5.66)ẋαβ = Axαβ on xαβ ∈ ∂�αβ

where

(5.67)A =
[

0 1
0 − a1

a2

]
.

From Eq. (5.66), the equilibrium of the sliding dynamical system on the boundary
is given, i.e., ye

αβ = 0. From the boundary, the equilibrium is (xe
αβ, ye

αβ) = (0, E)

with E = e/a1. At the equilibrium, the eigenvalue analysis requires

(5.68)|A − λI| =
∣∣∣∣ 0 − λ 1

0 − a1
a2

− λ

∣∣∣∣ = 0

from which the two eigenvalues are λ1 = 0, λ2 = −a1/a2. If a1a2 > 0, then the
equilibrium is stable with the stable and center invariant eigenvector subspaces
Es = span(1,−a1/a2), E

c = span(1, 0). The unstable invariant eigenvector sub-
space is Eu = ∅. However, if a1a2 < 0, the equilibrium is unstable with invariant
eigenvector subspaces Eu = span(1,−a1/a2), Ec = span(1, 0) and Es = ∅. In
addition, the invariant subspaces should be on the boundary. The phase portraits
in the equilibrium are illustrated in Fig. 5.16. In Figs. 5.16(a) and (b), the equilib-
rium possesses the parabolicity for two cases of a1a2. However, the hyperbolicity
of the equilibrium for the two cases of a1a2 is also presented in Figs. 5.16(a)
and (b). From Eq. (5.66), we have

(5.69)xαβ = E − a2

a1
y0
αβ exp

(
−a1

a2
t

)
and yαβ = y0

αβ exp

(
−a1

a2
t

)
.
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Figure 5.16. Phase portraits for flow parabolicity near equilibrium (E, 0): (a) a1a2 > 0, and
(b) a1a2 < 0.

Because of the sliding on the boundary, the initial condition should satisfy
a1x

0
αβ +a2y

0
αβ = e. For the case a1a2 > 0, as t → ∞, the sliding motion will ap-

proach the equilibrium whatever y0
αβ is. However, for a1a2 < 0, the equilibrium

will be a source. The sliding flow for y0
αβ > 0 and y0

αβ < 0 will go to positive
and negative infinities, respectively. For special cases of a1 = 0 or a2 = 0, the
similar problems has been discussed in Chapter 2, and the detailed analysis can
be referred to Luo and Chen (2006) and Luo and Gegg (2006a, 2006b). Consider
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Figure 5.17. Phase portraits for flow hyperbolicity near equilibrium (E, 0): (a) a1a2 > 0, and
(b) a1a2 < 0.

the system parameters a1 = a2 = 1, b2 = −b1 = 4, c1 = 2, c2 = 6, d1 = d2 =
0.01,Q0 = 20 for two subdomains. The simply periodic motion generated by the
discontinuous system in Eq. (5.64) is presented for � = 1.5 with the correspond-
ing initial condition (�ti, xi, yi) = (2.3232,−17.4104, 18.4104). The flow in
phase plane shows a simple cycle with discontinuity through the dark solid curve
in Fig. 5.18(a). The arrow direction is the flow direction. From the singular analy-
sis of the separation boundary, the thin line presents the flow on the boundary.
Such a discontinuity is proved through the normal vector fields F

(α)
N = nT

∂�ij
·F(α)
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Figure 5.18. The parabolicity of the real flows in the vicinity of equilibrium on the bound-
ary (� = 1.50): (a) phase trajectory, and (b) the normal vector field to the boundary ∂�12.
(�ti , xi , yi ) = (2.3232, −17.4104, 18.4104). (a1 = a2 = 1, b2 = −b1 = 4, c1 = 2, c2 = 6,

d1 = d2 = 0.01, Q0 = 20.)
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Figure 5.19. The flow with sliding on the boundary (� = 1.0): (a) phase trajectory, and (b) the
normal vector field to the separation boundary ∂�12. (�ti , xi , yi ) = (2.8762, −11.8917, 12.8917).

(a1 = a2 = 1, b2 = −b1 = 4, c1 = 2, c2 = 6, d1 = d2 = 0.01, Q0 = 20.)

(α = 1, 2), as shown in Fig. 5.18(b) with solid curves. The dashed curves are the
imaginary normal vector fields corresponding to the trajectory of the real flow.
The hollow symbols are for the flow switching. The filled circular symbol is the
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Figure 5.20. Period-doubling flows with and without sliding on the boundary ∂�12: (a) (� = 1.24,
(�ti , xi , yi ) = (2.5130, −11.1263, 12.1263)), (b) (� = 1.2, (�ti , xi , yi ) = (2.5820, −10.1267,

11.1267)). (a1 = a2 = 1, b2 = −b1 = 4, c1 = 2, c2 = 6, d1 = d2 = 0.01, Q0 = 20.)

equilibrium point of the separation boundary. The passability of the real flow to
the discontinuous boundary is demonstrated. The phase trajectory in Fig. 5.18(a)
shows the parabolicity of the equilibrium of the separation boundary, which is
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similar to the one in Fig. 5.16(a). To further verify the passability of a real flow
with sliding consider the excitation � = 1.0 with initial condition ((�ti, xi, yi) =
(2.8762,−11.8917, 12.8917)). The phase trajectory and vector field component
are presented in Fig. 5.19. Except for passable portion of the boundary to the real
flow, the sliding flow along the separation boundary is observed, which agrees
with the aforementioned analysis in Eq. (5.69). The sliding motion disappear-
ance satisfies the normal vector field conditions discussed before. In Fig. 5.20, the
period-doubling, real flows without and with the sliding motion on the separation
boundary are shown. The corresponding excitation frequencies are � = 1.24
and � = 1.2. It indicates the sliding bifurcation for the real flow sliding on
the separation boundary will exist. The period-doubling real flows before and
after the sliding bifurcation are generated by using the initial conditions (i.e.,
(�ti, xi, yi) = (2.5130,−11.1263, 12.1263), (2.5820,−10.1267, 11.1267)).



Chapter 6

Discontinuous Vector Fields with Flow Barriers

In previous chapters, the local singularities in discontinuous dynamical systems
without flow barriers on the separation boundary were discussed and the cor-
responding sufficient and necessary conditions for such singularities were pre-
sented. The sliding flows on the boundary surface were investigated through the
differential inclusion with the convexity, and the sliding fragmentation was also
discussed. In this chapter, the flow passability on the separation boundary will
be investigated in discontinuous dynamic systems with flow barriers. Because
the flow barriers exist on the separation boundary, the singularities on such a
separation boundary with flow barriers will be changed accordingly. Therefore,
the necessary and sufficient conditions for the switching bifurcation and sliding
fragmentation in discontinuous dynamical systems with flow barriers should be
developed herein. A periodically forced friction model will be presented for illus-
tration of a flow into the flow barrier with a force jumping.

6.1. Flow barriers

In Chapter 2, the nonpassable flow on the boundary ∂�ij of the two domains �i

and �j is dependent on the normal component product of the vector fields of two

flows in the two domains. Assume a real flow x(α)
α (t) (α ∈ {i, j}) in the domain

�α for t ∈ [tm−ε, tm) possesses nT
∂�ij

· ẋ(α)
α (t) > 0 in the vicinity of ∂�ij , and the

flow x(β)
β (t) in the domain �β (α 
= β) possesses the condition nT

∂�ij
· ẋ(β)

β (t) < 0
in the vicinity of the boundary ∂�ij at the same time interval. Thus, the suffi-
cient and necessary conditions for the nonpassable flow on the boundary ∂�ij are

[nT
∂�ij

· ẋ(α)
α (tm±)][nT

∂�ij
· ẋ(β)

β (tm±)] < 0 by Theorem 2.3. Furthermore, in Chap-
ter 3, the sliding dynamics of the flow on the boundary ∂�ij were discussed. The
switching conditions from the passable and nonpassable motions were presented.
The fragmentation of the sliding motion on the boundary was discussed. However,
in many physical systems, the sliding motion is governed by ẋαβ = F(0)

αβ (xαβ, t)

on the boundary ∂�ij . To keep the sliding motion on the boundary, there may be

187
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a normal flow barrier. To investigate the flow barrier on the separation boundary
∂�ij , as in Eqs. (5.21) and (5.22), consider a Cr -continuous system (r � 1) on
�α (α = i, j) in a form of

(6.1)ẋ(γ )
α = F(γ )

(
x(γ )
α , t,μγ

) ∈ �n, x(γ )
α = (

x
(γ )

α1 , x
(γ )

α2 , . . . , x
(γ )
αn

)T ∈ �α

(γ = α, β) with the initial condition

(6.2)x(γ )
α (t0) = �(γ )

(
x(γ )
α (t0), t0,μγ

)
.

For γ = α, the flow determined by Eqs. (6.1) and (6.2) is the real flow on the
domain �α . However, for γ = β, the flow determined by Eqs. (6.1) and (6.2) is
the imaginary flow of the β-vector field on the domain �α . Consider a vector field

(6.3)F(γ )
(
x(γ )
α , t,μγ

) ≡ f(γ )
(
x(γ )
α , t,μγ

) + g
(
x(γ )
α , t

)
.

Consider a dynamical system on the boundary �αβ (β 
= α and α, β ∈ {i, j}) in
the following form:

(6.4)ẋαβ = Fαβ(xαβ, t), xαβ = (x1αβ, x2αβ, . . . , xnαβ)T ∈ ∂�αβ.

For a sliding flow on the boundary, we have

(6.5)Fαβ(xαβ, t) = F(0)
αβ (xαβ, t,μαβ) on ∂̃�αβ.

If only the sliding flow on the boundary exists, the normal component of the vector
field nT

∂�ij
· Fαβ(xαβ, t) will lie in the lower and upper flow barriers. Such flow

barriers will be defined as follows.

DEFINITION 6.1. For a discontinuous dynamical system with subsystems in
Eq. (6.1), there is a nonpassable flow on the boundary ∂�ij . For a flow xαβ(t) ∈
∂�ij (α, β ∈ {i, j} and α 
= β), there are two vector fields F(α)

αβ (xαβ, t) and

F(β)
αβ (xαβ, t) on the boundary ∂�ij , and nT

∂�αβ
· [F(α)

αβ (xαβ, t) − F(β)
αβ (xαβ, t)] < 0.

If

(6.6)
nT

∂�αβ
· f(α)(xαβ, t,μα) ∈ [

nT
∂�αβ

· F(α)
αβ (xαβ, t), nT

∂�αβ
· F(β)

αβ (xαβ, t)
)
,

nT
∂�αβ

· f(β)(xαβ, t,μβ) ∈ (
nT

∂�αβ
· F(α)

αβ (xαβ, t), nT
∂�αβ

· F(β)
αβ (xαβ, t)

]
then the vector fields F(α)

αβ (xαβ, t) and F(β)
αβ (xαβ, t) are termed lower and upper

flow barriers on the boundary ∂�ij .

From Definition 6.1, the lower and upper flow barriers on the boundary are
sketched in Fig. 6.1 from the normal components of the vector fields on the bound-
ary. The flow barriers (F(α)

αβ and F(β)
αβ ) and the domain vector fields (f(α) and f(β))



6.1. Flow barriers 189

Figure 6.1. Flow barriers on the boundary ∂�αβ . The flow barriers (F(α)
αβ and F(β)

αβ ) and the domain

vector fields (f(α) and f(β)) on the boundary are depicted by dark and thin curves, respectively.

on the boundary are depicted by dark and thin curves, respectively. The flow bar-
riers form a gray-area to govern the flow vector fields on the boundary. If the
following equations hold,

(6.7)
nT

∂�αβ
· f(α)(xαβ, t) = nT

∂�αβ
· F(α)

αβ (xαβ, t) and

nT
∂�αβ

· f(β)(xαβ, t) = nT
∂�αβ

· F(β)
αβ (xαβ, t),

then the flow barriers disappear. For this case, the passable and nonpassable mo-
tions and the corresponding singularities were discussed in the previous chapters.
The sufficient and necessary conditions for the passable motion are[

nT
∂�αβ

· F(α)(xm, tm−)
]

< 0 and
[
nT

∂�αβ
· F(β)(xm, tm+)

]
< 0

(6.8a)for
−−→
∂�αβ convex to �α,[

nT
∂�αβ

· F(β)(xm, tm−)
]

> 0 and
[
nT

∂�αβ
· F(α)(xm, tm+)

]
> 0

(6.8b)for
−−→
∂�αβ convex to �β.

If nT
∂�αβ

· F(α)
αβ (xαβ, t) → −∞ and nT

∂�αβ
· F(β)

αβ (xαβ, t) is finite, then the flow
barrier is the lower semi-permanent barrier. The vector fields on both sides of
∂�ij lie in the following interval, i.e.,

(6.9)
nT

∂�αβ
· f(α)(xαβ, t) ∈ (−∞, nT

∂�αβ
· F(β)

αβ (xαβ, t)
)
,

nT
∂�αβ

· f(β)(xαβ, t) ∈ (−∞, nT
∂�αβ

· F(β)
αβ (xαβ, t)

]
.
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If the aforementioned flow barrier exists, the flow on the boundary only exits from
the upper flow barrier. The flow on the boundary cannot exit from the lower per-
manent flow barrier. Similarly, if nT

∂�αβ
·F(β)

αβ (xαβ, t) → ∞ and nT
∂�αβ

·F(α)
αβ (xαβ, t)

is finite, then the flow barrier is the upper semi-permanent barrier. The vector
fields on both sides of ∂�ij lie in the following interval:

(6.10)
nT

∂�αβ
· f(α)(xαβ, t) ∈ [

nT
∂�αβ

· F(α)
αβ (xαβ, t),∞)

,

nT
∂�αβ

· f(β)(xαβ, t) ∈ (
nT

∂�αβ
· F(α)

αβ (xαβ, t),∞)
.

From the foregoing conditions, the flow on the boundary only exits from the lower
flow barrier. If two barrier vector fields are infinite (i.e., nT

∂�αβ
· F(α)

αβ (xαβ, t) →
−∞ and nT

∂�αβ
·F(β)

αβ (xαβ, t) → ∞), then the flow barrier on the boundary is fully
permanent. We have

(6.11)
nT

∂�αβ
· f(α)(xαβ, t) ∈ (−∞,∞),

nT
∂�αβ

· f(β)(xαβ, t) ∈ (−∞,∞).

On the flow on the boundary, the flow cannot exit from boundary. Since the flow
barriers exist, the following concept is introduced.

DEFINITION 6.2. For a discontinuous dynamical system with subsystems in
Eq. (6.1), there is a nonpassable flow on the boundary ∂�ij with two flow barri-

ers F(i)
ij (xij , t) and F(j)

ij (xij , t). The input and output vector fields of the α-domain
�α on the boundary ∂�αβ for α, β ∈ {i, j} and α 
= β are defined as

(6.12)
F(α)

in (tm±) ≡ f(α)
αβ (xm, tm±,μα) + g(xm, tm±),

F(α)
b (tm±) ≡ F(α)

αβ (xm, tm±,μα) + g(xm, tm±).

For passable flows on the boundary, the flow is independent of the flow barriers.
Theorem 2.2 can be applied and the corresponding vector field will be replaced
by F(α)

in (tm±),

(6.13)
[
nT

∂�ij
· F(α)

in (tm−)
][

nT
∂�ij

· F(β)

in (tm+)
]

> 0.

The necessary and sufficient conditions for the onset of the sink and source flows
on the boundary are given by Theorems 2.4 and 2.6, respectively. Namely, when
the flow arrives to the boundary ∂�αβ , once the following conditions hold,

(6.14)
[
nT

∂�ij
· F(α)

in (tm−)
][

nT
∂�ij

· F(β)

in (tm−)
]

< 0,
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the sink flow appears on such a boundary. Once the sink motion on the bound-
ary is formed, the flow must overcome the flow barrier. Without the flow barrier,
the conditions in Eq. (6.14) will govern the sink flow until appearance, and the
corresponding conditions for vanishing of the sink flow on the boundary requires

(6.15)
[
nT

∂�ij
· F(α)

in (tm−)
][

nT
∂�ij

· F(β)

in (tm−)
] = 0.

Similarly, the conditions for the existence of the source flow on the boundary can
be determined by

(6.16)
[
nT

∂�ij
· F(α)

in (tm+)
][

nT
∂�ij

· F(β)

in (tm+)
]

< 0,

and the onset condition for the source motion on the boundary is

(6.17)
[
nT

∂�ij
· F(α)

in (tm+)
][

nT
∂�ij

· F(β)

in (tm+)
] = 0.

However, for a discontinuous dynamical system with flow barriers on the bound-
ary, when the flow arrives to the boundary, if conditions in Eqs. (6.14) or (6.16)
hold, a sink or source flow will be formed on the boundary. The existence of the
sink and source flows will be governed by the flow barriers, and the corresponding
conditions, respectively, are

(6.18)

[
nT

∂�ij
· F(α)

b (tm−)
][

nT
∂�ij

· F(β)

b (tm−)
]

< 0 and[
nT

∂�ij
· F(α)

b (tm+)
][

nT
∂�ij

· F(β)

b (tm+)
]

< 0.

Once one of the two normal vector field products becomes zero, the sink or source
flow will disappear and become a passable flow on the boundary. Namely, the
conditions for vanishing of the sink or source flow on the boundary are

(6.19)

[
nT

∂�ij
· F(α)

b (tm−)
][

nT
∂�ij

· F(β)

b (tm−)
] = 0 or[

nT
∂�ij

· F(α)
b (tm+)

][
nT

∂�ij
· F(β)

b (tm+)
] = 0

for a nonsmooth dynamic system with flow barriers. After the sink or source flow
vanishes from the boundary with flow barriers, the flow on the boundary will be
controlled by Eq. (6.1). For instance, if nT

∂�ij
·F(β)

b (tm−) = 0 for the sink flow, the
flow on the boundary will be controlled by Eq. (6.1) in the domain �β . However,

nT
∂�ij

· F(β)

in (tm+) will be an initial normal component of the vector flow for the
motion in the domain �β .

The concept of Definition 6.1 can be extended, and the flow barriers can exist
on each side of the boundary. Therefore, the α-flow barriers on the boundary of
the domain �α can be defined. Furthermore, the domain vector fields (f(α) and
f(β)) on the boundary may not satisfy Eq. (6.6). Once the nonpassable flow on
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Figure 6.2. The α- and β-flow barriers on the boundary ∂�αβ . The output flow barriers (F(α)
αβ and

F(β)
αβ ), input flow barriers (f(α)

αβ and f(β)
αβ ), and the domain vector fields (f(α) and f(β)) on the boundary

are depicted by dark, dashed, and thin curves, respectively.

the boundary appears, the vector field in domain switches to the corresponding
input flow barrier on the boundary. This idea is sketched in Fig. 6.2. The output
flow barriers (F(α)

αβ and F(β)
αβ ), input flow barriers (f(α)

αβ and f(β)
αβ ), and the domain

vector fields (f(α) and f(β)) on the boundary are depicted by dark, dashed, and
thin curves, respectively. The α- and β-barriers are depicted through the shaded
areas. nT

∂�αβ
· f(α) ∈ (nT

∂�αβ
· f(α)

αβ , nT
∂�αβ

· F(α)
αβ ] on the boundary, but nT

∂�αβ
· f(β) /∈

(nT
∂�αβ

· f(β)
αβ , nT

∂�αβ
· F(β)

αβ ]. Therefore, the flow barriers can be defined arbitrarily.
In addition, on the boundary, for some xm ∈ ∂�αβ , the domain vector field may
be in the flow barrier or not.

DEFINITION 6.3. For a discontinuous dynamical system with subsystems in
Eq. (6.1), there is a nonpassable flow on the boundary ∂�ij . For a flow xm ∈ ∂�ij

at time tm (α, β ∈ {i, j} and α 
= β), there are two vector fields f(α)
αβ (xm, tm±) and

F(α)
αβ (xm, tm±) on the α-side of the boundary ∂�ij . For the input flow from the

domain �α into the boundary with following condition,

(6.20)
[
nT

∂�αβ
· F(i)

i (tm±)
][

nT
∂�ij

· F(j)
j (tm±)

]
< 0,

if the corresponding vector field is switched as

(6.21)f(α)(xm, tm±) → f(α)
αβ (xm, tm±),
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the vector field f(α)
αβ (xm, tm±) is termed the input flow barrier on the α-side of the

boundary ∂�ij . For the output flow on the boundary into the domain �α with the
following condition,

(6.22)nT
∂�αβ

· F(α)
b (tm±) = 0 and nT

∂�αβ
· F(β)

b (tm±) 
= 0,

if the corresponding vector field is switched as

(6.23)F(α)
αβ (xm, tm±) → f(α)(xm, tm±),

the vector field F(α)
αβ (xm, tm±) is termed the output flow barrier on the α-side of

the boundary ∂�ij .

6.2. Switching bifurcations

From the discussions in Section 6.1, the switching bifurcation conditions can be
summarized in the following theorems, which can be obtained when the vector
field F(α)

in (tm±) on the boundary is used. The necessary and sufficient conditions
for the switching bifurcation from the passable to the nonpassable boundaries are
presented as follows.

THEOREM 6.1. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→
∂�ij for

tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrarily
small ε > 0, and x(i)

i (tm−) = xm = x(j)
j (tm±). The real flows x(i)

i (t) and x(j)
j (t)

are Cr
[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous (r � 1) for time t , respectively. The

sliding bifurcation of the flow x(i)
i (t) ∪ x(j)

j (t) on the boundary
−−→
∂�ij exists iff

(6.24)nT
∂�ij

· F(j)

in (tm±) = 0 and nT
∂�ij

· F(i)
in (tm−) 
= 0;

(6.25)
either nT

∂�ij
· F(i)

in (tm−) > 0 for n∂�ij
→ �j

or nT
∂�ij

· F(i)
in (tm−) < 0 for n∂�ij

→ �i;

(6.26)
either nT

∂�ij
· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
> 0 for n∂�ij

→ �j

or nT
∂�ij

· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
< 0 for n∂�ij

→ �i.
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PROOF. Consider the input flow into the flow barriers without the jumping, and
then input vector fields in the domains �α and �β are

F(α)
in

(
x(α)
α , t,μα

) ≡ f(α)
(
x(α)
α , t,μα

) + g(x, t),

F(β)

in

(
x(β)
β , t,μβ

) ≡ f(β)
(
x(β)
β , t,μβ

) + g(x, t)

identical to the vector field in Eq. (6.1). The conditions in Eqs. (6.24)–(6.26)
can be obtained from the necessary and sufficient conditions in Theorem 3.4 for
the switching bifurcation. If the input, vector fields are different from Eq. (6.1),
from the first equation of Eq. (6.12) in Definition 6.2, two imaginary input vec-
tor fields are constructed through the input vector fields f(α)

αβ (xαβ, tm,μα) and

f(β)
αβ (xαβ, tm,μβ) of the flow barriers as

F(α)
in

(
x(α)
α , t,μα

) ≡ f(α)
αβ

(
x(α)
α , t,μα

) + g(x, t),

F(β)

in

(
x(β)
β , t,μβ

) ≡ f(β)
αβ

(
x(β)
β , t,μβ

) + g(x, t).

For a point xm ∈ ∂�αβ at time tm, as time t → tm−, the flow x(α)
α → xm and

the corresponding vector field F(α)
in (x(α)

α , t,μα) → F(α)
in (xm, tm−,μα). From De-

finition 6.2, F(α)
in (xm, tm−,μα) = F(α)

in (tm−). Such relations are suitable for the
imaginary vector field in the domain �β . Further, a new imaginary discontinuous
dynamic system is given by

ẋ(α)
α = F(α)

in

(
x(α)
α , t,μα

)
, α ∈ {i, j}.

Using Definition 3.7 for the sliding fragmentation, following the proof procedure
of Theorems 2.10–2.11, Eqs. (6.24)–(6.26) can be obtained. �

THEOREM 6.2. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→
∂�ij for

tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrarily
small ε > 0, and x(i)

i (tm±) = xm = x(j)
j (tm+). The real flows x(i)

i (t) and x(j)
j (t)

are Cr[tm−ε,tm+ε]- and Cr
[tm−ε,tm)-continuous (r � 1) for time t , respectively. The

source bifurcation of the flow x(i)
i (t) ∪ x(j)

j (t) on the boundary
−−→
∂�ij exists iff

(6.27)nT
∂�ij

· F(i)
in (tm±) = 0 and nT

∂�ij
· F(j)

in (tm+) 
= 0;

(6.28)
either nT

∂�ij
· F(j)

in (tm+) > 0 for n∂�ij
→ �j

or nT
∂�ij

· F(j)

in (tm+) < 0 for n∂�ij
→ �i;
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(6.29)
either nT

∂�ij
· [DF(i)

in (tm±) − DF(0)
ij (tm±)

]
< 0 for n∂�ij

→ �j

or nT
∂�ij

· [DF(i)
in (tm±) − DF(0)

ij (tm±)
]

> 0 for n∂�ij
→ �i.

PROOF. Following the procedure of Theorem 6.1, the imaginary vector fields can
be developed. The theorem is proved. �

THEOREM 6.3. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→
∂�ij for

tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrarily
small ε > 0, and x(i)

i (tm±) = xm = x(j)
j (tm∓). The real flows x(i)

i (t) and x(j)
j (t)

are Cr[tm−ε,tm+ε]-continuous (r � 1) for time t . The switching bifurcation of the

flow x(i)
i (t) ∪ x(j)

j (t) at xm on the boundary
−−→
∂�ij exists iff

(6.30)nT
∂�ij

· F(i)
in (tm±) = 0 and nT

∂�ij
· F(j)

in (tm∓) = 0,

(6.31a)either

{
nT

∂�ij
· [DF(i)

in (tm±) − DF(0)
ij (tm±)

]
< 0

nT
∂�ij

· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
> 0

for n∂�ij
→ �j

(6.31b)or

{
nT

∂�ij
· [DF(i)

in (tm±) − DF(0)
ij (tm±)

]
> 0

nT
∂�ij

· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
< 0

for n∂�ij
→ �i.

PROOF. The proof is the same as in Theorem 6.1. �

As in Definition 3.4, the product of the normal vector fields on the boundary
∂�αβ can be defined for the input flow and the flow barrier, which is given as
follows:

DEFINITION 6.4. For a discontinuous dynamical system with subsystems in
Eq. (6.1), there is a point xm ∈ ∂�αβ at tm for α, β ∈ {i, j} and α 
= β. The
input and barrier (or output), normal vector fields product on the boundary ∂�ij

are defined as

(6.32)L
(in)
αβ (xm, tm,μα,μβ) = [

nT
∂�αβ

· F(α)
in (tm∓)

][
nT

∂�αβ
· F(β)

in (tm±)
]
,

(6.33)L
(b)
αβ (xm, tm,μα,μβ) = [

nT
∂�αβ

· F(α)
b (tm∓)

][
nT

∂�αβ
· F(β)

b (tm±)
]
.
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From the foregoing definition, the necessary and sufficient conditions for switch-
ing bifurcations can be given as in Theorems 3.4–3.6.

THEOREM 6.4. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→
∂�ij for

tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrarily
small ε > 0, and x(i)

i (tm−) = xm = x(j)
j (tm±). The real flows x(i)

i (t) and x(j)
j (t)

are Cr
[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous (r � 1) for time t , respectively. The

sliding bifurcation of the flow x(i)
i (t) ∪ x(j)

j (t) on the boundary
−−→
∂�ij exists iff

(6.34)L
(in)
ij (xm, tm,μi ,μj ) = 0 and nT

∂�ij
· F(i)

in (tm−) 
= 0,

(6.35)
either nT

∂�ij
· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
> 0 for n∂�ij

→ �j

or nT
∂�ij

· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
< 0 for n∂�ij

→ �i.

PROOF. Application of Eq. (6.28) to Theorem 6.1 gives the foregoing theorem. �

Similarly, we have the following theorems for source bifurcation and switch-
ing bifurcations of the discontinuous dynamical system with flow barriers on the
separation boundary.

THEOREM 6.5. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→
∂�ij for

tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrarily
small ε > 0, and x(i)

i (tm±) = xm = x(j)
j (tm+). The real flows x(i)

i (t) and x(j)
j (t)

are Cr[tm−ε,tm+ε]- and Cr
[tm−ε,tm)-continuous (r � 1) for time t , respectively. The

source bifurcation of the flow x(i)
i (t) ∪ x(j)

j (t) on the boundary
−−→
∂�ij exists iff

(6.36)L
(in)
ij (xm, tm,μi ,μj ) = 0 and nT

∂�ij
· F(j)(tm+) 
= 0,

(6.37)
either nT

∂�ij
· [DF(i)

in (tm±) − DF(0)
ij (tm±)

]
< 0 for n∂�ij

→ �j

or nT
∂�ij

· [DF(i)
in (tm±) − DF(0)

ij (tm±)
]

> 0 for n∂�ij
→ �i.

THEOREM 6.6. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ −−→
∂�ij for
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tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrarily
small ε > 0, and x(i)

i (tm±) = xm = x(j)
j (tm∓). The real flows x(i)

i (t) and x(j)
j (t)

are Cr[tm−ε,tm+ε]-continuous (r � 1) for time t . The switching bifurcation of the

flow x(i)
i (t) ∪ x(j)

j (t) at xm on the boundary
−−→
∂�ij exists iff for α ∈ {i, j}

(6.38)L
(in)
ij (xm, tm,μi ,μj ) = 0 and nT

∂�ij
· F(α)(tm±) = 0,

(6.39)
either

{
nT

∂�ij
· [DF(i)

in (tm±) − DF(0)
ij (tm±)

]
< 0

nT
∂�ij

· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
> 0

for n∂�ij
→ �j

or

{
nT

∂�ij
· [DF(i)

in (tm±) − DF(0)
ij (tm±)

]
> 0

nT
∂�ij

· [DF(j)

in (tm±) − DF(0)
ij (tm±)

]
< 0

for n∂�ij
→ �i.

PROOF. Application of Eq. (6.29) to Theorem 6.3 proves theorem. �

Similarly to GminLij (tm) in Definition 3.6, GminL
(in)
ij (tm) can be defined. The

corollaries of previous theorems will be obtained when GminL
(in)
ij (tm) replaces

GminLij (tm) in Corollaries 3.1–3.3. The sufficient and necessary conditions for
the onset of the sliding, source and switching bifurcations on the boundary

−−→
∂�ij

are obtained accordingly. In other words, when the condition GminL
(in)
ij (tm) = 0

replaces the conditions in Eqs. (6.34), (6.36) and (6.38) of Theorems 6.4–6.6,
such bifurcation onset on the boundary

−−→
∂�ij will be obtained.

6.3. Sliding fragmentation

As discussed in Section 6.1, once a nonpassable flow on the boundary is formed,
the flow will be controlled by the flow barrier on the separation boundary. There-
fore, the vector fields will be replaced by the lower and upper flow barriers
F(α)

b (tm±) (α ∈ {i, j}). Further, the necessary and sufficient conditions for the
sliding and source fragmentations are presented as follows.

THEOREM 6.7. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij for
tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrar-
ily small ε > 0, and x(α)

α (tm−) = xm = x(β)
β (tm±), α, β ∈ {i, j} and α 
= β.

The real flows x(α)
α (t) and x(β)

β (t) are Cr
[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous

(r � 1) for time t , respectively. The sliding fragmentation bifurcation of the
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flow x(α)
α (t) ∪ x(β)

β (t) on the boundary ∂̃�ij exists iff

(6.40)nT
∂�ij

· F(β)

b (tm±) = 0 and nT
∂�ij

· F(α)
b (tm−) 
= 0;

(6.41)
either nT

∂�ij
· F(α)

b (tm−) > 0 for n∂�ij
→ �j,

or nT
∂�ij

· F(α)
b (tm−) < 0 for n∂�ij

→ �i;

(6.42)
either nT

∂�ij
· [DF(β)

b (tm±) − DF(0)
αβ (tm±)

]
> 0 for n∂�ij

→ �j

or nT
∂�ij

· [DF(β)

b (tm±) − DF(0)
αβ (tm±)

]
< 0 for n∂�ij

→ �i.

PROOF. Based on the flow barriers F(α)
αβ (xαβ, t) and F(β)

αβ (xαβ, t) (α, β ∈ {i, j},
α 
= β) on the boundary ∂�ij , construct two imaginary vector fields in the domain
�α and �β as

F(α)
b

(
x(α)
α , t,μα

) ≡ F(α)
αβ

(
x(α)
α , t,μα

) + g(x, t),

F(β)

b

(
x(β)
β , t,μβ

) ≡ F(β)
αβ

(
x(β)
β , t,μβ

) + g(x, t).

For a point xm ∈ ∂�αβ at time tm, as time t → tm−, the flow x(α)
α → xm and

the corresponding vector field F(α)
b (x(α)

α , t,μα) → F(α)
b (xm, tm−,μα). From De-

finition 6.2, F(α)
b (xm, tm−,μα) = F(α)

b (tm−). Such relations are suitable for the
imaginary vector field in the domain �β . Further, the imaginary discontinuous
dynamic system is given by

ẋ(α)
α = F(α)

b

(
x(α)
α , t,μα

)
, α ∈ {i, j}.

Using Definition 3.7 for the sliding fragmentation, following the proof procedure
of Theorems 2.10–2.11, Eqs. (6.41)–(6.42) can be obtained. �

THEOREM 6.8. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̂�ij for
tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrar-
ily small ε > 0, and x(α)

α (tm−) = xm = x(β)
β (tm±), α, β ∈ {i, j} and α 
= β.

The real flows x(α)
α (t) and x(β)

β (t) are Cr[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous
(r � 1) for time t , respectively. The source fragmentation bifurcation of the
flow x(α)

α (t) ∪ x(β)
β (t) on the boundary ∂̂�ij occurs iff

(6.43)nT
∂�ij

· F(α)
b (tm±) = 0 and nT

∂�ij
· F(β)

b (tm+) 
= 0;
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(6.44)
either nT

∂�ij
· F(β)

b (tm+) > 0 for n∂�ij
→ �j,

or nT
∂�ij

· F(β)

b (tm+) < 0 for n∂�ij
→ �i;

(6.45)
either nT

∂�ij
· [DF(α)

b (tm±) − DF(0)
αβ (tm±)

]
< 0 for n∂�ij

→ �j

or nT
∂�ij

· [DF(α)
b (tm±) − DF(0)

αβ (tm±)
]

> 0 for n∂�ij
→ �i.

PROOF. As in Theorem 6.7, the imaginary vector fields and imaginary discontin-
uous dynamic systems can be constructed through the flow barrier vector fields.
Further, this theorem is proved as Theorem 6.7. �

THEOREM 6.9. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij

(or ∂̂�ij ) for tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for

an arbitrarily small ε > 0, and x(α)
α (tm−) = xm = x(β)

β (tm±), α, β ∈ {i, j} and

α 
= β. The real flows x(α)
α (t) and x(β)

β (t) are Cr[tm−ε,tm+ε]-continuous (r � 1) for

time t . The switching bifurcation of the real flow from ∂̃�ij to ∂̂�ij (or ∂̂�ij to
∂̃�ij ) exists iff

(6.46)nT
∂�ij

· F(α)
b (tm±) = 0 for α ∈ {i, j},

(6.47)
either

{
nT

∂�ij
· [DF(i)

b (tm±) − DF(0)
αβ (tm±)

]
< 0

nT
∂�ij

· [DF(j)

b (tm±) − DF(0)
αβ (tm±)

]
> 0

for n∂�ij
→ �j

or

{
nT

∂�ij
· [DF(i)

b (tm±) − DF(0)
αβ (tm±)

]
> 0

nT
∂�ij

· [DF(j)

b (tm±) − DF(0)
αβ (tm±)

]
< 0

for n∂�ij
→ �i.

PROOF. As in Theorem 6.7, the imaginary vector field and imaginary discontin-
uous dynamic systems can be constructed through the flow barrier vector fields.
Further, this theorem is proved as Theorem 6.9. �

By using Eq. (6.33), the necessary and sufficient conditions for onset of sliding
fragmentation on the boundary in discontinuous dynamical systems with flow
barriers can be given as in Theorems 3.4–3.6.

THEOREM 6.10. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow barri-

ers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij for



200 Chapter 6. Discontinuous Vector Fields with Flow Barriers

tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrar-
ily small ε > 0, and x(α)

α (tm−) = xm = x(β)
β (tm±), α, β ∈ {i, j} and α 
= β.

The real flows x(α)
α (t) and x(β)

β (t) are Cr
[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous

(r � 1) for time t , respectively. The sliding fragmentation bifurcation of the flow
x(α)
α (t) ∪ x(β)

β (t) on the boundary ∂̃�ij exists iff

(6.48)L
(b)
αβ (xm, tm,μα,μβ) = 0 and nT

∂�ij
· F(α)

b (tm+) 
= 0,

(6.49)
either nT

∂�ij
· [DF(β)

b (tm±) − DF(0)
αβ (tm±)

]
> 0 for n∂�ij

→ �β

or nT
∂�ij

· [DF(β)

b (tm±) − DF(0)
αβ (tm±)

]
< 0 for n∂�ij

→ �α.

PROOF. Application of Eq. (6.33) to Theorem 6.7 gives the foregoing theorem. �

THEOREM 6.11. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow barri-

ers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̂�ij for
tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for an arbitrar-
ily small ε > 0, and x(α)

α (tm−) = xm = x(β)
β (tm±), α, β ∈ {i, j} and α 
= β.

The real flows x(α)
α (t) and x(β)

β (t) are Cr
[tm−ε,tm)- and Cr[tm−ε,tm+ε]-continuous

(r � 1) for time t , respectively. The source fragmentation bifurcation of the flow
x(α)
α (t) ∪ x(β)

β (t) on the boundary ∂̂�ij occurs iff

(6.50)L
(b)
αβ (xm, tm,μα,μβ) = 0 and nT

∂�ij
· F(β)(tm+) 
= 0,

(6.51)
either nT

∂�ij
· [DF(α)

b (tm±) − DF(0)
αβ (tm±)

]
< 0 for n∂�ij

→ �β

or nT
∂�ij

· [DF(α)
b (tm±) − DF(0)

αβ (tm±)
]

> 0 for n∂�ij
→ �α.

PROOF. Application of Eq. (6.33) to Theorem 6.8 gives the foregoing theorem. �

THEOREM 6.12. For a discontinuous dynamical system with subsystems in
Eq. (6.1), a nonpassable flow on the boundary ∂�ij is governed by two flow bar-

riers F(i)
ij (xij , t) and F(j)

ij (xij , t). For a point x(tm) = xm ∈ [xm1, xm2] ⊂ ∂̃�ij

(or ∂̂�ij ) for tm, there are two time intervals (i.e., [tm−ε, tm) and (tm, tm+ε]) for

an arbitrarily small ε > 0, and x(α)
α (tm−) = xm = x(β)

β (tm±), α, β ∈ {i, j} and

α 
= β. The real flows x(α)
α (t) and x(β)

β (t) are Cr[tm−ε,tm+ε]-continuous (r � 1) for

time t . The switching bifurcation of the real flow from ∂̃�ij to ∂̂�ij (or ∂̂�ij to
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∂̃�ij ) exists iff

(6.52)Lij (xm, tm,μi ,μj ) = 0, nT
∂�ij

· F(α)(tm±) = 0 and

(6.53)
either

{
nT

∂�ij
· [DF(i)

b (tm±) − DF(0)
ij (tm±)

]
< 0

nT
∂�ij

· [DF(j)

b (tm±) − DF(0)(tm±)
]

> 0
for n∂�ij

→ �j

or

{
nT

∂�ij
· [DF(i)

b (tm±) − DF(0)(tm±)
]

> 0

nT
∂�ij

· [DF(j)

b (tm±) − DF(0)(tm±)
]

< 0
or n∂�ij

→ �i.

PROOF. Application of Eq. (6.29) to Theorem 6.9 proves the theorem. �

As in Definitions 3.10 and 3.11, GmaxL
(b)
ij (tm) can be defined. The corollar-

ies of the Theorems 6.10–6.12 will be obtained when GmaxL
(b)
ij (tm) replaces

GmaxLij (tm) in Corollaries 3.4–3.6. The sufficient and necessary conditions for
the onset of the sliding, source and fragmentation bifurcations on the boundary
∂̃�ij (or ∂̂�ij ) are obtained accordingly. When the condition GmaxL

(b)
ij (tm) = 0

replaces the condition in Eqs. (6.48), (6.50) and (6.52) of the three theorems, such
bifurcation onset on the boundary ∂̃�ij (or ∂̂�ij ) will be obtained.

6.4. A friction oscillator with flow barrier

Consider a dynamic system with a nonlinear friction, but the nonlinear friction
is approximated by a piecewise linear model, as shown in Fig. 6.3. The dynamic
system consists of a mass, m, a spring of stiffness, k, and a damper of viscous
damping coefficient, r . The oscillator mass rests on the horizontal belt surface
traveling with a constant speed, V . The coordinate system (x, t) is absolute with
displacement x and time t . The periodic excitation force Q0 cos �t exerts on the
mass, where Q0 and � are the excitation strength and frequency, respectively. The
piecewise linear friction force is given by

(6.54)Ff (ẋ)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
= μ1(ẋ − V1) − μ2(V1 − V ) + FNμk, ẋ ∈ [V1,∞),

= −μ2(ẋ − V ) + FNμk, ẋ ∈ (V , V1),

∈ [−μsFN,μsFN ], ẋ = V,

= −μ3(ẋ − V ) − FNμk, ẋ ∈ (V2, V ),

= μ4(ẋ − V2) − μ3(V2 − V ) − FNμk, ẋ ∈ (−∞, V2]
where ẋ � dx/dt , the parameters (μs, μk and FN ) are static and kinetic friction
coefficients and a normal force to the contact surface, respectively. The coeffi-
cients μj (j = 1, 2, 3, 4) are the slopes for friction force with velocity. For this
problem, FN = mg and g is the gravitational acceleration. In fact, this model can
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Figure 6.3. (a) Schematic mechanical model of the friction-induced oscillator, and (b) piecewise
linear friction force model.

be applied to many mechanical problems, and the normal force can be exerted ex-
ternally. The nonfriction force per unit mass acting on the mass in the x-direction
is determined by

(6.55)Fs = A0 cos �t − 2dV − cx, for ẋ = V

where A0 = Q0/m, d = r/2m and c = k/m. For a stick motion, the nonfriction
force is less than the static friction force, i.e., |Fs | � Ffs and Ffs = μsFN/m.
The mass does not have any relative motion to the belt. Therefore, no acceleration
exists because the belt speed is constant, i.e.,

(6.56)ẍ = 0, for ẋ = V.

If the nonfriction force is greater than the static friction force on the mass (i.e.,
|Fs | > Ffs ), the nonstick motion occurs. For a nonstick motion, the total force
acting on the mass is

(6.57)F = A0 cos �t − Ffk
sgn(ẋ − V ) − 2dẋ − cx, for ẋ 
= V ;

where Ffk
= μkFN/m. Therefore, the equation of the nonstick motion for this

dynamical system with a piecewise linear friction is

(6.58)ẍ + 2dẋ + cx = A0 cos �t − Ffk
sgn(ẋ − V ), for ẋ 
= V.
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Figure 6.4. Phase plane partition and oriented boundaries.

The discontinuities of this dynamical system are caused by a jumping from static
to dynamic friction forces and piecewise linear dynamical friction model. So the
phase plane should be partitioned into four domains. The friction force jumping
will be as a main discontinuity.

Therefore the naming of the phase domains starts from the domain near the
main discontinuous boundary ẋ = V . Based on the direction of trajectories of
mass motion, the corresponding boundaries are named, as shown in Fig. 6.4. The
friction force jumping boundary and the rest boundaries are depicted by the dotted
and dashed lines, respectively. The domain naming can be arbitrarily. The four
regions are expressed by �j (j = 1, 2, 3, 4).

In phase plane, the flow and vector field for such a system are introduced as

(6.59)x � (x, ẋ)T ≡ (x, y)T and F � (y, F )T.

The named domains and the oriented boundaries are expressed by

(6.60)
�1 = {

(x, y) | y ∈ (V , V1)
}
, �2 = {

(x, y) | y ∈ (V1,∞)
}
,

�3 = {
(x, y) | y ∈ (V2, V )

}
, �4 = {

(x, y) | y ∈ (−∞, V2)
};

(6.61)∂�ij = {
(x, y) | ϕij (x, y) ≡ y − Vρ = 0

}
,

where ρ = 1 if i, j ∈ {1, 2}, ρ = 0 if i, j ∈ {1, 3}, and ρ = 2 if i, j ∈ {3, 4}.
V0 � V . The subscripts (·)ij define the boundary from �i to �j . The domains
are accessible for a certain vector field. On the boundary ∂�13 or ∂�31, the vector
fields are C0-discontinuous, but on the boundaries ∂�12 and ∂�34, the vector
fields are C0-continuous.

The equation of motion in Eqs. (6.56) and (6.58) is described as

(6.62)ẋ = F(j)(x, t), j ∈ {0, 1, 2, 3, 4}



204 Chapter 6. Discontinuous Vector Fields with Flow Barriers

where

(6.63)
F(0)(x, t) = (V , 0)T on ∂�13 or ∂�31,

F(j)(x, t) = (
y, Fj (x, t)

)T in �j (j ∈ {1, 2, 3, 4}),

(6.64)Fj (x, t) = A0 cos �t − F
(j)
fk

(x, t) − 2djy − cjx.

From Eq. (6.54), the dynamical friction forces are defined as

F
(2)
fk

(x, t) = μ1(ẋ − V1) − μ2(V1 − V ) + FNμk, ẋ ∈ [V1,∞),

(6.65)F
(1)
fk

(x, t) = −μ2(ẋ − V ) + FNμk, ẋ ∈ (V , V1),

F
(3)
fk

(x, t) = −μ3(ẋ − V ) − FNμk, ẋ ∈ (V2, V ),

F
(4)
fk

(x, t) = μ4(ẋ − V2) − μ3(V2 − V ) − FNμk, ẋ ∈ (−∞, V2].
The two force boundaries relative to V1,2 (i.e., ẋ = V1 or V2) are C0-continuous.
However, the boundary relative to the velocity V is a discontinuous force bound-
ary. Because the input flow barrier does not exist, the input flow vector fields on
the boundary ∂�13 are defined for xm ∈ ∂�αβ (α, β ∈ {1, 3})

(6.66)
F(α)

in (xm, tm) = (
y, F

(α)
in (xm, t)

)T and F
(α)
in (xm, tm−) ≡ Fα(xm, t).

The time tm represents the moment for the motion just on the separation boundary
and the time tm± = tm±0 reflects the flows in the regions instead of the separation
boundary. However, the output flow barriers on the boundary ∂�13 are for xm ∈
∂�αβ (α, β ∈ {1, 3})

(6.67)
F(α)

αβ (xm, tm−) = (
ym, F

(α)
αβ (xm, tm−)

)T
,

F
(α)
αβ (xm, tm) = F

(α)
fs

− 2dαym − cαxm.

Again, from Eq. (6.54), the static frictional forces are defined on the boundary
∂�13 as

(6.68)F
(1)
fs

= +FNμk and F
(3)
fs

= −FNμk.

Furthermore, the output flow vector fields with the output flow barriers on the
boundary the boundary ∂�13 are for xm ∈ ∂�αβ (α, β ∈ {1, 3})

F(α)
b (xm, tm−) = (

y, F
(α)
b (xm, t)

)T
,

(6.69)F
(α)
b (xm, tm−) ≡ A0 cos �tm + F

(α)
αβ (xm, tm)

= A0 cos �tm − F
(α)
fk

− 2djym − cj xm.
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From the nonsmooth dynamics theory in Luo (2005a), only on the discontinuous
force boundary ∂�αβ (α, β ∈ {1, 3}), the stick motion for ∂�αβ convex to �α is
guaranteed by

(6.70)
[
nT

∂�αβ
· F(α)(xm, tm−)

]
< 0 and

[
nT

∂�αβ
· F(β)(xm, tm−)

]
> 0

where α, β ∈ {1, 3} and α 
= β with

(6.71)n∂�αβ = ∇ϕαβ =
(

∂ϕαβ

∂x
,
∂ϕαβ

∂y

)T

(xm,ym)

.

Notice that ∇ = ∂/∂xi + ∂/∂yj is the Hamilton operator. However, the corre-
sponding necessary and sufficient conditions for the nonstick motion (or passable
motion) are for ∂�αβ convex to �α[

nT
∂�αβ

· F(α)(xm, tm−)
]

< 0 and
[
nT

∂�αβ
· F(β)(xm, tm+)

]
< 0

(6.72)for �α → �β,[
nT

∂�βα
· F(β)(xm, tm−)

]
> 0 and

[
nT

∂�βα
· F(α)(xm, tm+)

]
> 0

for �β → �α.

The second equation gives the necessary and sufficient conditions for the motion
without sliding. Once the sliding motion exists, the flow will overcome the flow
barrier into the domain �α (α = {1, 3}).

Using Eq. (6.61), Eq. (6.69) gives for i, j ∈ {1, 2, 3, 4}
(6.73)n∂�ij

= n∂�ji
= (0, 1)T.

The boundaries (∂�12 and ∂�21), (∂�13 and ∂�31) and (∂�34 and ∂�43) are
convex to �2,�1 and �3, respectively. Therefore, we have

(6.74)nT
∂�ji

· F(j)(t) = nT
∂�ij

· F(j)(t) = Fj (x, t).

With Eq. (6.74), the conditions for stick and nonstick motions in Eqs. (6.70) and
(6.72) become:

F1(xm, tm−) < 0 and F3(xm, tm−) > 0 on ∂�13;
(6.75)F1(xm, tm−) < 0 and F3(xm, tm+) < 0 for �1 → �3,

F1(xm, tm+) > 0 and F3(xm, tm−) > 0 for �3 → �1.

Owing to the flow barrier, from Theorem 6.7, the force conditions for vanishing
of the stick motions are

(6.76)
F

(1)
b (xm, tm−) < 0 and F

(3)
b (xm, tm−) = 0 for ∂�13 → �3;

F
(3)
b (xm, tm−) > 0 and F

(3)
b (xm, tm−) = 0 for ∂�13 → �1.
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The onset condition for the stick motion is

(6.77)
F

(1)
in (xm, tm−) < 0 and F

(3)
in (xm, tm+) = 0 for �1 → ∂�13;

F
(3)
in (xm, tm−) > 0 and F

(1)
in (xm, tm+) = 0 for �3 → ∂�13.

From Luo (2005a), with F(0)
αβ = (V , 0)T the grazing motion in Eq. (6.62) is guar-

anteed by the following conditions:[
nT

∂�αβ
· F(α)(xm, tm±)

] = 0, α, β ∈ {i, j} and α 
= β;
(6.78)

[
nT

∂�ij
· DF(i)(xm, tm±)

]
> 0,

[
nT

∂�ji
· DF(j)(xm, tm±)

]
< 0

for ∂�ij ∈ {∂�21, ∂�13, ∂�34}
where

(6.79)DF(i)(x, t) =
(

2Fi(x, t),∇Fi(x, t) · F(i)(x, t) + ∂Fi(x, t)

∂t

)T

.

By Eq. (6.73), we have

(6.80)
nT

∂�ij
· F(i)(x, t) = Fi(x,�t),

nT
∂�ij

· DF(i)(x, t) = ∇Fi(x,�t) · F(i)(x, t) + ∂Fi(x,�t)

∂t
.

From Eqs. (6.76) and (6.78), the force conditions for grazing motions are:

Fα(xm,�tm) = 0, α ∈ {i, j};

(6.81)∇Fi(xm,�tm±) · F(i)(xm, tm±) + ∂Fi(xm,�tm±)

∂t
> 0,

∇Fj (xm,�tm±) · F(j)(xm, tm±) + ∂Fj (xm,�tm±)

∂t
< 0

for ∂�ij ∈ {∂�21, ∂�13, ∂�34}.
To illustrate the motion with flow barriers in nonsmooth dynamic systems, the
basic mappings are introduced. With an initial condition (ti , xi, V ), the direct
integration of Eq. (6.56) yields

(6.82)x = V (t − ti ) + xi.

Substitution of Eq. (6.82) into (6.64) produces the forces for the very small-
neighborhood of the stick motion (δ → 0) in the domains �j (j ∈ {1, 3}).
Because of the static friction jumping, the input and output forces at (xm, tm)

on the boundary ∂�13 are:

(6.83)F
(j)

in (xm, tm−) = 2djV + cj

[
V (tm − ti ) + xi

] − A0 cos �tm + a
(in)
j ,
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Figure 6.5. Regular and stick mappings: (a) local and stick mappings, (b) global mappings.

(6.84)F
(j)

b (xm, tm−) = 2djV + cj

[
V (tm − ti ) + xi

] − A0 cos �tm + a
(b)
j ,

where a
(in)
1 = −a

(in)
3 = μkFN and a

(b)
1 = −a

(b)
3 = μsFN .

To develop generic mappings, the boundary should be numbered. The jumping
discontinuous force boundary is represented by 
1, the other separation bound-
aries are 
2 and 
3. The three boundaries are

(6.85)
α = 
0
α ∪ 
+

α ∪ 
−
α for α = 1, 2, 3.

The corresponding, switching planes are defined as

(6.86)
0
α = {

(xi,�ti) | ẋi (ti ) = Vρ

}
, 
±

α = {
(xi,�ti) | ẋi (ti ) = V ±

ρ

}
where V ±

σ = limδ→0(Vσ ± δ) for an arbitrarily small δ > 0 and ρ = 0, 1, 2
for α = 1, 2, 3. In phase plane, the trajectories in �j starting and ending at the
separation boundaries are sketched in Fig. 6.5. The starting and ending points for
mappings Pjβα in �j are (xi, ẋi , ti ) on 
α and (xi+1, ẋi+1, ti+1) on 
β , respec-
tively. Notice that the indices j = 1, 2, 3, 4 and α, β = 1, 2, 3 are for domains and
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boundaries. The stick mapping is P011 . Therefore, the mappings can be expressed
through the switching sets as

P111 : 
+
1

�1−→ 
+
1 , P311 : 
−

1
�3−→ 
−

1 ,

(6.87)P222 : 
+
2

�2−→ 
+
2 , P122 : 
−

2
�1−→ 
−

2 ,

P433 : 
−
3

�4−→ 
−
3 , P333 : 
+

3
�3−→ 
+

3

for the local mappings;

(6.88)
P121 : 
+

1
�1−→ 
−

2 , P112 : 
−
2

�1−→ 
+
1 ,

P331 : 
−
1

�3−→ 
+
3 , P313 : 
+

3
�3−→ 
−

1

for the global mappings;

(6.89)P011 : 
0
1

∂�13−→ 
0
1

for the stick mapping.
The governing equations for P011 and j ∈ {1, 3} are

(6.90)
−xi+1 + V (ti+1 − ti ) + xi = 0,

2djV + cj

[
V (ti+1 − ti ) + xi

] − A0 cos �t + a
(b)
j = 0.

For the nonstick motion, the governing equations of mapping Pjβα (j = 1, 2, 3, 4
and α, β = 1, 2, 3) are:

(6.91)
f

(jβα)

1 (xi,�ti, xi+1,�ti+1) = 0,

f
(jβα)

2 (xi,�ti, xi+1,�ti+1) = 0.

From the above mappings, the periodic motions for such a periodically forced,
frictional oscillator can be referred to Luo and Zwiegart (2005).

For numerical simulations, the parameters m = 5, d1,2 = 0.1, c1,2 = 30,
V = 3, V1 = 4.5, V2 = 1.5, μs = 0.5, μk = 0.4, μ1,3 = 0.1, μ2,4 = 0.5 and
g = 9.8 are used. Consider a nonstick periodic motion relative to P333 ◦ P433 for
illustration. This periodic motion does not have the intersection with the boundary
∂�13. The periodic motion switches at the boundary ∂�34. Because the friction
is continuous with the piecewise linearity as in Eq. (6.54), the total force on the
boundary ∂�34 is continuous, but the derivative of the force is discontinuous.
The phase plane, force distributions along the displacement and velocity, and the
responses of displacement, velocity and acceleration for the periodic motion rel-
ative to mapping P433333 are plotted respectively in Figs. 6.6(a)–(f) for � = 5 and
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Figure 6.6. Periodic responses of mapping P433 ◦ P333 : (a) phase plane, (b) force distribution along
displacement, (c) force distribution along velocity, (d) displacement, (e) velocity, and (f) acceleration

for � = 5 and Q0 = 70 with (�ti , xi , ẋi ) ≈ (0.0458, 3.0183, 1.50).
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Q0 = 70 with (�ti, xi, ẋi ) ≈ (0.0458, 3.0183, 1.50). The responses in �3 and
�4 are represented by the thin and dark curves, accordingly. The circular symbols
are switching points, and the gray filled symbol is the starting point of the peri-
odic motion. The arrow is the direction of the periodic motion. The phase plane
is clearly presented in Fig. 6.6(a). In Figs. 6.6(b) and (c), the force is not smooth
at the boundary ∂�34, and the corresponding acceleration in Fig. 6.6(f) is not
smooth as well. The displacement and velocity responses in Figs. 6.6(d)–(e) are
very smooth. This motion is not interacted the boundary ∂�13. In addition, the
corresponding mappings are labeled in all the plots. Once the starting is changed
to the another switching point, the mapping structure of the periodic motion be-
comes P333433 = P333 ◦ P433 . Therefore, the two mapping structures present the
same periodic motion except for the different initial conditions.

Consider a stick periodic motion relative to mapping P331011313433 . The excita-
tion frequency and amplitude � = 1 and Q0 = 70 with the initial conditions
(�ti, xi, ẋi) ≈ (0.6672, 6.5814, 1.50) are used, and the other parameters are the
same as in the first example. Again, the phase plane, force distributions along
displacement and velocity, and displacement, velocity and acceleration responses
for the periodic motion of P331011313433 are shown in Figs. 6.7(a)–(f), respectively.
For this periodic motion, the sliding motion along the boundary ∂�13 exists.
Since the friction force discontinuity on ∂�13 exists in Eq. (6.54), the discon-
tinuity of the total force can be observed on both sides of the neighborhood of
the boundary. Because the static and kinetic fraction forces are different, the flow
barriers exist. Therefore, the output force relative to the flow barriers are defined
in Eq. (6.84). F

(α)
b � F

(α)
b (xm, tm−) is depicted to observe the force criteria for

the disappearance of the stick motion. The stick motion is a straight line along the
discontinuous boundary in phase plane in Fig. 6.7(a). The force nonsmoothness
on the boundary ∂�34 between the two domains �3 and �4 is clearly observed
in Fig. 6.7(b). The input forces are continuous in the corresponding neighbor-
hoods of the two domains, thus, the input force is not presented. In Fig. 6.7(b), the
stick motion disappears at F

(3)
b = 0, which satisfies the conditions in Eq. (6.76),

and it indicates that the nonfriction force overcomes the static friction force (i.e.,
flow barriers). Furthermore, the oscillator will oscillate on the moving belt, and
the kinetic friction force is used for motion in domain �3. So the corresponding
force from zero jumps to the negative one (i.e., F3(x, t) < 0), as illustrated in
Fig. 6.7(b). Since the input force F

(3)
in > 0 and the output force F

(1)
in < 0, the

stick motion appears. The nonsmoothness of the forces on the boundary ∂�34 is
also observed. Such force characteristics of stick motion and domain switching
are presented in Fig. 6.7(c) as well. From Figs. 6.7(d) and (e), the displacement
and velocity are continuous. However, the acceleration is discontinuous at ∂�13
and nonsmooth at ∂�34 because of the force discontinuity, which is observed in
Fig. 6.7(f).
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Figure 6.7. Periodic responses of mapping P331 ◦ P011 ◦ P313 ◦ P433 : (a) phase plane, (b) force
distribution along displacement, (c) force distribution along velocity, (d) displacement, (e) velocity,

and (f) acceleration for � = 1 and Q0 = 70 with (�ti , xi , ẋi ) ≈ (0.6672, 6.5814, 1.50).



Chapter 7

Transport Laws and Mapping Dynamics

Once a real flow arrives to the discontinuous boundary, the real flow cannot pass
through the boundary, but the flow may slide on the boundary. In Chapter 6, if
the flow barrier on the separation boundary is permanent or semi-permanent one,
the flow never passes over the barrier into another accessible domain. Therefore,
a suitable transport law is required to overcome the permanent flow barrier. In ad-
dition, if the accessible domain is separated by the nonaccessible domain, a flow
from one accessible domain to another accessible one may require a transport law
to continue the flow in the global system. In this chapter, the transport law will
be introduced as a specific map which transports the flow from an accessible do-
main to another accessible domain. Once a specific transport law between the two
accessible domains is determined, the global flow in all the possible accessible
domains can continue. Further, the mapping dynamics of the global flow will be
discussed. The mapping structure will be introduced for determining complicated
periodic flows. A linear impact dynamical system will be presented for demon-
stration of the methodology to determine the global periodic flow in discontinuous
dynamical systems.

7.1. Classification of discontinuity

Consider a flow �(x, t) of Eq. (2.1) to be C1-discontinuous (or C0-continuous)
on a boundary curve ∂�ij (or hyper-surface), as shown in Fig. 7.1. For the C1-
discontinuous flow �(x, t) ≡ �(x, x0, t, t0), the points x(i) and x(j) relative
respectively to the domains �i and �j on the boundary ∂�ij are identical (i.e.,
x(i) = x(j)) for the same time tm, but the flow gradients ∇�(i)(x(i), tm±) and
∇�(j)(x(j), tm∓) on the boundary ∂�ij are different (i.e., ∇�(i)(x(i), tm±) 
=
∇�(j)(x(j), tm∓)). In the domain �i , there is a flow �(i)(x, t) from the starting
point pm−1 with coordinates x(i)

(m−1)+ ≡ x(i)(t(m−1)+) to the ending point pm with

x(i)
m+. In the domain �j , there is a flow �(j)(x, t) from the starting point pm with

coordinates x(j)
m− to the ending point pm+1 with x(j)

(m+1)−. Thus, the flow x(i) ∪x(j)

is C1-discontinuous on the boundary ∂�ij . Such a boundary ∂�ij is termed the

213
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Figure 7.1. The C1-discontinuous flow �(x, t) on the boundary ∂�ij (or hyper-surface). The largest
circle symbol is the connecting set.

C1-discontinuous one for such a discontinuous system. The C1-dynamical sys-
tem is also called the nonsmooth dynamical system in mechanical engineering
because the trajectory is continuous. The mathematical definition is given as fol-
lows:

DEFINITION 7.1. For a discontinuous system in Eq. (2.1), once the flow x(α)(t)

(α ∈ {i, j}) arrives to the boundary xm ∈ ∂�ij at time tm, the boundary ∂�ij is
termed the first-order derivative discontinuous (or C1-discontinuous) boundary of
the flow x(α)(t) ∪ x(β)(t) (β ∈ {i, j}, α 
= β) in Eq. (2.1) if

(7.1)x(α)(tm−) = xm = x(β)(tm+),

(7.2)∇�(α)
(
x(α), tm−

) 
= ∇�(β)
(
x(β), tm+

)
.

The singularity and dynamics on discontinuous dynamical systems with such a
discontinuous boundary has been discussed in Chapters 2–6. Even if the perma-
nent flow barrier exists, the flow may slide on the boundary, but the flow cannot
pass through the boundary and into the domain with the permanent flow barrier.
For this case, usually, no transport law on the boundary exists. For special pur-
poses, the transport laws can be added on such a discontinuous boundary, which
will be discussed later. From Chapter 6, once the input barrier f(α)

αβ (xm, tm±) is

very large (i.e., f(α)
αβ (xm, tm±) → ∞), the vector field f(α)(xm, tm±) cannot over-

come the input barrier f(α)
αβ (xm, tm±) to get on the boundary ∂�ij . The incoming

flow x(α)(t) of Eq. (2.1) to the boundary ∂�ij can return back into the domain �α
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until the vector field changes the direction or the incoming flow can be transported
to the different domain by a certain transport law. The mathematical description
is given as follows:

DEFINITION 7.2. For an incoming flow x(α)(t) (α ∈ {i, j}) in Eq. (2.1) ap-
proaching to the boundary xm ∈ ∂�ij at time tm, there is an input flow barrier

f(α)
αβ (xm, tm±) (β ∈ {i, j}, α 
= β) on the α-side of the boundary ∂�ij . The bound-

ary ∂�ij to the incoming flow x(α)(t) is permanently-nonpassable if the vector
field cannot overcome the flow barrier, i.e.,

(7.3)
∥∥F(α)

∥∥ <
∥∥f(α)

αβ

∥∥ for all xm ∈ ∂�ij and tm.

To extend the Definition 7.2, the definition of the forbidden boundary is presented.
Once the forbidden boundary exists, the transport law must exist for the motion
from one domain to another one.

DEFINITION 7.3. For two incoming flow x(α)(t) (α ∈ {i, j}) in Eq. (2.1) ap-
proaching to the boundary xm ∈ ∂�ij at time tm, there are two input flow barriers

f(α)
αβ (xm, tm±) (β ∈ {i, j}, α 
= β) on the both sides of the boundary ∂�ij . The

boundary ∂�ij for the flow x(α)(t) ∪ x(β)(t) is forbidden if the boundary ∂�ij to
both of the incoming flows x(α)(t) (α ∈ {i, j}) is permanently-nonpassable.

Consider a separation boundary ∂�ij to be permanently-nonpassable. In a do-
main �α (α ∈ {i, j}), the discontinuous boundary set is defined by ∂�

(α)
ij . The

discontinuous boundary set ∂�
(α)−
ij represents just before the flow arrives to the

boundary, and ∂�
(α)+
ij just after the flow leaves the boundary. The connecting

set for the two discontinuous boundary sets is denoted by �
(α)
ij . Therefore, a

α-side boundary ∂�
(α)
ij = ∂�

(α)−
ij ∪ ∂�

(α)+
ij ∪ �

(α)
ij exists. For any permanently-

nonpassable boundary, there is at least a transport law to map the flow passing
over the connecting set or to another domain. However, the incoming flow xα to
the boundary ∂�

(α)
ij will stay on the boundary until the vector field F(α)(xm, tm)

changes its direction with varying tm. The hyperbolic and parabolic phase por-
traits in vicinity of a forbidden boundary are depicted in Fig. 7.2.

The forbidden boundary is expressed through a forbidden zone. In fact, the
width of the fictional forbidden zone is zero. To cross over the forbidden zone,
a transport law should be exerted. If points x(i) and x(j) on the boundary for the
same time tm are different (i.e., �(i)(x(i)

m , tm) 
= �(j)(x(j)
m , tm)), the discontinu-

ous system is C0-discontinuous on the boundary. The relationship is determined
through at least a certain transport law, which will be discussed in the next sec-
tion. The mathematical definition for such a discontinuous boundary is given as
follows.
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Figure 7.2. (a) Hyperbolic and (b) parabolic phase portraits in vicinity of the forbidden discontinuous
boundary ∂�ij without a discontinuous law. The largest, solid circular circle is the connecting set �

(α)
ij

(α ∈ {i, j}). The largest solid curves with circular symbols are the discontinuous boundary set. The
forbidden zone is fictitious.

DEFINITION 7.4. For a discontinuous system in Eq. (2.1), once the flow x(α)(t)

(α ∈ {i, j}) arrives to the boundary xm ∈ ∂�ij at time tm, the boundary ∂�ij is
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Figure 7.3. (a) Sink and (b) source domains �i . The white subdomains are accessible. The gray
subdomains are inaccessible domain. The sink and source domain is shaded.

termed the zero-order derivative discontinuous (or C0-discontinuous) boundary
of the flow x(α)(t) ∪ x(β)(t) (β ∈ {i, j}, α 
= β) in Eq. (2.1) if for time tm

(7.4)x(α)(tm−) ∈ ∂�ij and x(β)(tm+) ∈ ∂�ij ,

(7.5)�(α)
(
x(α), tm−

) 
= �(β)
(
x(β), tm+

)
.

To explain the above two concepts geometrically in phase space, the sink and
source domains are sketched through the shaded area in Fig. 7.3. The neigh-
bored subdomains include the accessible and inaccessible subdomains, which
are depicted through the white and gray colors, respectively. The boundaries be-
tween the accessible and inaccessible domain are permanently-nonpassable. For
the sink domain, the flows to its passable boundaries are towards the inside of
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the domain, as shown in Fig. 7.3(a). However, for the source domain, the flows
to its boundaries are towards the outside of domain, as shown in Fig. 7.3(b). If
all the neighbored subdomains of the accessible domain �i are inaccessible, the
corresponding boundaries of �i should be permanently-nonpassable. If flows in
domain �i pass over the boundary and into the other nonadjacent accessible do-
mains, at least one transport law should be exerted.

If all the neighbored subdomains of the accessible domain �i are accessible
and the corresponding boundaries of �i are semi-passable only in one direction,
then the accessible domain �i is sink or source. Consider a closed accessible do-
main �i as an example for illustration. The sink and source domains are sketched
in Figs. 7.4(a) and (b) for a better understanding of the above definitions. The
solid closed surface is the boundary of the closed domain �i . The arrows are the
flow going in the sink domain and out the source domain, respectively. This con-
cept already extended the source and sink of equilibrium in continuous dynamical
systems. For the inside of the two domains, there is a continuous dynamic system.
In mechanical systems, there are two kinds of semi-passable boundary at the same
time to make a flow get into and out the domain.

DEFINITION 7.5. The accessible domain �α ⊂ � for discontinuous dynam-
ical systems in Eq. (2.1) is termed a sink domain if for all the corresponding
boundaries of �α with all the neighbored domains �β , except for permanently-
nonpassable boundaries, the rest of the boundaries of �α must be semi-passable−−→
∂�βα .

DEFINITION 7.6. The accessible domain �α ⊂ � for discontinuous dynamical
systems in Eq. (2.1) is termed a source domain if for all the corresponding bound-
aries of �α with all neighbored domains �β , except for permanently-nonpassable
boundaries, the rest of the boundaries of �α must be semi-passable

−−→
∂�αβ .

7.2. Transport laws

Before discussing transport laws on the discontinuous boundary ∂�ij , the input
and output boundaries are first introduced herein.

DEFINITION 7.7. For a discontinuous system in Eq. (2.1), the discontinuous
boundary ∂�ij to which only the flow in the subdomain �α (α ∈ {i, j}) arrives

is termed the α-side input boundary ∂�
↓α
αβ (β ∈ {i, j} and α 
= β).

DEFINITION 7.8. For a discontinuous system in Eq. (2.1), the discontinuous
boundary ∂�ij on which only a flow leaves for the subdomain �α (α ∈ {i, j}) is

termed the α-side output boundary ∂�
↑α
βα (β ∈ {i, j} and α 
= β).
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Figure 7.4. Two closed accessible domains: (a) sink and (b) source. The solid closed curve is the
boundary of the closed accessible domain �i . The arrows are the flow going into the sink domain and

going out the source domains, respectively.

From the above two concepts, whatever the boundary is semi-passable (i.e.,−−→
∂�ij ) or nonpassable (i.e., ∂�ij ), only if the flow in the corresponding domain can
come to the boundary, this boundary is defined the input boundary. On the other
hand, only if the flow can leave this boundary into the corresponding domain, the
boundary is called the output boundary.

To restrict our discussion, the investigation focuses on making the flow contin-
uous on the C0-discontinuous boundaries. Consider a C0-discontinuous boundary
to be the part of the boundary for the unbounded, universal domain first. Since the
universal domain is unbounded, the boundary is located at the infinity. For such a
case, no transport rule or law is required. Hence, a more strict description is given:
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Figure 7.5. (a) Unbounded and (b) bounded domains �i . The white subdomains are accessible. The
gray subdomains are inaccessible domain. The shaded domain is a specified accessible domain.

DEFINITION 7.9. Under Assumptions (A1)–(A3), if the discontinuous dynamic
system of Eq. (2.1) in an unbounded domain �i possesses a bounded flow, there
are no any discontinuous laws which can be exerted on the boundary ∂�i∞ =
�i ∩ � 
= ∅.

To show the above definition intuitively, the boundaries for unbounded and
bounded, universal domains are sketched in Fig. 7.5 through the dotted and
solid curves, respectively. The white subdomains are accessible. The gray sub-
domains are inaccessible. The shaded domain is a specified accessible domain.
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From Assumptions (A2)–(A3) in Chapter 2, the flow in the unbounded subdo-
main �i must be bounded because of ∂�i∞ = �i ∩ � 
= ∅ to make physical
flows in the entire discontinuous system exist. For a bounded, universal domain
�, there is a common boundary ∂�i∞ = �i ∩ � 
= ∅ between the domain �

and �i is nonpassable. If the common boundary ∂�i∞ possesses at least a pair
of the input and output sub-boundaries on the i-side of ∂�i∞ (i.e., ∂�

↓i
i∞ and

∂�
↑i
i∞). On the nonpassable boundary, there is at least a transport law to map

the input discontinuous boundary into the output discontinuous boundary. If the
boundary ∂�i∞ is the input or output boundary, a transport law on the boundary
must exist to map ∂�i∞ as an input boundary into an output boundary or to map
an input boundary into ∂�i∞ as an output boundary. Otherwise, the input bound-
ary becomes an attractive boundary set (i.e., “blackhole”), or the output boundary
becomes source to repel the flow.

For the boundary ∂�i∞, the input and output boundaries of flow are repre-
sented by ∂�

↓i
i∞ and ∂�

↑i
i∞, respectively. A singular set �

(i)
i∞ connects the input

and output boundaries. The transport law between the input and output boundaries
is given through the following definition.

DEFINITION 7.10. For a discontinuous system in Eq. (2.1), under Assumptions
(A1)–(A3), there is a flow x(i) ∈ �i with a common boundary

(7.6)∂�i∞ =
ji⋃

j=1

(j)∂�
↓i

i∞ ∪
ki⋃

k=1

(k)∂�
↑i

i∞ ∪
ni⋃

n=1

(n)�
(i)

i∞

where {ji, ki, ni} are the maximum numbers of the input and output boundaries

and connecting sets. A map (jk)T i∞ transporting a point (j)x
(i)

m− ∈ (j)∂�
↓i

i∞ to

a point (k)x
(i)

m+ ∈ (k)←−−
∂�

↑i

i∞ for time tm without time consumption is termed the
transport law on the common boundary ∂�i∞, i.e.,

(7.7)(jk)T i∞ : (j)x
(i)

m− → (k)x
(i)

m+,

which is governed by the (n − 1)-dimensional one-to-one vector function gi∞ ∈
�n−1 as

(7.8)gi∞
(
(j)x

(i)

m−, (k)x
(i)

m+, p(i∞)
) = 0 on ∂�i∞

with a parameter vector p(i∞) ∈ �ki relative to the boundary ∂�i∞.

The transport law on the common boundary ∂�i∞ can be explained geomet-
rically in Fig. 7.6 through the dashed curve arrow. The white circular points are
for transporting from the input onto output boundaries of the common bound-
ary. The transport law can be given to discontinuous dynamical systems, or can
generically exist in discontinuous dynamical systems. For example, the ball mo-
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Figure 7.6. Transport law on the common boundary ∂�i∞. The white and gray areas are ac-
cessible and inaccessible domains, respectively. The arrows represents the flow input and output
sub-boundaries on ∂�i∞. The dark circular symbols are connecting sets, and the white circular points

are for flow transporting.

tion in an impact damper is discontinuous. The boundary of the impact damper is
discontinuous. The impact law is a transport law to map the motion on the input
boundary onto the output boundary. The ball motion in the impact damper can be
referred to Masri and Caughey (1966), Masri (1970) and Han et al. (1995).

Consider (j)x
(i)

m− ∈ (j)∂�
↓i

i∞ ⊂ �n−1 on the i-side, input boundary, which

is satisfy (j)ϕi∞((j)x
(i)

m−, tm−) = 0. Because the function for the separation

boundary is unique, one of the n-components in (j)x
(i)

m− can be expressed by

the (n − 1)-components. Similarly, for (k)x
(i)

m+ ∈ (k)∂�
↑i

i∞ ⊂ �n−1 on the i-

side, output boundary, the boundary function (k)ϕi∞((k)x
(i)

m+, tm+) = 0 should

be satisfied. One of the n-components in (k)x
(i)

m+ can also expressed by the other

(n − 1)-components. Therefore, the transport law for mapping point (j)x
(i)

m− to
(k)x

(i)

m+ should be a one-to-one, (n − 1)-dimensional vector function. It indicates
the flow through this transport law is one-to-one. In Definition 7.10, the transport
law is defined on the same domain with the input and output boundaries. The
transport law between the boundaries of two separated, accessible subdomains is
defined in the following way:

DEFINITION 7.11. For a discontinuous system in Eq. (2.1), under Assumptions
(A1)–(A3), two accessible domains �α (α ∈ {i, j}) exist. For two flows x(α) ∈
�α , there is a map T ∞

ij transporting a point x(i)
m− ∈ ∂�

↓i
i∞ to the point x(j)

m+ ∈
∂�

↑j
j∞ for time tm without time consumption is termed the transport law from
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Figure 7.7. The transport laws mapping from (a) the output to input boundaries to the two separated
domains, and (b) the source to sink domains on the common boundary ∂�α∞ (α ∈ {i, j}).

∂�
↑i
i∞ to ∂�

↑j
j∞, i.e.,

(7.9)T ∞
ij : x(i)

m− → x(j)
m+,

which is governed by the (n − 1)-dimensional one-to-one vector function g∞
ij ∈

�n−1 as

(7.10)g∞
ij

(
x(i)
m−, x(j)

m+, p∞
ij

) = 0 from ∂�
↓i
i∞ to ∂�

↑j
j∞

with a parameter vector p∞
ij ∈ �k∞

ij .
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This transport law is noninvertible. However, the transport law from the output
boundary to the input boundary of two separated, accessible, subdomains is pre-
sented in Fig. 7.7. If the output and input boundaries of two separated domains are
closed surfaces, the transport law will transport the flow from the source domain
into the sink one. The transport law implies that the flows between two accessible,
sub-systems can be exchanged. The above discussion about the transport law is
relative to the common boundary between the subdomain and the universal do-
main. The further discussion is about the transport law on the regular boundary
between two accessible subdomains. The transport law on the boundary between
the two accessible subdomains will be discussed first, and then the generalized
transport law on the boundaries between the accessible and/or inaccessible do-
mains will be discussed.

DEFINITION 7.12. For a discontinuous system in Eq. (2.1), under Assumptions
(A1)–(A3), two adjacent accessible domains �α (α ∈ {i, j}) exist. A map Tiβ

transporting x(i)
m− ∈ ∂�

↓i
ij to x(β)

m+ ∈ ∂�
↑β
αβ (β ∈ {i, j} and α 
= β) with x(i)

m− 
=
x(β)
m+ is termed a transport law from ∂�

↓i
ij to ∂�

↑β
αβ , i.e.,

(7.11)Tiβ : x(i)
m− → x(β)

m+
which is governed by the (n − 1)-dimensional one-to-one vector function giβ ∈
�n−1 as

(7.12)giβ

(
x(i)
m−, x(β)

m+, pαβ
ij

) = 0 on ∂�
↓i
ij and ∂�

↑β
αβ

with a parameter vector p(αβ)
ij ∈ �k

αβ
ij .

The transport laws for the C0-discontinuous flow �(x, t) on the boundary ∂�ij

are sketched in Fig. 7.8 for explaining the above definition. In the domain �α

(α ∈ {i, j}), there is a flow �(α)(x, t) from the starting point x(α)
κ to the ending

point x(β)

κ+1 where k ∈ {m − 1,m,m + 1}. Note that the superscripts “−” and
“+” represent before and after the transport on the boundary. The dashed curves
represent the transport law on the boundary. The solid thin curves represent the
subdomains. In Fig. 7.8(a), the transport laws are given by the following two
equations,

(7.13)Tij : x(i)
m− → x(i)

m+ on
−−→
∂�ij ;

(7.14)Tji : x(j)

(m+1)− → x(i)
(m+1)+ on

←−−
∂�ij .

The two transport laws transport the flow on the same boundary with differ-
ent domains. For the transport law Tij , ∂�

↓i
ij , ∂�

↑j
ij ⊂ −−→

∂�ij are for the C0-
discontinuous system on the semi-passable boundary

−−→
∂�ij . However, for the
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Figure 7.8. Transport laws for the C0-discontinuous flow �(x, t) on the boundary ∂�ij : (a) from

�α to �β on ∂�
↓α
αβ (α, β ∈ {i, j} and α 
= β), and (b) from ∂�

↓i
ij

to ∂�
↑i
j i

.

transport law Tji , ∂�
↓j
ij , ∂�

↑i
ij ⊂ ←−−

∂�ij . To make the expression different from
nonpassable boundary, the input and output boundary of

−−→
∂�ij can be expressed

by
−−→
∂�

↓i
ij and

−−→
∂�

↑j
ij , respectively. The input and output boundaries of ∂�ij can

also be expressed accordingly, by ∂�
↓i
ij and ∂�

↑j
ij . Without the transport law, the

flow passability is the same as in Chapters 2–6. In Fig. 7.8(b), the transport law
maps a point x(i)

m− ∈ ∂�
↓i
ij ⊂ −−→

∂�ij to the point x(i)
m+ ∈ ∂�

↑i
ij ⊂ ←−−

∂�ij at time tm
without time consumption, i.e.,

(7.15)Tii : x(i)
m− → x(i)

m+ on the side of �i for
←→
∂�ij .



226 Chapter 7. Transport Laws and Mapping Dynamics

After transported, the flow is still on the side of �i . That is, the motion cannot pass
over the boundary ∂�ij into the domain �j since the transport law causes the mo-
tion into the returning semi-passable boundary to avoid the flow in the domain �j .
The discontinuous transport law causes the passable boundary equivalent to the
nonpassable boundary. Once Definition 7.12 is extended, the transport law maps
the one accessible domain boundary to another nonadjacent domain boundary.
A similar definition can be given as follows:

DEFINITION 7.13. For a discontinuous system in Eq. (2.1), under Assumptions
(A1)–(A3), there are two nonadjacent accessible domains �i and �l with the
corresponding i-side input and l-side output boundaries ∂�

↓i
ij and ∂�

↑l
kl . A map

Til transporting x(i)
m− ∈ ∂�

↓i
ij to x(l)

m+ ∈ ∂�
↑l
kl with x(i)

m− 
= x(l)
m+ for time tm without

the time consumption is termed a transport law from ∂�
↓i
ij to ∂�

↑l
kl , i.e.,

(7.16)Til : x(i)
m− → x(l)

m+
which is governed by the (n − 1)-dimensional one-to-one vector function gil ∈
�n−1 as

(7.17)gil

(
x(i)
m−, x(l)

m+, pkl
ij

) = 0 on ∂�
↓i
ij and ∂�

↑k
kl

with a parameter vector p(kl)
ij ∈ �kkl

ij .

The Definition 7.12 is the special case of Definition 7.13 when k, l ∈ {i, j} and
k 
= l. From this definition, it is not necessary to require the domains �j and
�k to be accessible. They can be accessible, or inaccessible or universal domain.
This definition is illustrated in Fig. 7.9. As in Section 7.1, the boundary may be
permanently nonpassable. To continue the flow in the entire discontinuous system,
the transport law should be exerted. In the above transport laws, the mappings
are time-independent. For time-dependent transport laws, they are as similar as
regular dynamical systems. The difference lies in that the flow of the transport
law is given instead of being determined by the differential equations. Therefore,
the time-dependent transport law is introduced as:

DEFINITION 7.14. For a discontinuous system in Eq. (2.1), under Assumptions
(A1)–(A3), there are two nonadjacent accessible domains �i and �l with the
corresponding i-side input and l-side output boundaries ∂�

↓i
ij and ∂�

↑l
kl . A map

t T il transporting x(i)
m− ∈ ∂�

↓i
ij with time tm to x(l)

(m+1)+ ∈ ∂�
↑l
kl with tm+1 is

termed a transport law from ∂�
↓i
ij to ∂�

↑l
kl with a given time difference 	t =

tm+1 − tm, i.e.,

(7.18)t T il :
(
x(i)
m−, tm

) → (
x(l)
(m+1)+, tm+1

)
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Figure 7.9. A generalized transport laws from ∂�
↓i
ij

to ∂�
↑l
kl

for the C0-discontinuous flow.

which is governed by a vector function with two components

(7.19)tgil

(
x(i)
m−, x(l)

m+, pkl
ij , tm, tm+1

) = 0 on ∂�
↓i
ij and ∂�

↑k
kl

with a parameter vector p(kl)
ij ∈ �kkl

ij .

7.3. Mapping dynamics

For a discontinuous system, if a flow just in the single subdomain cannot be in-
tersected with any discontinuous boundary, such a case will not be discussed in
this book. This is because the characteristics of such a flow can be determined by
the continuous dynamical system theory. The main focus of this chapter is to de-
termine the dynamical properties of global flows intersected with discontinuous
boundaries in discontinuous dynamical systems. To do so, the naming of subdo-
mains and boundaries in discontinuous dynamic systems is very crucial. Once the
domains and boundaries in discontinuous dynamical systems are named, the map-
pings and mapping structures for the global flow in such discontinuous dynamical
systems can be developed. Therefore, consider a universal domain � with M-
subdomains in phase space, and N -boundaries among the M-subdomains with
the universal domains. In the previous discussion, the boundaries are expressed
by the neighbored domains. For example, ∂�IJ is the boundary between the sub-
domains �I and �J . To define the maps, the switching surfaces relative to the
boundary should be named, and the domain should be named. The naming of
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Figure 7.10. Naming subdomains and boundaries: the dotted routine for the order of naming for
subdomains, and the solid routine for switching surfaces.

switching surfaces and subdomains can be independent. In Fig. 7.10, the subdo-
mains are named through a dotted routine, and the switching planes are named by
a solid routine. In fact, the naming of the subdomains and the switching planes
are arbitrary. Consider all the subdomains and the switching surfaces expressed
by �J (J = 1, 2, . . . ,M) and �α (α = 1, 2, . . . , N), respectively. The switching
plane �α (α = 1, 2, . . . , N) defined on the boundary ∂�IJ (I, J = 1, 2, . . . ,M)

are given by

(7.20)�α = {
(ti , xi ) | ϕIJ (xi , ti ) = 0 for time ti

} ⊂ ∂�IJ .

The local mapping relative to the switching sets �α through the dynamical system
in the subdomain �J is

(7.21)PJαα : �α → �α.

The global mapping starting on the switching sets �α and ending on one of the
rest switching sets �β (β 
= α) relative to the subdomain �J is

(7.22)PJαβ : �α → �β.

The sliding mapping on the switching sets �α governed by the boundary
ϕIJ (x, t) = 0 is defined by

(7.23)P0αα : �α → �α.

Notice that no mapping can be defined for the inaccessible domain. For simplicity,
the following notation for mapping is introduced:

(7.24)Pnk ···ni ···n2n1 = Pnk
◦ · · · ◦ Pni

◦ · · · ◦ Pn2 ◦ Pn1
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where all the local and global mappings are

(7.25)Pni
∈ {

PJαβ | α, β ∈ {1, 2, . . . , N}, J ∈ {0, 1, 2, . . . ,M}}
for i ∈ {1, 2, . . . , k}. The rotation of the mapping of periodic motion in order
gives the same motion (i.e., Pn1n2···nk

, Pn2···nkn1, . . . , Pnkn1···nk−1 ), and only the
selected Poincaré mapping section is different. The motion of the m-time repeat-
ing of mapping Pn1n2···nk

is defined as

P m
nk ···n2n1

≡ P(nk ···n2n1)
m ≡ P(nk · · · n2n1) · · · (nk · · · n2n1)︸ ︷︷ ︸

m

(7.26)≡ (Pnk
◦ · · · ◦ Pn2 ◦ Pn1) ◦ · · · ◦ (Pnk

◦ · · · ◦ Pn2 ◦ Pn1)︸ ︷︷ ︸
m sets

.

To extend this concept to the local mapping, define

(7.27)P m
nl ···nj

≡ P(nl ···nj )m ≡ (Pnl
◦ · · · ◦ Pnj

) ◦ · · · ◦ (Pnl
◦ · · · ◦ Pnj

)︸ ︷︷ ︸
m sets

where the local mappings are

(7.28)Pnj1
∈ {

PJαα | α ∈ {1, 2, . . . , N}, J ∈ {0, 1, 2, . . . ,M}}
for j1 ∈ {j, . . . , l}. Notice that the J th subdomain for the local mappings should
be the neighbored domains of the switching set �α . For a special combination of
global and local mapping, introduce a mapping structure

Pnk ···(nl ···nj )m···n2n1 ≡ Pnk
◦ · · · ◦ P m

nl ···nj
◦ · · · ◦ Pn2 ◦ Pn1

(7.29)
= Pnk

◦ · · · ◦ (Pnl
◦ · · · ◦ Pnj

) ◦ · · · ◦ (Pnl
◦ · · · ◦ Pnj

)︸ ︷︷ ︸
m sets

◦ · · · ◦ Pn2 ◦ Pn1 .

From the definition, any global flow of the dynamical systems in Eq. (2.1) can be
very easily managed through a certain mapping structures accordingly. Further,
all the periodic flow of such a system in Eq. (2.1) can be investigated.

For a subdomain �J , the flow is given by

(7.30)x(J ) = �(J )
(
t, x(J )

0 , t0
) ∈ �n.

Consider an initial condition to be chosen on the discontinuous boundary relative
to the switching plane �α (i.e., (xi , ti )). Once a flow in the subdomain �J for time
ti+1 > ti arrives to the boundary with the switching plane �β (i.e., (xi+1, ti+1)),
Eq. (7.30) becomes

(7.31)x(J )
i+1 = �(J )

(
ti+1, x(J )

i , ti
) ∈ �n.

The foregoing vector equation gives the relationships for mapping PJαβ , which
maps the starting point (xi , ti ) to the final point (xi+1, ti+1) in the subdomain
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�J . For an n-dimensional dynamical system, Eq. (7.31) gives n scalar equa-
tions. For one-degree-of-freedom systems, two scalar algebraic equations will be
given. For a sliding flow on the switching plane �α , the sliding mapping P0αα

with starting and ending points (xi , ti ) and (xi+1, ti+1). Consider an (n − 1)-
dimensional boundary ∂�IJ , on which the switching set �α is defined. For
the sliding mapping P0αα : �α → �α , the starting and ending points satisfy
ϕIJ (xi , ti ) = ϕIJ (xi+1, ti+1) = 0. The sliding dynamics on the boundary can
be determined by Eq. (3.6), i.e.,

(7.32)ẋ = F(0αα)
IJ (x, t) ∈ �n−1 on ∂�IJ .

With the starting point (xi , ti ), Eq. (7.32) gives

(7.33)x = G(0αα)(t, xi , ti ) and ϕIJ (x, t) = 0.

From the vanishing conditions of the sliding motion on the boundary, at the ending
point, Eq. (7.33) should be satisfied and the normal vector field product should be
zero. Therefore the sliding mapping P0αα on the boundary with ϕIJ (xi+1, ti+1) =
0 will be governed by

(7.34)
xi+1 = G(0αα)(ti+1, xi , ti ) ∈ �n−1,

nT
∂�IJ

· F(σ )(xi+1, ti+1) = 0, σ ∈ {I, J }.
Equation (7.34) can be rewritten in a general form of

(7.35)x(0αα)
i+1 = �(0αα)

(
ti+1, x(0αα)

i , ti
) ∈ �n.

The transport law can be defined as a transport mapping as PTαβ : �α → �β .
Similarly, using ti+1 − ti = 	 the transport law gives

(7.36)x(Tαα)
i+1 = �(Tαα)

(
ti+1, x(Tαα)

i , ti
) ∈ �n.

For practical computations, the transport law is not necessary to be treated as
mapping. Once all the single mappings are determined by the corresponding gov-
erning equation. Because of the global flow on the discontinuous boundary in
phase space, a new vector y = (t, x)T is selected on the boundary. Through the
new vectors and boundaries, the global flow based on the mapping structure is
expressed by

(7.37)yi+r = Pnk ···(nl ···nj )m···n2n1 yi

where r is the total number of mapping actions in the mapping structure. For a
global periodic flow, the periodicity conditions are required by

(7.38)(ti+r , xi+r ) = (ti + NT, xi )
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where N is positive integer, and T is period of system in Eq. (2.1). For system
without external periodic vector fields, the flow with a certain time difference
returns to the selected reference plane, which will be a periodic motion. The gov-
erning equations for Eq. (7.37) are

(7.39)
x(σ )
i+ρ = �(J )

(
ti+ρ, x(σ )

i+ρ−1, ti+ρ−1
)
,

ϕIJ

(
x(σ )
i+ρ−1, ti+ρ−1

) = 0

for σ ∈ {n1, n2, . . . , nk}, ρ ∈ {1, 2, . . . , r} and I, J = 1, 2, . . . ,M .
The global periodic flow relative to the mapping structure Pnk ···(nl ···nj )m···n2n1

will be determined by Eqs. (7.38) and (7.39). The global periodic flow may be sta-
ble and unstable. The corresponding stability analysis can be completed through
the traditional local stability analysis. For the periodic flow with sliding motion,
the local stability analysis may not be useful. The sliding criteria in Chapter 3
should be employed. Although the local stability analysis can be carried out,
it cannot provide enough information to judge the disappearance of the certain
global, periodic flow. For the local stability analysis of the periodic flow, the all
switching points are given by (x(σ )

i+ρ−1, t
(σ )
i+ρ−1) and the corresponding perturba-

tions δy(σ )
i+ρ−1 = (δx(σ )

i+ρ−1, δt
(σ )
i+ρ−1)

T are adopted. The perturbed equation for the
stable analysis is

(7.40)δyi+r = DPnk ···(nl ···nj )m···n2n1δyi ,

and the Jacobian matrix is

(7.41)
DPnk ···(nl ···nj )m···n2n1 = DPnk

· · · · · (DPnl
· · · · · DPnj

)m · · · · · DPn2 · DPn1 .

For each single mapping,

(7.42)DPσ =
[

∂(x(σ )
i+ρ, ti+ρ)

∂(x(σ )
i+ρ−1, ti+ρ−1)

]
(x(σ )

i+ρ ,ti+ρ)

for σ ∈ {n1, n2, . . . , nk}, ρ ∈ {1, 2, . . . , r} and I, J = 1, 2, . . . ,M . The follow-
ing determinant gives the all eigenvalues to determine the stability, i.e.,

(7.43)|DPnk ···(nl ···nj )m···n2n1 − λI| = 0.

If the magnitude of each eigenvalue λj (j = 1, . . . , s) is less than one (i.e.,
|λj | < 1), the periodic flow determined by Eqs. (7.38) and (7.39) is stable. If
at least one of the magnitudes of s eigenvalues is greater than one (i.e., |λj | >

1, j ∈ {1, . . . , s}), the periodic flow is unstable. If all the eigenvalues are on the
unit circle, the periodic flow is spectrally stable.

The mapping dynamics is to develop the mapping structure for aspecific mo-
tions in nonlinear dynamical system. The mapping structure technique is the
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Figure 7.11. Mechanical model of the piecewise linear impacting oscillator.

extension of the shooting method. For complicated motions, the shooting method
may have difficulties. The details on the shooting approach can be found in
Levinson (1949).

7.4. An impacting piecewise system

Consider a periodically forced piecewise linear oscillator with impacting at two
displacement boundaries in Fig. 7.11. In this system, three masses mJ (J =
1, 2, 3) are connected with the corresponding dampers with coefficients dJ and
springs of stiffness kJ . The external forcing Q0 cos �t acts on the primary mass
m2 where Q0 and � are excitation amplitude and frequency, respectively. The
displacement measured from the equilibrium position is denoted by x. To develop
this model for transmission gear systems, the following hypotheses are used:

(H1) The two second masses mJ (J = 1, 3) are stationary before impact with
the primary mass m2.

(H2) The impact between the primary mass m2 and the second mass mJ (J =
1, 3) is perfectly plastic at two displacement boundaries. During impacting
at the separation boundaries, time is invariant.

(H3) Once the primary and second masses return back to the displacement
boundary, the second mass mJ (J = 1, 3) is separated with the primary
mass m2.

After and before impacts, the motion of the system has been changed. There-
fore, three equations of motion will be used to describe the entire dynamical
system. The equations of motion for this system are:

(7.44)ẍ + 2dJ ẋ + cJ x = AJ cos �t − bJ , J ∈ {1, 2, 3}
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Figure 7.12. Phase domain partition and boundaries.

where

(7.45)
AJ = Q0

m2 + mJ (1 − δ2
J )

, cJ = k2 + kJ (1 − δ2
J )

m2 + mJ (1 − δ2
J )

,

dJ = d2 + dJ (1 − δ2
J )

m2 + mJ (1 − δ2
J )

, bJ = (2 − J )kJ EJ

m2 + mJ (1 − δ2
J )

.

Note that the Kronecker function δJ
I = 0 for I 
= J and δJ

I = 1 for I = J . The
three subdomains in phase space for the discontinuous system in Eq. (7.44) are
defined as

(7.46)� =
3⋃

J=1

�J

where

�1 = {
(x, y) | x ∈ [E1,∞), y ∈ (−∞,∞)

}
,

(7.47)�2 = {
(x, y) | x ∈ [−E2, E1], y ∈ (−∞,∞)

}
,

�3 = {
(x, y) | x ∈ (−∞,−E2], y ∈ (−∞,∞)

}
.

The corresponding separation boundaries are defined as

∂�12 = −−→
∂�12 ∪ ←−−

∂�12 ∪ (E1, 0) = �1 ∩ �2

(7.48)= {
(x, y) | ϕ12(x, y) ≡ x − E1 = 0

}
,

∂�23 = −−→
∂�23 ∪ ←−−

∂�23 ∪ (−E2, 0) = �2 ∩ �3
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= {
(x, y) | ϕ23(x, y) ≡ x + E2 = 0

}
.

For a better illustration of the above definition, the subdomains and boundaries
are shown in Fig. 7.12. From the above definitions, Eqs. (7.44) and (7.45) give

(7.49)ẋ = F(J )(x, t) for J ∈ {1, 2, 3}
where x = (x, y)T and

(7.50)F(j)(x, t) = (y,−2dJ y − cJ x − bJ + Q0 cos �t)T in x ∈ �J .

From three assumptions and momentum conservation, the transport law for this
discontinuous dynamical system is given by

(7.51)y(tm+) = μIJ y(tm−) on ∂�IJ

where tm− and tm+ are times of before and after impacts, and

(7.52)μ12 = m2

m1 + m2
, μ23 = m2

m2 + m3
.

Using Eq. (7.48), the normal vector of the discontinuous boundary is

(7.53)n∂�12 = n∂�23 = (1, 0)T.

The normal vectors of the boundary indicate the separation boundary convex to
the direction of the x-direction in phase space. That is, the boundaries ∂�12 and
∂�23 are convex to the domain �1 and �2, respectively. Therefore, Eqs. (7.50)
and (7.53) give

(7.54)
nT

∂�12
· F(1)(x, t,μ1,π) = nT

∂�12
· F(2)(x, t,μ2,π) = y,

nT
∂�23

· F(2)(x, t,μ2,π) = nT
∂�23

· F(3)(x, t,μ3,π) = y.

The total derivative of vector fields is determined by

(7.55)DF(J )(tm±) =
[
∂F

(J )
p (tm±)

∂xq

]
F(α)(tm±) + ∂F(J )(tm±)

∂t
.

Therefore,

nT
∂�12

· DF(1)(x, t,μ1,π) = F (1)(x, t,μ1,π),

(7.56)nT
∂�12

· DF(2)(x, t,μ2,π) = F (2)(x, t,μ2,π);
nT

∂�23
· DF(2)(x, t,μ2,π) = F (2)(x, t,μ2,π),

nT
∂�23

· DF(3)(x, t,μ3,π) = F (3)(x, t,μ3,π).

From Theorem 2.11, Eqs. (2.29) and (2.30) give the necessary and sufficient con-
ditions for the tangential (or grazing) bifurcation on the separation boundary, i.e.,
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Figure 7.13. Switching sections and basic mappings in phase plane.

(7.57)y(tm) = 0, on ∂�12 and ∂�23;

(7.58)
F (1)(xm, tm,μ1,π) > 0, F (2)(xm, tm,μ2,π) < 0 on ∂�12,

F (2)(xm, tm,μ2,π) > 0, F (3)(xm, tm,μ3,π) < 0 on ∂�23.

To describe motion in Eq. (7.44), the generic mapping should be defined. Four
switching sections (or sets) are introduced first:

�1 = {
(ti , xi,yi) | xi − E1 = 0, ẋi = yi > 0

} ⊂ ←−−
∂�12,

(7.59)�2 = {
(ti , xi,yi) | xi − E1 = 0, ẋi = yi < 0

} ⊂ −−→
∂�12,

�3 = {
(ti , xi,yi) | xi + E2 = 0, ẋi = yi < 0

} ⊂ −−→
∂�23,

�4 = {
(ti , xi,yi) | xi + E2 = 0, ẋi = yi > 0

} ⊂ ←−−
∂�23.

The two unions of the switching planes are:

(7.60)�12 = �1 ∪ �2 ∪ (ti , E1, 0) and �23 = �3 ∪ �4 ∪ (ti ,−E2, 0).

The points (ti , E1, 0) and (ti ,−E2, 0) are both equilibriums of the sliding motion
and the tangential points for the flows on the both sides of the separation boundary.
From four subsets, six generic mappings are:

(7.61)PJαβ : �α → �β for Jαβ = 112, 221, 223, 334, 243, 241.
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The switching planes and generic mappings are sketched in Fig. 7.13. Consider
the initial and final states (t, x, ẋ) ≡ (ti , xi, yi) and (ti+1, xi+1, yi+1) in the three
subdomains �J (J = 1, 2, 3), respectively. The displacement and velocity equa-
tions in Appendix A with the initial conditions give the governing equations for
mapping PJαβ (Jαβ = 112, 221, 223, 334, 243, 241), i.e.,

(7.62)PJαβ :

{
f

(Jαβ)

1 (xi, yi, ti , xi+1, yi+1, ti+1) = 0

f
(Jαβ)

2 (xi, yi, ti , xi+1, yi+1, ti+1) = 0

where xi, xi+1 ∈ {E1,−E2}.
Due to impacts at two boundaries, the transport law relations are

(7.63)
y+
i = μ21y

−
i , for xi = xi+1 = E1,

y+
i = μ23y

−
i , for xi = xi+1 = −E2

where y−
i ≡ yi+1 for mappings P223 and P241 before impact, and y+

i ≡ yi for
mappings P112 and P334 after impact. In addition, from Eqs. 7.57 and 7.58, the
necessary and sufficient conditions for all the six generic mappings PJαβ (Jαβ =
112, 221, 223, 334, 243, 241) in the three domains �J (J ∈ {1, 2, 3}) are

yi+1 = 0;
ẏi+1 = −cJ xi+1 − bJ + Q0 cos �ti+1 > 0

(7.64)for PJαβ (Jαβ = 112, 223, 241),

ẏi+1 = −cJ xi+1 − bJ + Q0 cos �ti+1 < 0

for PJαβ (Jαβ = 221, 334, 241).

Once the generic mappings are introduced, the mapping structure of periodic
motion in this discontinuous system is discussed. Consider a periodic motion with
the mapping structure described in Fig. 7.14, i.e.,

(7.65)
P241(334243)

k2 334223(112221)
k1 112

≡ P241 ◦ P
(k2)
334243

◦ P334 ◦ P223 ◦ P
(k1)
112221

◦ P112 .

For k2 = k1 = 0, the foregoing mapping structure becomes the simplest one as

(7.66)P241334223112 ≡ P241 ◦ P334 ◦ P223 ◦ P112 .

On the other hand, a generalized mapping structure is

P 241(334243)
k2n 334223(112221)

k1n 112···241(334243)
k2m 334223(112221)

k1m 112···
241(334243)

k21 334223(112221)
k11 112

≡ P241(334243)
k2n 334223(112221)

k1n 112
◦ · · · ◦ P241(334243)

k2m 334223(112221)
k1m 112

(7.67)◦ · · · ◦ P241(334243)
k21 334223(112221)

k11 112
.
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Figure 7.14. A mapping structure for a periodic motion.

From mapping structures of periodic motions, the switching sets for a specific
regular motion can be determined through solving a set of nonlinear equations.
For a periodic motion pertaining to mapping structure in Eq. (7.67)

P 241(334243)
k2n 334223(112221)

k1n 112···241(334243)
k2m 334223(112221)

k1m 112···
241(334243)

k21 334223(112221)
k11 112

yi

(7.68)= yi+4n+2
∑n

m=1(k1m+k2m)

where y = (�ti, yi)
T. A set of vector equations is as

(7.69)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f(112)(yi+1, yi ) = 0,

f(221)(yi+2, yi+1) = 0,
...

f(241)(yi+4n+2
∑n

m=1(k1m+k2m), yi+4n+2
∑n

m=1(k1m+k2m)−1) = 0

where f(Jαβ) = (f
(Jαβ)

1 , f
(Jαβ)

2 )T is relative to governing equations of mapping
PJαβ (Jαβ = 112, 221, 223, 334, 243, 241). The periodicity of the period-1 motion
per N periods requires yi+4n+2

∑n
m=1(k1m+k2m) = yi ,

(7.70)
(�ti+4n+2

∑n
m=1(k1m+k2m), yi+4n+2

∑n
m=1(k1m+k2m))

T ≡ (�ti + 2Nπ, yi)
T.

Solving Eqs. (7.69) and (7.70) generates the switching sets for periodic motions.
Once the switching sets of the periodic motion are obtained, the local stability and
bifurcation should be discussed to determine the property of the periodic motion.
The local stability and bifurcation for period-1 motion can be determined through
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the corresponding Jacobian matrix of the Poincaré mapping. From Eq. (7.68), the
Jacobian matrix is computed by the chain rule, i.e.,

DP = DP 241(334243)
k2n 334223(112221)

k1n 112···241(334243)
k2m 334223(112221)

k1m 112···
241(334243)

k21 334223(112221)
k11 112

(7.71)=
n∏

m=1

(DP241 · DP
k2m

334243
· DP334 · DP223 · DP

k1m

112221
· DP112)︸ ︷︷ ︸

mth set

.

Two unknowns (�ti+1, yi+1) is expressed through the initial conditions, i.e.,
ϕi+1 = ϕi+1(ϕi, yi) and yi+1 = yi+1(ϕi, yi) with ϕi = �ti . The eigenvalues
of a fixed point for the periodic motion mapping are expressed through the trace
(i.e., Tr(DP)) and determinant (Det(DP)) of the Jacobian matrix DP , i.e.,

(7.72)λ1,2 = 1

2

[
Tr(DP) ± √

	
]

where 	 = [Tr(DP)]2 − 4Det(DP). If 	 < 0, Eq. (7.72) is expressed by

(7.73)λ1,2 = Re(λ) ± j Im(λ), with j = √−1.

Notice that Re(λ) = 1
2 Tr(DP) and Im(λ) = 1

2

√|	|. If two eigenvalues lie in-
side the unit circle, then the period-1 motion pertaining to the fixed point of the
Poincaré mapping is stable. If one of them lie outside the unit circle, the periodic
motion is unstable. Namely, the stable periodic motion requires the eigenvalues
be

(7.74)|λi | < 1 (i = 1, 2).

When this condition is not satisfied, the periodic motion is unstable. For complex
eigenvalues |λ1,2| < 1, the periodic motion is a stable focus, while for |λ1,2| > 1,
the periodic motion becomes an unstable focus. If |λ1 or 2| = 1 with complex
numbers, i.e.,

(7.75)Det(DP) = 1,

then the Neimark bifurcation occurs. For two eigenvalues being real, the stable-
node periodic motion requires maxi=1,2 |λi | < 1 and the unstable node (or saddle)
periodic motion requires maxi=1,2 |λi | > 1. The periodic motion with the first
kind saddle-node requires λα∈{1,2} > 1 and |λβ∈{1,2}| < 1 (α 
= β). The saddle-
node of the second kind needs λα∈{1,2} < −1 and |λβ∈{1,2}| < 1 (α 
= β). If one
of the two eigenvalues is −1 (i.e., λ1(or 2) = −1) and the other one is inside the
unit cycle, the period-doubling bifurcation occurs. Further, the period-doubling
bifurcation condition is

(7.76)Tr(DP) + Det(DP) + 1 = 0.
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If one of the two eigenvalues is +1 (i.e., λ1(or 2) = +1) and the second one
is inside the unit cycle, the first saddle-node bifurcation occurs. Similarly, the
corresponding bifurcation condition is

(7.77)Det(DP) + 1 = Tr(DP).

Periodic motions for this discontinuous system are illustrated. Consider pa-
rameters m1,3 = 1, m2 = 5, E1,2 = 1, Q0 = 500, k1,3 = 2000, k2 = 100
and b1,2,3 = 0.2. The periodic motions with mapping P241(334243)

k334223(112221)
k112

(k = 0, 1, 2) are predicted analytically. From the mapping structure of
P241(334243)

k334223(112221)
k112

, the analytically predicted switching phases and ve-
locities are illustrated in Figs. 7.15–7.17. This analytical prediction gives two
branches of asymmetrical periodic motions instead of one branch of asymmet-
ric periodic motion obtained in numerical simulations. The acronyms “SGB”
and “AGB” represent the symmetric and asymmetric grazing bifurcations, respec-
tively. The acronyms “SNB” and “PDB” are the saddle-node bifurcation of the
first kind and the period-doubling bifurcation, respectively. The chain vertical
lines are the location of grazing bifurcation. The dashed lines are the locations of
the saddle-node bifurcations. The thick solid and dashed curves represent the sta-
ble and unstable, symmetric, periodic motions, respectively. The light solid and
symbol curves are the stable and unstable, asymmetric periodic motions, respec-
tively. The hollow and filled circular symbols are two different branches of the
asymmetric motion.

The symmetric and asymmetric, periodic motion for P241334223112 exists in
� ∈ [3.32, 3.64] ∪ [3.64, 6.88] ∪ [6.882, 15.57], and � ∈ [5.72, 6.88], re-
spectively. The stable and unstable, symmetric, periodic motions lie in � ∈
[3.32, 3.64] ∪ [6.882, 15.57] and � ∈ [3.64, 6.88], accordingly. Before the two
asymmetric motions become locally unstable, the grazing motion occurs. There-
fore the frequency range � ∈ [5.72, 6.88] is only for the stable asymmetric
motion. In Fig. 7.15, the saddle-node of the first kind occurs at the point from
the symmetric to asymmetric motion. Once the grazing occurs, the periodic mo-
tion will vanish. The detailed discussion of the grazing bifurcation can be referred
to Luo and Chen (2005a, 2005b, 2006). But the grazing bifurcations for symmet-
ric and asymmetric periodic motion of mapping P241334223112 occur at � ≈ 3.32
and � ≈ 5.72, respectively. The two asymmetric motions satisfy the symmetric
property in Luo (2005e, 2005f). Such symmetry will be discussed in next chap-
ter. When the grazing of the symmetric and asymmetric periodic motions occurs,
the two periodic motions are still locally stable. This grazing caused the motion
switching from the stable periodic motion into another motion. Two grazing bifur-
cations of the symmetric periodic motion concur at the two boundaries. However,
the grazing for asymmetric motion only occurs at one boundary. The two differ-
ent asymmetric motions have the different boundary locations for grazing, but the
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Figure 7.15. Analytical prediction of periodic motion P241334223112 : (a) switching phase, and
(b) switching velocity varying with excitation frequency (m1,3 = 1, m2 = 5, E1,2 = 1, Q0 = 500,

k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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two grazing bifurcations for the two asymmetric motions also satisfy the skew
symmetry properties as in Luo (2005b, 2005c).

In Fig. 7.16, the symmetric and asymmetric periodic motions of
P241(334243)334223(112221)112 exist in ranges of � ∈ [2.15, 3.44] ∪ [3.44, 3.97]
and � ∈ [2.92, 3.31] ∪ [3.31, 3.44], respectively. The stable periodic mo-
tions lie in � ∈ [3.31, 3.44] ∪ [3.44, 3.97], but the unstable motions are in
� ∈ [2.15, 3.44] ∪ [2.92, 3.31]. The grazing of the periodic motion occurs at
the unstable periodic motion. The grazing bifurcation for the symmetric mo-
tion is at � = 2.15 and 3.97. However, the grazing frequency for the asym-
metric motion is � ≈ 2.92. For the asymmetric motion, the period-doubling
bifurcation is at � ≈ 3.31. In Fig. 7.17, consider more complex periodic mo-
tion with the mapping P241(334243)

2334223(112221)
2112

. The corresponding symmetric
and asymmetric, periodic motions exist in � ∈ [1.64, 2.34] ∪ [2.34, 2.49] and
[2.01, 2.29] ∪ [2.29, 2.34], respectively. Grazing and local stability behaviors are
the same as the ones of P241(334243)334223(112221)112 . The grazing of the symmetric
periodic motion is at � ≈ {1.64, 2.49}. However, for the asymmetric periodic
motion, the grazing frequency is � ≈ 2.01 and period-doubling frequency is
� ≈ 2.29. Based on this technique, all possible periodic motions including stable
and stable ones can be obtained.

From the analytical prediction, illustrations of the complicated periodic motion
are very interesting. Consider the same parameters (m1,3 = 1,m2 = 5, E1,2 =
1,Q0 = 500, k1,3 = 2000, k2 = 100 and b1,2,3 = 0.2) again. The phase trajecto-
ries and displacement responses of the periodic motions relative to the mapping
structures P241(334243)334223(112221)112 and P241(334243)

2334223(112221)
2112

are illustrated
in Figs. 7.18–7.23. In Figs. 7.18 and 7.19, the symmetric, periodic motions rel-
ative to P241(334243)334223(112221)112 and P241(334243)

2334223(112221)
2112

are presented,
respectively. The initial condition and excitation frequency for the symmetric pe-
riodic motion of P241(334243)334223(112221)112 are � = 3.6, �ti ≈ 6.0850, xi = 1,
yi ≈ −6.2583. However, for mapping P241(334243)

2334223(112221)
2112

, the initial con-
dition is � = 2.35, �ti ≈ 5.2385, xi = 1, yi ≈ 8.2854. The symmetry of
the motion in phase plane is clearly observed. The velocity discontinuity caused
by the impact is clearly observed as well. The two stable, asymmetric, periodic
motions pertaining to P241(334243)334223(112221)112 (� = 3.35 and xi = 1) are illus-
trated in Figs. 7.20 and 7.21, accordingly. The lower asymmetric motion is based
on the initial condition �ti ≈ 5.2270, yi ≈ 9.6488. However, the upper asym-
metric motion is simulated via the initial condition �ti ≈ 5.5227, yi ≈ 10.3250.
Compared to the symmetric motion, the motions relative to P223 and P241 are
asymmetric. But the two asymmetric motions are skew symmetric because the
mapping structure is skew symmetric. Two stable asymmetric periodic motions
pertaining to P241(334243)

2334223(112221)
2112

(� = 3.2 and xi = 1) are illustrated in
Figs. 7.22 and 7.23 as well. The lower asymmetric motion is based on the initial
conditions �ti ≈ 5.1670, yi ≈ 8.3312, and the initial conditions for the upper
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Figure 7.16. Analytical prediction of periodic motion P241(334243)334223(112221)112 : (a) switching
phase, and (b) switching velocity varying with excitation frequency (m1,3 = 1, m2 = 5, E1,2 = 1,

Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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Figure 7.17. Analytical prediction of periodic motion P241(334243)2334223(112221)2112
: (a) switching

phase, and (b) switching velocity varying with excitation frequency (m1,3 = 1, m2 = 5, E1,2 = 1,
Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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Figure 7.18. (a) Phase trajectory, and (b) displacement response of the symmetric periodic motions
P241(334243)334223(112221)112 with initial conditions � = 3.6, �ti ≈ 6.0850, xi = 1, yi ≈ −6.2583.

(m1,3 = 1, m2 = 5, E1,2 = 1, Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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Figure 7.19. (a) Phase trajectories, and (b) displacement responses of the stable symmetric peri-
odic motions of P241(334243)2334223(112221)2112

with initial conditions � = 2.35, �ti ≈ 5.2385,
xi = 1, yi ≈ 8.2854. (m1,3 = 1, m2 = 5, E1,2 = 1, Q0 = 500, k1,3 = 2000, k2 = 100,

b1,2,3 = 0.2.)
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Figure 7.20. (a) Phase trajectories, and (b) displacement responses for the lower asymmetric periodic
motion pertaining to P241(334243)334223(112221)112 (� = 3.35 and xi = 1) with �ti ≈ 5.2270,

yi ≈ 9.6488. (m1,3 = 1, m2 = 5, E1,2 = 1,Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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Figure 7.21. (a) Phase trajectory, and (b) displacement response for the upper asymmetric periodic
motions pertaining to P241(334243)334223(112221)112 (� = 3.35 and xi = 1) with �ti ≈ 5.5227,

yi ≈ 10.3250. (m1,3 = 1, m2 = 5, Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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Figure 7.22. (a) Phase trajectory, and (b) displacement response for the lower asymmetric periodic
motion pertaining to P241(334243)2334223(112221)2112

(� = 2.3 and xi = 1) with �ti ≈ 5.1670,

yi ≈ 8.3312. (m1,3 = 1, m2 = 5, E1,2 = 1,Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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Figure 7.23. (a) Phase trajectory, and (b) displacement response for the upper asymmetric periodic
motion pertaining to P241(334243)2334223(112221)2112

(� = 2.3 and xi = 1) with �ti ≈ 5.3255,

yi ≈ 9.0293. (m1,3 = 1, m2 = 5, E1,2 = 1,Q0 = 500, k1,3 = 2000, k2 = 100, b1,2,3 = 0.2.)
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asymmetric motion are �ti ≈ 5.3255, yi ≈ 9.0293. The solution symmetry of
the periodic motions will satisfy the conditions in Luo (2005e). Once one of the
two asymmetric periodic motions is known, the other asymmetric periodic mo-
tion can be obtained. The detailed discussion can be referred to Luo (2005b). If
readers are more interested in determining the complicated periodic motions in
other discontinuous dynamical systems through the mapping structure technique,
one may refer to Luo and coworkers’ papers (e.g., Han et al., 1995; Luo, 2002;
Luo, 2005e; Luo and Gegg, 2006a, 2006b; Luo and Zwiegart Jr., 2005).

From this section, the switching sets and domains are named separately and
arbitrarily. The domain is used for the primary index for mapping and the switch-
ing sets are used for the second index for mapping. This naming system gives a
very complicated notation. For simple discontinuous systems, such a naming of
the switching sets and domain is not necessarily to be adopted. However, for com-
plicated discontinuous dynamical systems, this naming system should be used to
identify the possible mappings. The mapping dynamics of periodic motion in any
system is to develop the mapping relations from which expected periodic motions
can be analytically predicted. The mapping dynamics provides a possibility to ob-
tain all stable and unstable periodic motions in dynamical system rather than only
one of stable solutions given by numerical simulations.



Chapter 8

Symmetry and Fragmentized Strange Attractor

In Chapter 7, mapping dynamics in discontinuous systems provided an analyt-
ical prediction of all stable and unstable periodic flows rather than only one of
stable solutions given by numerical simulations. The symmetry of periodic flows
in discontinuous systems was observed. This chapter will focus on the symmetry
of steady-state flows in discontinuous dynamical systems. The grazing mapping
clusters will be introduced. Based on the grazing mapping clusters, the map-
ping structures are used to discuss the solution symmetry property of periodic
and chaotic motions in discontinuous dynamical systems. The initial and final
switching manifolds are introduced. The fragmentation phenomena of the strange
attractors of chaotic motion in discontinuous dynamic systems will be described.
The grazing mechanism of the strange attractor fragmentation will be discussed.
The fragmentation of the strange attractors extensively exists in discontinuous
dynamical systems, which will help one better understand chaotic motions in dis-
continuous dynamical systems.

8.1. Symmetric discontinuity

In this chapter, the naming system of Chapter 7 will not be adopted. As in
Chapter 2, discontinuous dynamic systems with symmetry are stated. Consider
an n-dimensional dynamic system consisting of m-subsystems on m-accessible
subdomains �p (p = 1, 2, . . . , m) in a domain ⊂ �n. With the inaccessible
domain �0, the universal domain is expressed by � = ⋃m

p=1 �p ∪ �0. The
m-accessible domain and inaccessible domain �0 are separated by boundaries
∂�p1p2 ⊂ �n−1 (p1, p2 ∈ {0, 1, 2, . . . , m}) in phase space determined by
a function ϕp1p2(x, t) = 0. Among all the boundaries, there are some pairs of
boundaries ∂�p1p2 with symmetry. For the pth accessible domain, there is a con-
tinuous system in the form of

(8.1)ẋ = f(p)(x,μp) + g(x, ϕ,π), x = (x1, x2, . . . , xn)
T ∈ �p

where the forcing vector functions g = (g1, g2, . . . , gn)
T are bounded peri-

odic functions with period T = 2π/�. The forcing frequency is �. The phase

251
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Figure 8.1. Two symmetric domains in phase plane.

variable is ϕ = �t and the parameter vector π = (π1, π2 . . . , πm1)
T. The

vector functions f(p) = (f
(p)

1 , f
(p)

2 , . . . , f
(p)
n )T with system parameter vector

μp = (μ
(p)

1 , μ
(p)

2 , . . . , μ
(p)
m2 )T are Cr -continuous (r � 2). In all accessible sub-

domains �p (p = 1, 2, . . . , m), the dynamical system in Eq. (8.1) is continuous
and there is a continuous flow expressed by

x(p)(t) = �(p)
(
x(p)(t0), t,μp,π

)
,

(8.2)x(p)(t0) = �(p)
(
x(p)(t0), t0,μp,π

)
.

Consider one of the simplest sub-accessible domains in a two-dimensional
dynamical system in Fig. 8.1. The universal domain is formed by three ac-
cessible subdomains �p (p = 1, 2, 3). With oriented directions, two bound-
aries ∂�p1p2 (p1, p2 ∈ {1, 2, 3}) exist. The accessible subdomains (�1 and �3)
are of the skew-symmetry. The direction-oriented boundaries (

−−→
∂�21,

−−→
∂�12) and

(
−−→
∂�23,

−−→
∂�32) are of the skew-symmetry, respectively. On the corresponding

symmetric domains, the dynamical systems in Eq. (8.1) are of the skew sym-
metry. On the boundaries (

−−→
∂�12 and

−−→
∂�21), the governing equation is defined

through ϕ12(x, t) = ϕ21(x, t) = x1 − E = 0, and on the corresponding sym-
metric boundaries (

−−→
∂�23 and

−−→
∂�32), the governing equation is determined by

ϕ23(x, t) = ϕ32(x, t) ≡ x1 + E = 0.
From the above discussion, besides the assumptions in Chapter 2, the extra

conditions should be added to restrict our discussion. In this chapter, the following
assumptions will be considered:

(A1) The system in Eq. (8.1) possesses time-continuity.
(A2) For an unbounded domain �p, there is an open domain Dp ⊂ �p. On the

domain Dp, the vector field and the corresponding flow are bounded for
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t ∈ [0,∞), i.e.,

(8.3)
∥∥f(p)

∥∥ + ‖g‖ � K1 (const) and
∥∥�(p)

∥∥ � K2 (const).

(A3) For a bounded domain �p, there is an open domain Dp ⊂ �p. On the
domain Dp, the vector field and the corresponding flow are bounded for
t ∈ [0,∞), i.e.,

(8.4)
∥∥f(p)

∥∥ + ‖g‖ � K1 (const) and
∥∥�(p)

∥∥ < ∞.

(A4) The dynamical subsystems possess symmetry at least in two corresponding
symmetric domains.

(A5) The flow on the discontinuous boundaries is C1-discontinuous or there is a
transport law to connect two flows in two different domains.

8.2. Switching sets and mappings

For convenience, without loss of generality, the switching sets are from the bound-
ary

−−→
∂�p1p2 (q = 0, 1, 2, . . . ,M):

�q = {(
mod(�ti, 2π), xi

) | ϕp1p2(ti , xi ) = 0, p1, p2 ∈ {0, 1, 2, . . . , m}}
(8.5)⊆ −−→

∂�p1p2 .

From the concepts of gluing singular sets, the singular sets on the switching sets
are stated as follows:

DEFINITION 8.1. For a discontinuous dynamical system in Eq. (8.1), a set on the
boundary ∂�p1p2 for p1, p2 ∈ {1, 2, . . . , m} is termed as

(i) the singular set if

�p1p2 =
{(

mod(�ti, 2π), x(0)
i

) ∣∣ x(0)
i ∈ ∂�p1p2 , x ∈ �α,

(8.6)lim
x→x(0)

i

(
nT

∂�p1p2
· ẋ

) = 0, α ∈ {p1, p2}, i ∈ N

}
;

(ii) the input/output semi-singular set if

�(α)
p1p2

=
{(

mod(�ti, 2π), x(0)
i

) ∣∣ x(0)
i ∈ ∂�p1p2 , x ∈ �α,

lim
x→x(0)

i

(
nT

∂�p1p2
· ẋ

) = 0, α = {p1 or p2}, i ∈ N

}
(8.7)⊂ �p1p2;
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(iii) the full-singular set if

�←−−→p1p2 =
{(

mod(�ti, 2π), x(0)
i

) ∣∣ x(0)
i ∈ ∂�p1p2 , x ∈ �α,

lim
x→x(0)

i

(
nT

∂�p1p2
· ẋ

) = 0, α = {p1 and p2}, i ∈ N

}
(8.8)⊂ �p1p2 .

A switching set on the discontinuous boundary ∂�p1p2 is composed of two neigh-
bored boundaries �q1 ⊆ −−→

∂�p1p2 and �q2 ⊆ ←−−
∂�p1p2 connected by a singular point

�p1p2 , i.e.,

(8.9)�q1q2 = �q1 ∪ �q2 ∪ �p1p2 ⊆ ∂�p1p2

for q1, q2 ∈ {0, 1, 2, . . . , M}. The local mappings near the switching sets �q1q2

are defined as

(8.10)PJ1 : �q1 → �q2, PJ2 : �q2 → �q1

for specified J1, J2 ∈ {1, 2, . . . , N}. If �q1 ⊆ ∂�p1p2 and �q3 
⊂ ∂�p1p2 , the
global mapping in an accessible domain �α (α ∈ {p1, p2}) is defined as

(8.11)PJ3 : �q1 → �q3

for specified J3 ∈ {1, 2, . . . , N}. On the switching sets �q1 ⊆ ∂�p1p2 , the sliding
mapping is defined as

(8.12)PJ4 : �q1 → �q1

for specified J4 ∈ {1, 2, . . . , N}. For a C0-discontinuous switching set �q4 ⊆
∂�p1p2 , there must be a transport law to maps it to another switching set, �q5 ⊂
∂�p3p4 . Therefore, the transport mapping is defined as

(8.13)PJ5 : �q4 → �q5

for specified J5 ∈ {1, 2, . . . , N}.

The switching sets, the local, global, sliding and transport mappings are de-
picted in Fig. 8.2. The forbidden zone is shown for permanently-nonpassable
boundary. Consider a discontinuous dynamical system with domains given in
Fig. 8.1 to show how to use the above concept. Four switching sets are defined as

�1 = {(
mod(�ti, 2π), xi

) | x2 > 0, ϕ21(xi , t) = x1 − E = 0
}

⊆ −−→
∂�21,

�2 = {(
mod(�ti, 2π), xi

) | x2 < 0, ϕ12(xi , t) = x1 − E = 0
}

(8.14)⊆ −−→
∂�12,
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Figure 8.2. Switching sets and generic mappings: (a) local and global mappings, (b) sliding mapping
and transport mapping. The shaded domain �α is accessible, and the inaccessible domain is �γ . The

domain �β is accessible and �δ can be accessible or inaccessible.

�3 = {(
mod(�ti, 2π), xi

) | x2 < 0, ϕ23(xi , t) = x1 + E = 0
}

⊆ −−→
∂�23,

�4 = {(
mod(�ti, 2π), xi

) | x2 > 0, ϕ32(xi , t) = x1 − E = 0
}

⊆ −−→
∂�32
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Figure 8.3. Switching sets and generic mappings for x1 = ±E.

and two singular points are

(8.15)
�←→

12 = {(
mod(�ti, 2π), xi

) | x2 = 0, ϕ12 = x1 − E = 0
} ⊂ �12,

�←→
23 = {(

mod(�ti, 2π), xi

) | x2 = 0, ϕ23 = x1 − E = 0
} ⊂ �23.

The two sets are decomposed as

(8.16)
�12 = �1 ∪ �2 ∪ �12 ⊆ ∂�12,

�34 = �3 ∪ �4 ∪ �23 ⊆ ∂�23.

From four subsets, the local mappings are

(8.17)
P1 : �1 → �2 and P2 : �1 → �2 on ∂�12,

P4 : �3 → �4 and P5 : �4 → �3 on ∂�23

and the global mappings from ∂�12 and ∂�23 are

(8.18)P3 : �2 → �3 and P6 : �4 → �1.

In this discontinuous system, no sliding mapping exists on the C1-discontinuous
boundaries. From the definition of mappings, the mappings PJ (J = 1, 2, 4, 5)

relative to one switching section are called the local mappings, and the mappings
PJ (J = 3, 6) relative to two switching sections are called the global mappings.
The global mapping maps the motion from one switching boundary into another
switching boundary. The local mapping is the self-mapping in the corresponding
switching section. Six generic mappings are illustrated in Fig. 8.3.
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8.3. Grazing and mappings symmetry

The initial and final times (ti and ti+1) are used for all the mappings PJ (J =
1, 2, . . . , N) defined through in Eqs. (8.10)–(8.13), and the corresponding phases
are ϕi = �ti and ϕi+1 = �ti+1. Equation (8.2) gives

(8.19)
x(p)(ti+1) = �(p)

(
ti+1, x(p)(ti), ti ,μp,π

)
, or

x(p)(ϕi+1) = �
(p)

1

(
ϕi+1, x(p)(ϕi), ϕi,μp,π

)
.

In an accessible domain �p, the foregoing equations with boundary constraint
equations give the governing equations for mapping PJ . Consider a notation yi ≡
(ϕi, xi )

T ∈ �n+1, the governing equations for mapping PJ (J = 1, 2, . . . , N)

with mapping relation yi+1 = PJ yi are

(8.20)F(J )(ϕi, xi , ϕi+1, xi+1,μp,π) = 0

where F(J ) ∈ �n+1.
For all mappings PJ (J = 1, 2, . . . , N), there are 2n1 symmetric mappings Pq

(q = 1, 2, . . . , 2n1). The first n1 mappings Pq1 (q1 = 1, 2, . . . , n1) are symmet-
ric with the last n1 mappings Pq2 (q2 = n1 + 1, n1 + 2, . . . , 2n1), respectively.
From Assumption (A4), the corresponding subsystems in domain �pq1

and �pq2
(pq1 , pq2 ∈ {1, 2, . . . , m}) are symmetric. Therefore, μpq1

= μpq2
. For conve-

nience, let us define

q̂ = mod(q + n1 − 1, 2n1) + 1,

(8.21)ϕ̂
(q)
i = mod

(
ϕ

(q)
i , 2(2M1 + 1)π

)
,

ϕ̂
(q̂)
i = mod

(
ϕ

(q̂)
i , 2(2M1 + 1)π

)
.

DEFINITION 8.2. For a discontinuous dynamical system in Eq. (8.1), under a
transformation TP : Pq → Pq̂ during (2M1 + 1)-periods with

(8.22)
ϕ̂

(q)
i = mod

(
(2M1 + 1)π + ϕ̂

(q̂)
i , 2(2M1 + 1)π

)
,

x(q̂)
i = −x(q)

i

if a relation

F(q̂)
(
ϕ

(q̂)
i , x(q̂)

i , ϕ
(q̂)

i+1, x(q̂)

i+1,μpq
,π

)
(8.23)= −F(q)

(
ϕ

(q)
i , x(q)

i , ϕ
(q)

i+1, x(q)

i+1,μpq
,π

)
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holds, then the mapping pair (Pq, Pq̂ ) is skew-symmetric. If a mapping pair is
relative to the local (or global, or sliding, or transport) mapping, such a map-
ping pair is termed the local (or global, or sliding, or transport) skew-symmetric
mapping pair.

Notice that the integer M1 = 0, 1, 2, . . . and mod (·, ·) is the modulus function.

THEOREM 8.1. 2n1 mappings Pq (q = 1, 2, . . . , 2n1) for the dynamical system
in Eq. (8.1) are invariant under the composition of two transformations TP , i.e.,
TP ◦ TP : Pq → Pq .

PROOF. Under the transformation TP , mappings Pq and Pq̂ are skew-symmetric,
thus, we have

TP : Pq → Pq̂ and TP : Pq̂ → P ˆ̂q .

From the foregoing relations, for ϕ
(q)
i ∈ [0, (2M1 + 1)π], Definition 8.2 gives for

a certain given number N2 ∈ {0, 1, 2, . . .}
ϕ

(q̂)
i = ϕ

(q)
i + (2N2 + 1)(2M1 + 1)π and x(q̂)

i = −x(q)
i ,

F(q̂)
(
ϕ

(q̂)
i , x(q̂)

i , ϕ
(q̂)

i+1, x(q̂)

i+1,μpq
,π

) = −F(q)
(
ϕ

(q)
i , x(q)

i , ϕ
(q)

i+1, x(q)

i+1,μpq
,π

)
,

and

ϕ
( ˆ̂q)
i = ϕ

(q̂)
i + (2N2 + 1)(2M1 + 1)π and x( ˆ̂q)

i = −x(q̂)
i ,

F( ˆ̂q)
(
ϕ

( ˆ̂q)
i , x( ˆ̂q)

i , ϕ
( ˆ̂q)

i+1, x( ˆ̂q)

i+1,μpq̂
,π

) = −F(q̂)
(
ϕ

(q̂)
i , x(q̂)

i , ϕ
(q̂)

i+1, x(q̂)

i+1,μpq̂
,π

)
.

Substitution of the first equation into the second one of the foregoing two equa-
tions leads to

ϕ
( ˆ̂q)
i = ϕ

(q)
i + 2(2N2 + 1)(2M + 1)π and x( ˆ̂q)

i = x(q)
i ,

F( ˆ̂q)
(
ϕ

( ˆ̂q)
i , x( ˆ̂q)

i , ϕ
( ˆ̂q)
i , x( ˆ̂q)

i ,μpq̂
,π

) = F(q)
(
ϕ

(q)
i , x(q)

i , ϕ
(q)

i+1, x(q)

i+1,μpq
,π

)
.

It is easily proved that ˆ̂q = q from the property of the modulus function. Since
the period for mapping Pq is (2M1 + 1)-period, the phase satisfies the relation

mod(ϕ
(q)
i , 2(2M1 + 1)π) = ϕ

(q)
i . Similarly, the case can be proved for ϕ

(q)
i ∈

[(2M1 +1)π, 2(2M1 +1)π]. Therefore, the foregoing equation indicates that TP ◦
TP : Pq → Pq holds. Namely, the mapping Pq (q = 1, 2, . . . , 2n1) for dynamical
systems in Eq. (8.1) is invariant under the composition of two transformations
TP . �

Consider a post-grazing mapping cluster of a specific local or global mapping
PJ (J ∈ {1, 2, . . . , N}). For a local mapping PJ1 on the boundary ∂�p1p2 , the
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Figure 8.4. Local mapping grazing switching PJ1 (J1 ∈ {1, 2, . . . , N}): (a) pre-grazing mapping,
(b) grazing mapping, (c), (d) two possible post-grazing mappings. The black solid circular symbols

are singular points. The rest circular points are switching points.

pre-grazing, grazing and post-grazing flows are illustrated in Figs. 8.4(a)–(d).
There are many clusters of post-grazing mappings, which determines the property
of the post-grazing. Two clusters of the post-grazing mappings for mapping PJ1

are sketched. After grazing, the relation between the pre-grazing and post-grazing
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Figure 8.4. (continued)

is given by

(8.24)PJ1

post-grazing

pre-grazing
PJ1 ◦ PJn2

◦ · · · ◦ PJ3 ◦ PJ2︸ ︷︷ ︸
local mapping cluster

= PJ1(Jn2 ···J3J2)

for J1, J2, . . . , Jn2 ∈ {1, 2, . . . , N}. The index J2 can be J1 but the index Ji

(Ji = J3, J4, . . . , Jn2) should not be J1. PJ2 
= PJ1 can be any mappings on
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Figure 8.5. Global mapping grazing switching: (a) pre-grazing mapping, (b) grazing mapping,
(c), (d) two possible post grazing mappings. The black solid circular symbols are singular points.

The rest circular points are switching points.

the same boundaries. Similarly, consider a global mapping PJ1 to map the flow
on the boundary ∂�p1p2 to another boundary ∂�p2p3 in domain �p2 . The pre-
grazing, grazing and post-grazing flows for the global mapping PJ1 are illustrated
in Figs. 8.5(a)–(d). The relation between the pre-grazing and post-grazing is given
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Figure 8.5. (continued)

by

(8.25)PJ1

post-grazing

pre-grazing
PJn2

◦ · · · ◦ PJ3︸ ︷︷ ︸
grazing mapping cluster

◦PJ2 = P(Jn2 ···J3)J2

for J1, J2, . . . , Jn2 ∈ {1, 2, . . . , N}. The index J2 can be J1 but the index Ji (Ji =
J3, J4, . . . , Jn2) cannot be J1. In post-grazing mapping clusters, the mappings
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can be local mappings, sliding and transport mapping on the boundary ∂�p2p3 .
Two clusters of post-mapping structure for such a mapping grazing are sketched
in Figs. 8.5(c) and (d). For the grazing occurrence of the mapping PJ1 on the
boundary ∂�p1p2 , the post-grazing mapping structure is the same as in Eq. (8.24).
However, the mapping PJ1 is global and the index J2 cannot be J1 because PJ2 is
any mapping rather than PJ1 or another global mapping. This mapping can be a
local mapping. Without the mapping PJ1 , this post-grazing mapping structure is a
local mapping grazing structure, which is considered as a case in Eq. (8.24). This
concept is extended to the more generalized case. The post-mapping cluster can
include any possible mappings rather than the local mappings.

Consider the generic mappings in Fig. 8.3. Once the grazing occurs, the flow
of PJ (J = 1, 2, . . . , 6) switches from an old flow to a new one, and the corre-
sponding post-grazing mapping structures are from Luo (2005f, 2005g)

PJ

grazing

grazing
PJ ◦ PJ+1 ◦ PJ for J = 1, 2, 4, 5,

(8.26)PJ

grazing

grazing
PJ ◦ P mod (J+1,6) ◦ P mod (J+4,6) for J = 2, 5,

PJ

grazing

grazing
PJ−1 ◦ PJ−2 ◦ PJ for J = 3, 6,

PJ

grazing

grazing
PJ ◦ P mod (J+1,6) ◦ P mod (J+2,6) for J = 3, 6.

From the above discussion, the invariance of the post-grazing under the transfor-
mation TP is of great interest. Therefore, we have the following theorem.

THEOREM 8.2. For symmetric mappings Pq (q ∈ {1, 2, . . . , 2n1}, n1 � N/2)
from all N mappings of the dynamical system in Eq. (8.1), if the mapping pair
(Pq, Pq̂ ) is skew-symmetric with a symmetric transformation TP , the post-grazing
mapping pair is still skew-symmetric with the same transformation.

PROOF. For the dynamical system in Eq. (8.1), there are n1 skew-symmetric map-
ping pairs (Pq, Pq̂) (q ∈ {1, 2, . . . , 2n1}) from all the N mappings. Therefore,
from Definition 8.2, the skew-symmetry conditions are

ϕ
(qj )

i = ϕ
(q̂j )

i + (2M1 + 1)π and x
(qj )

i = −x
(q̂j )

i

for qj ∈ {q1, q2, . . . , qn2} ⊆ {1, 2, . . . , 2n1}, and

F(qj )
(
ϕ

(qj )

i , x
(qj )

i , ϕ
(qj )

i+1 , x
(qj )

i+1 ,μpqj
,π

)
= −F

(q̂j )

i

(
ϕ

(q̂j )

i , x
(q̂j )

i , ϕ
(q̂j )

i+1 , x
(q̂j )

i+1 ,μpqj
,π

)
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for qj ∈ {q1, q2, . . . , qn2} ⊆ {1, 2, . . . , 2n1}.
Consider a post-grazing mapping structure of the skew-symmetry mapping pair

(Pq1 , Pq̂1). For a local mapping Pq̂1 , the post-grazing mapping structure is

Pq̂1

post-grazing

pre-grazing
Pq̂1 ◦ Pq̂n2

◦ · · · ◦ Pq̂3 ◦ Pq̂2 .

The corresponding governing equations are

F(q̂j )
(
ϕ

(q̂j )

i+j−2, x
(q̂j )

i+j−2, ϕ
(q̂j )

i+j−1, x
(q̂j )

i+j−1,μpqj
,π

) = 0,

F(q̂1)
(
ϕ

(q̂1)

i+n2−1, x(q̂1)

i+n2−1, ϕ
(q̂1)
i+n2

, x(q̂1)
i+n2

,μpq1
,π

) = 0

for j = 2, 3, . . . , n2. With Assumption (A5), the switching points in phase space
satisfy

x
(q̂j )

i+j−1 = x
(q̂j+1)

i+j−1 and x
(q̂n2 )

i+n2−1 = x(q̂1)

i+n2−1

for j = 2, 3, . . . , n2−1. From Assumption (A1), the system in Eq. (8.1) possesses
time-continuity. Therefore the switching phase for j = 2, 3, . . . , n2 − 1 should
be continuous, i.e.,

ϕ
(q̂j )

i+j−1 = ϕ
(q̂j+1)

i+j−1 and ϕ
(q̂n2 )

i+n2−1 = ϕ
(q̂1)

i+n2−1.

Multiplication both sides of the governing equations by −1, the switching point
state-variable vectors, and then simplification with the skew-symmetry conditions
gives

F(qj )
(
ϕ

(qj )

i+j−2, x
(qj )

i+j−2, ϕ
(qj )

i+j−1, x
(qj )

i+j−1,μpqj
,π

) = 0,

F(q1)
(
ϕ

(q1)

i+n2−1, x(q1)

i+n2−1, ϕ
(q1)
i+n2

, x(q1)
i+n2

,μpq1
,π

) = 0

for j = 2, 3, . . . , n2. The switching points and switching phases satisfy the fol-
lowing for j = 2, 3, . . . , n2:

x
(qj )

i+j−1 = x
(qj+1)

i+j−1 and x
(qn2 )

i+n2−1 = x(q1)

i+n2−1,

ϕ
(qj )

i+j−1 = ϕ
(qj+1)

i+j−1 and ϕ
(qn2 )

i+n2−1 = ϕ
(q1)

i+n2−1.

The foregoing equations form the post-grazing mapping structure of mapping Pq1 ,
i.e.,

Pq1

post-grazing

pre-grazing
Pq1 ◦ Pqn2

◦ · · · ◦ Pq3 ◦ Pq2 .

Therefore the post-grazing mapping structure (Pq1qn2 ···q3q2 , Pq̂1q̂n2 ···q̂3q̂2) of the
skew-symmetric mapping pair (Pq1 , Pq̂1) is skew symmetric. Because the local
mapping Pq1 can be all the local mapping from mapping Pq (q ∈ {1, 2, . . . , 2n1}),
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the post-grazing skew-symmetry for the local skew-symmetric mapping pair is
proved under the symmetric transformation TP . Similarly, the post-grazing skew-
symmetry of the global skew-symmetric mapping pair (Pq1 , Pq̂1) can be proved
with a symmetric transformation TP . Because the skew-symmetric mapping pair
(Pq1 , Pq̂1) is chosen arbitrarily, the post-grazing mapping structure for a mapping
pair (Pq, Pq̂) (q ∈ {1, 2, . . . , 2n1}) in the skew-symmetric mapping is also skew-
symmetric. �

Since the symmetry invariance of the post-grazing of mapping exists, the com-
bination of the symmetric mapping Pq (q = 1, 2, . . . , 2n1) should possess a
symmetry invariance under the transformation TP . For convenience, the following
notations for mapping clusters are introduced:

(8.27)
P̂(lm,nk) = Pq̂nk

···q̂(n(k−1)+1)(q̂nk−1 ···q̂(n(k−2)+1))
lm q̂n(k−2)

···q̂(n2+1)(q̂n2 ···q̂2)
l1 q̂1

,

P(lm,nk) = Pqnk
···q(n(k−1)+1)(qnk−1 ···q(n(k−2)+1))

lmqn(k−2)
···q(n2+1)(qn2 ···q2)

l1q1
.

Therefore, to determine such a symmetrical invariance of the skew-symmetry
flow, from the above notation, a theorem is presented as follows:

THEOREM 8.3. For mappings Pq (q = 1, 2, . . . , 2n1) of the dynamical system in
Eq. (8.1), if the mapping pair (Pq, Pq̂ ) under (2M1+1)-periods is skew-symmetric
with a transformation TP , then the following two mappings,(

P̂(lm2L
,nk2L

) ◦ P(lm1L
,nk1L

) ◦ · · · ◦ P̂(lm21 ,nk21 ) ◦ P(lm11 ,nk11 )︸ ︷︷ ︸
L-repeating

,

P(lm1L
,nk1L

) ◦ P̂(lm2L
,nk2L

) ◦ · · · ◦ P(lm11 ,nk11 ) ◦ P̂(lm21 ,nk21 )︸ ︷︷ ︸
L-repeating

)
are a skew-symmetric mapping pair under the same transformation TP .

PROOF. Consider a motion relative to a mapping

P̂(lm2L
,nk2L

) ◦ P(lm1L
,nk1L

) ◦ · · · ◦ P̂(lm21 ,nk21 ) ◦ P(lm11 ,nk11 )︸ ︷︷ ︸
L-repeating

with the initial state yi and the final state y
i+∑L

r=1(sr+ŝr )
, and the mapping equation

is

y
i+∑L

r=1 sr+ŝr
= P̂(lm2L

,nk2L
) ◦ P(lm1L

,nk1L
) ◦ · · · ◦ P̂(lm21 ,nk21 ) ◦ P(lm11 ,nk11 )︸ ︷︷ ︸
L-repeating

yi .
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For the mapping clusters P(lm11 ,nk11 ) and P̂(lm21 ,nk21 ) in the rth mapping pair, their
mapping numbers are sr and ŝr accordingly. Therefore, the governing equations
of the foregoing mapping structures for r ∈ {1, 2, . . . ,

∑L
r=1(sr + ŝr )} are:

F(q1)
(
ϕ

(q1)

i+∑r−1
σ=1 sσ +ŝσ

, x(q1)

i+∑r−1
σ=1 sσ +ŝσ

, ϕ
(q1)

i+∑r−1
σ=1 sσ +ŝσ +1

, x(q1)

i+∑r−1
σ=1 sσ +ŝσ +1

,

μpq1
,π

) = 0,

...

F(qnkr
)(

ϕ
(qnk1r

)

i+∑r−1
σ=1 sσ +ŝσ +sr−1

, x
(qnk1r

)

i+∑r−1
σ=1 sσ +ŝσ +sr−1

, ϕ
(qnk1r

)

i+∑r−1
σ=1 sσ +ŝσ +sr

,

x
(qnk1r

)

i+∑r−1
σ=1 sσ +ŝσ +sr

,μpqnk1r

,π
) = 0;

F(q̂1)
(
ϕ

(q̂1)

i+∑r−1
σ=1 sσ +ŝσ +sr

, x(q̂1)

i+∑r−1
σ=1 sσ +ŝσ +sr

, ϕ
(q̂1)

i+∑r−1
σ=1 sσ +ŝσ +sr+1

,

x(q̂1)

i+∑r−1
σ=1 sσ +ŝσ +sr+1

,μpq̂1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

(q̂nk2r
)

i+∑r
σ=1 sσ +ŝσ −1

, x
(q̂nk2r

)

i+∑r
σ=1 sσ +ŝσ −1

, ϕ
(q̂nk2r

)

i+∑r
σ=1 sσ +ŝσ

, x
(q̂nk2r

)

i+∑r
σ=1 sσ +ŝσ

,

μpqnk2r

,π
) = 0.

Application of Eqs. (8.22) and (8.23) to the foregoing equations, and multiplica-
tion both sides of the foregoing equations by (−1) leads to

F(q̂1)
(
ϕ

(q̂1)

i+∑r−1
σ=1 sσ +ŝσ

, x(q̂1)

i+∑r−1
σ=1 sσ +ŝσ

, ϕ
(q̂1)

i+∑r−1
σ=1 sσ +ŝσ +1

, x(q̂1)

i+∑r−1
σ=1 sσ +ŝσ +1

,

μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

(q̂nk2r
)

i+∑r−1
σ=1 sσ +ŝσ +ŝr−1

, x
(q̂nk2r

)

i+∑r−1
σ=1 sσ +ŝσ +ŝr−1

, ϕ
(q̂nk2r

)

i+∑r−1
σ=1 sσ +ŝσ +ŝr

,

x
(q̂nk2r

)

i+∑r−1
σ=1 sσ +ŝσ +ŝr

,μpqnk2r

,π
) = 0;

F(q1)
(
ϕ

(q1)

i+∑r−1
σ=1 sσ +ŝσ +ŝr

, x(q1)

i+∑r−1
σ=1 sσ +ŝσ +ŝr

, ϕ
(q1)

i+∑r−1
σ=1 sσ +ŝσ +ŝr+1

,

x(q1)

i+∑r−1
σ=1 sσ +ŝσ +ŝr+1

,μpq1
,π

) = 0,

...
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F(qnkr
)(

ϕ
(qnk1r

)

i+∑r
σ=1 sσ +ŝσ −1

, x
(qnk1r

)

i+∑r
σ=1 sσ +ŝσ −1

, ϕ
(qnk1r

)

i+∑r
σ=1 sσ +ŝσ

,

x
(qnk1r

)

i+∑r
σ=1 sσ +ŝσ

,μpqnk1r

,π
) = 0

being governing equations for

y
i+∑L

r=1 sr+ŝr
= P(lm1L

,nk1L
) ◦ P̂(lm2L

,nk2L
) ◦ · · · ◦ P(lm11 ,nk11 ) ◦ P̂(lm21 ,nk21 )︸ ︷︷ ︸
L-repeating

yi .

Therefore, the following mapping pair,(
P̂(lm2L

,nk2L
) ◦ P(lm1L

,nk1L
) ◦ · · · ◦ P̂(lm21 ,nk21 ) ◦ P(lm11 ,nk11 )︸ ︷︷ ︸
L-repeating

,

P(lm1l
,nk1L

) ◦ P̂(lm2L
,nk2L

) ◦ · · · ◦ P(lm11 ,nk11 ) ◦ P̂(lm21 ,nk21 )︸ ︷︷ ︸
L-repeating

)
is skew-symmetric under a transformation TP . �

8.4. Steady-state flow symmetry

The symmetry invariance of combined mapping structures has been discussed.
The flow symmetry in discontinuous dynamical systems will be presented in this
section. Consider a skew-symmetry mapping cluster pair (P(lm,nk), P̂(lm,nk)). The
number of mappings is s for two mapping clusters in the mapping pair. The cor-
responding flows should be of the skew-symmetry. The theorem is presented as
follows.

THEOREM 8.4. For mappings Pq (q = 1, 2, . . . , 2n1) of the dynamical system in
Eq. (8.1), if the mapping pair (Pq, Pq̂) under (2M1+1)-periods is skew-symmetric
with a transformation TP , then the asymmetric flows respectively relative to two
mappings P(lm,nk)y = y and P̂(lm,nk)y = y with the same mapping number s under
N1-periods with a periodicity

(8.28)yi+s = yi or (ϕi+s , xi+s)
T ≡ (ϕi + 2N1π, xi )

T

have the corresponding solutions (ϕI
i+j , xI

i+j ) and (ϕII
i+j , xII

i+j ) for j ∈ {0, 1,

. . . , s} on the discontinuous boundaries satisfying the following conditions:

(8.29)
ϕ̂I

i+j = mod
(
(2M1 + 1)π + ϕ̂II

i+j , 2(2M1 + 1)π
)
,

xI
i+j = −xII

i+j .

Superscripts I and II denote solutions of P(lm,nk)y = y and P̂(lm,nk)y = y.
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PROOF. From Definition 8.2, the solutions (ϕI
i+j , xI

i+j ) and (ϕII
i+j , xII

i+j ) for the

mapping P(lm,nk)y = y and the skew-symmetry mapping P̂(lm,nk)y = y must sat-
isfy Eq. (8.29). �

If the local mappings in the mapping cluster exist only on a special discontinu-
ous boundary, the two skew-symmetric, local flows relative to P(lm,nk)y = y and
P̂(lm,nk)y = y are separated. From the above theorem, once the solutions for one
of the two mapping clusters are determined, the solutions for the other mapping
clusters can be obtained right away. If the two mapping clusters are combined
with global mappings, the symmetric flows relative to a global symmetric map-
ping structure P̂(lm,nk) ◦ P(lm,nk) are discussed first, and then the asymmetrical
flows for such a global symmetric mapping structure are presented. The theorem
for the symmetrical flow is stated as follows.

THEOREM 8.5. For mappings Pq (q = 1, 2, . . . , 2n1) of the dynamical system
in Eq. (8.1), if the mapping pair (Pq, Pq̂) under (2M1 + 1)-periods is skew-
symmetric under a transformation TP , then the symmetric flow relative to a
mapping P̂(lm,nk)◦P(lm,nk)y = y with the same mapping number s of two mapping
clusters under N1-periods with a periodicity condition

(8.30)yi+2s = yi or (ϕi+2s , xi+2s)
T ≡ (ϕi + 2N1π, xi )

T

has the corresponding solutions (ϕi+j , xi+j ) for j ∈ {0, 1, . . . , 2s} on the dis-
continuous boundaries satisfying the following conditions:

(8.31)
ϕ̂i+j = mod

(
(2M1 + 1)π + ϕ̂i+ mod (s+j,2s), 2(2M1 + 1)π

)
,

xi+j = −xi+ mod (s+j,2s).

PROOF. For the symmetrical flow of a mapping P̂(lm,nk) ◦ P(lm,nk)y = y with
Eq. (8.30), the governing equations are

F(q1)
(
ϕ

(q1)
i , x(q1)

i , ϕ
(q1)

i+1 , x(q1)

i+1,μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

(qnk
)

i+s−1, x
(qnk

)

i+s−1, ϕ
(qnk

)

i+s , x
(qnk

)

i+s ,μpqnk
,π

) = 0;

F(q̂1)
(
ϕ

(q̂1)
i+s , x(q̂1)

i+s , ϕ
(q̂1)

i+s+1, x(q̂1)

i+s+1,μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

(q̂nk
)

i+2s−1, x
(q̂nk

)

i+2s−1, ϕ
(q̂nk

)

i+2s , x
(q̂nk

)

i+2s ,μpqnk
,π

) = 0.
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Substitution of Eq. (8.31) into the foregoing equations and using modulus mod
(s + j, 2s) from (8.30) gives for a given number N2 ∈ {0, 1, 2, . . .}

F(q1)
(
ϕ

(q1)
i+s + (2N2 + 1)(2M1 + 1)π,−x(q1)

i+s ,

ϕ
(q1)

i+s+1 + (2N2 + 1)(2M1 + 1)π,−x(q1)

i+s+1,μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

(qnk
)

i+2s−1 + (2N2 + 1)(2M1 + 1)π,−x
(qnk

)

i+2s−1,

ϕ
(qnk

)

i+2s + (2N2 + 1)(2M1 + 1)π,−x
(qnk

)

i+2s ,μpqnk
,π

) = 0;

F(q̂1)
(
ϕ

(q̂1)

i+2s + (2N2 + 1)(2M1 + 1)π,−x(q̂1)

i+2s ,

ϕ
(q̂1)

i+2s+1 + (2N2 + 1)(2M1 + 1)π,−x(q̂1)

i+2s+1,μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

(q̂nk
)

i+3s−1 + (2N2 + 1)(2M1 + 1)π,−x
(q̂nk

)

i+3s−1,

ϕ
(q̂nk

)

i+3s + (2N2 + 1)(2M1 + 1)π,−x
(q̂nk

)

i+3s ,μpqnk
,π

) = 0.

Using Eqs. (8.22) and (8.23) in Definition 8.2 into the foregoing equations yields:

F(q̂1)
(
ϕ

(q̂1)
i+s , x(q̂1)

i+s , ϕ
(q̂1)

i+s+1, x(q̂1)

i+s+1,μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

(q̂nk
)

i+2s−1, x
(q̂nk

)

i+2s−1, ϕ
(q̂nk

)

i+2s , x
(q̂nk

)

i+2s ,μpqnk
,π

) = 0;

F(q1)
(
ϕ

(q1)
i , x(q1)

i , ϕ
(q1)

i+1 , x(q1)

i+1,μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

(qnk
)

i+s−1, x
(qnk

)

i+s−1, ϕ
(qnk

)

i+s , x
(qnk

)

i+s ,μpqnk
,π

) = 0.

After exchanging the order of the above two equations, they are identical to the
mapping structure of P̂(lm,nk) ◦ P(lm,nk)y = y. If (ϕi+j , xi+j )

T is the solution of
periodic flow, then (ϕi+ mod (s+j,2s), xi+ mod (s+j,2s))

T is also a skew-symmetry
solution satisfying Eq. (8.31). �

The foregoing theorem discussed the symmetrical solutions of period-1 motion
associated with the mapping P̂(lm,nk) ◦ P(lm,nk). This structure is quite stable. For
instance, one investigated the symmetrical period-1 motion of impacting oscil-
lators (e.g., Luo, 2002; Luo and Chen, 2006; Masri and Caughey, 1966). It was
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thought this motion may have period-doubling bifurcation. In fact, no period-
doubling bifurcation exists (e.g., Masri, 1970; Sentor, 1970). The symmetrical
motion will convert into the asymmetrical period-1 motion with the same mapping
structures through the saddle-node bifurcation of the first kind and an unstable re-
gion. The flow symmetry for such an asymmetric period-2L (L = 0, 1, 2, . . .)

motion is presented in the following theorem.

THEOREM 8.6. For mappings Pq (q = 1, 2, . . . , 2n1) of the dynamical system in
Eq. (8.1), if the mapping pair (Pq, Pq̂) under (2M1+1)-periods is skew-symmetric
with a transformation TP , then the two asymmetric flows relative to a mapping

P̂(lm,nk) ◦ P(lm,nk) ◦ · · · ◦ P̂(lm,nk) ◦ P(lm,nk)︸ ︷︷ ︸
2L-repeating

y = y

for L = 0, 1, 2, . . . with the same mapping number (i.e., s) in the two mapping
clusters under N1-periods with a periodicity condition

(8.32)yi+2L+1s = yi or (ϕi+2L+1s , xi+2L+1s)
T ≡ (ϕi + 2N1π, xi )

T

possess the following solution properties,

ϕ̂I
i+2(r−1)s+j = mod

(
(2M1 + 1)π + ϕ̂II

i+2(r−1)s+ mod (s+j,2s),

(8.33)2(2M1 + 1)π
)
,

xI
i+2(r−1)s+j = −xII

i+2(r−1)s+ mod (s+j,2s);
for r = 1, 2, . . . , 2L and j = 0, 1, . . . , 2s. Superscripts I and II denote the two
asymmetrical solutions.

PROOF. Suppose a mapping relation

P̂(lm,nk) ◦ P(lm,nk) ◦ · · · ◦ P̂(lm,nk) ◦ P(lm,nk)︸ ︷︷ ︸
2L-repeating

y = y

has a set of solutions (ϕI
i+2(r−1)s+j , xI

i+2(r−1)s+j ) for all j ∈ {0, 1, . . . , 2s} with

r ∈ {1, 2, . . . , 2N }, the governing equations are

F(q1)
(
ϕ

I(q1)

i+2(r−1)s , xI(q1)

i+2(r−1)s , ϕ
I(q1)

i+2(r−1)s+1, xI(q1)

i+2(r−1)s+1,μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

I(qnk
)

i+(2r−1)s−1, x
I(qnk

)

i+(2r−1)s−1, ϕ
I(qnk

)

i+(2r−1)s , x
I(qnk

)

i+(2r−1)s ,μpqnk
,π

) = 0;

F(q̂1)
(
ϕ

I(q̂1)

i+(2r−1)s , xI(q̂1)

i+(2r−1)s , ϕ
I(q̂1)

i+(2r−1)s+1, xI(q̂1)

i+(2r−1)s+1,μpq1
,π

) = 0,
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...

F(q̂nk
)
(
ϕ

I(q̂nk
)

i+2rs−1, x
I(q̂nk

)

i+2rs−1, ϕ
I(q̂nk

)

i+2rs , x
I(q̂nk

)

i+2rs ,μpqnk
,π

) = 0.

Substitution of Eq. (8.33) into foregoing equation and using modulus mod(s +
j, 2s) from Eq. (8.32) gives for a given number N2 ∈ {0, 1, 2, . . .}

F(q1)
(
ϕ

II(q1)

i+(2r−1)s + (2N2 + 1)(2M1 + 1)π,−xII(q1)

i+(2r−1)s ,

ϕ
II(q1)

i+(2r+1)s+1 + (2N2 + 1)(2M1 + 1)π,−xII(q1)

i+(2r+1)s+1,μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

II(qnk
)

i+2rs−1 + (2N2 + 1)(2M1 + 1)π,−x
II(qnk

)

i+2rs−1,

ϕ
II(qnk

)

i+2rs + (2N2 + 1)(2M1 + 1)π,−x
II(qnk

)

i+2rs ,μpqnk
,π

) = 0;

F(q̂1)
(
ϕ

II(q̂1)

i+2rs + (2N2 + 1)(2M1 + 1)π,−xII(q̂1)

i+2rs,

ϕ
II(q̂1)

i+2rs+1 + (2N2 + 1)(2M1 + 1)π,−xII(q̂1)

i+2rs+1,μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

II(q̂nk
)

i+(2r+1)s−1 + (2N2 + 1)(2M1 + 1)π,−x
II(q̂nk

)

i+(2r+1)s−1,

ϕ
II(q̂nk

)

i+(2r+1)s + (2N2 + 1)(2M1 + 1)π,−x
II(q̂nk

)

i+(2r+1)s ,μpqnk
,π

) = 0.

Using Eqs. (8.22) and (8.23) in Definition 8.2 into the foregoing equations and
taking modulus of the index yields

F(q̂1)
(
ϕ

II(q̂1)

i+(2r−1)s , xII(q̂1)

i+(2r−1)s , ϕ
II(q̂1)

i+(2r−1)s+1, xII(q̂1)

i+(2r−1)s+1,μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

II(q̂nk
)

i+2rs−1, x
II(q̂nk

)

i+2rs−1, ϕ
II(q̂nk

)

i+2rs , x
II(q̂nk

)

i+2rs ,μpqnk
,π

) = 0;

F(q1)
(
ϕ

II(q1)

i+2(r−1)s , xII(q1)

i+2(r−1)s , ϕ
II(q1)

i+2(r−1)s+1, xII(q1)

i+2(r−1)s+1,μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

II(qnk
)

i+(2r−1)s−1, x
II(qnk

)

i+(2r−1)s−1, ϕ
II(qnk

)

i+(2r−1)s , x
II(qnk

)

i+(2r−1)s ,μpqnk
,π

) = 0.

After exchanging the order of the above two sets of equations, it is clear
that (ϕII

i+2(r−1)s+j , xII
i+2(r−1)s+j ) for all j = 0, 1, . . . , 2s with specified r =
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1, 2, . . . , 2N is another solution for mapping structures

P̂(lm,nk) ◦ P(lm,nk) ◦ · · · ◦ P̂(lm,nk) ◦ P(lm,nk)︸ ︷︷ ︸
2L-repeating

y = y.

�

The above theorem discussed about the asymmetrical solutions of periodic and
chaotic motions induced by period-doubling bifurcation of the mapping P̂(lm,nk) ◦
P(lm,nk)y = y. Similarly, the motions pertaining to the asymmetric mapping
P̂(lm2,nk2) ◦ P(lm1,nk1)y = y are presented in the following theorem.

THEOREM 8.7. For mappings Pq (q = 1, 2, . . . , 2n1) of the dynamical system in
Eq. (8.1), if the mapping pair (Pq, Pq̂) under (2M1+1)-periods is skew-symmetric
with a transformation TP , then the asymmetric flows respectively relative to two
mappings

P̂(lm2,nk2) ◦ P(lm1,nk1) ◦ · · · ◦ P̂(lm2,nk2) ◦ P(lm1,nk1)︸ ︷︷ ︸
2L-repeating

y = y and

P̂(lm1,nk1) ◦ P(lm2,nk2) ◦ · · · ◦ P̂(lm1,nk1) ◦ P(lm2,nk2)︸ ︷︷ ︸
2L-repeating

y = y

for L = 0, 1, 2, . . . with different mapping numbers (i.e., s1 and s2) in two map-
ping clusters under N1-periods with a periodicity condition

(8.34)
yi+2L(s1+s2)

= yi or

(ϕi+2L(s1+s2)
, xi+2L(s1+s2)

)T ≡ (ϕi + 2N1π, xi )
T

are (
ϕI

i+(r−1)(s1+s2)+j , xI
i+(r−1)(s1+s2)+j

)
and(

ϕII
i+(r−1)(s1+s2)+j , xII

i+(r−1)(s1+s2)+j

)
with a solution

ϕ̂I
i+(r−1)(s1+s2)+j = mod

(
(2M1 + 1)π + ϕ̂II

i+(r−1)(s1+s2)+ mod (s2+j,s1+s2)
,

(8.35)2(2M1 + 1)π
)
,

xI
i+(r−1)(s1+s2)+j = −xII

i+(r−1)(s1+s2)+ mod (s2+j,s1+s2)
;

or

ϕ̂II
i+(r−1)(s1+s2)+j = mod

(
(2M1 + 1)π + ϕ̂I

i+(r−1)(s1+s2)+ mod (s1+j,s1+s2)
,

(8.36)2(2M1 + 1)π
)
,

xII
i+(r−1)(s1+s2)+j = −xI

i+(r−1)(s1+s2)+ mod (s1+j,s1+s2)
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for r = 1, 2, . . . , 2L and j = 0, 1, . . . , (s1 + s2). Superscripts I and II denote two
asymmetrical flows.

PROOF. Following the same proof procedure of Theorem 8.5, this theorem can
be proved. Suppose

P̂(lm2,nk2) ◦ P(lm1,nk1) ◦ · · · ◦ P̂(lm2,nk2) ◦ P(lm1,nk1)︸ ︷︷ ︸
2L-repeating

y = y

has a flow solution (ϕI
i+(r−1)(s1+s2)+j , xI

i+(r−1)(s1+s2)+j ) for all j ∈ {0, 1, . . . , 2s}
with r ∈ {1, 2, . . . , 2L}, the governing equations are

F(q1)
(
ϕ

I(q1)

i+(r−1)(s1+s2)
, xI(q1)

i+(r−1)(s1+s2)
, ϕ

I(q1)

i+(r−1)(s1+s2)+1, xI(q1)

i+(r−1)(s1+s2)+1,

μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

I(qnk
)

i+(r−1)s2+rs1−1, x
I(qnk

)

i+(r−1)s2+rs1−1, ϕ
I(qnk

)

i+(r−1)s2+rs1
, x

I(qnk
)

i+(r−1)s2+rs1
,

μpqnk
,π

) = 0;

F(q̂1)
(
ϕ

I(q̂1)

i+(r−1)s2+rs1
, xI(q̂1)

i+(r−1)s2+rs1
, ϕ

I(q̂1)

i+(r−1)s2+rs1+1, xI(q̂1)

i+(r−1)s2+rs1+1,

μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

I(q̂nk
)

i+r(s1+s2)−1, x
I(q̂nk

)

i+r(s1+s2)−1, ϕ
I(q̂nk

)

i+r(s1+s2)
, x

I(q̂nk
)

i+r(s1+s2)
,μpqnk

,π
) = 0.

Substitution of Eq. (8.35) into the foregoing equations and using modulus
mod(s + j, 2s) from Eq. (8.34) gives for a given number N2 ∈ {0, 1, 2, . . .}

F(q1)
(
ϕ

II(q1)

i+(r−1)s1+rs2
+ (2N2 + 1)(2M1 + 1)π,−xII(q1)

i+(r−1)s1+rs2
,

ϕ
II(q1)

i+(r−1)s1+rs2+1 + (2N2 + 1)(2M1 + 1)π,−xII(q1)

i+(r−1)s1+rs2+1,μpq1
,π

)
= 0,

...

F(qnk
)
(
ϕ

II(qnk
)

i+r(s1+s2)−1 + (2N2 + 1)(2M1 + 1)π,−x
II(qnk

)

i+r(s1+s2)−1,

ϕ
II(qnk

)

i+r(s1+s2)
+ (2N2 + 1)(2M1 + 1)π,−x

II(qnk
)

i+r(s1+s2)
,μpqnk

,π
) = 0;

F(q̂1)
(
ϕ

II(q̂1)

i+r(s1+s2)
+ (2N2 + 1)(2M1 + 1)π,−xII(q̂1)

i+r(s1+s2)
,
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ϕ
II(q̂1)

i+r(s1+s2)+1 + (2N2 + 1)(2M1 + 1)π,−xII(q̂1)

i+r(s1+s2)+1,μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

II(q̂nk
)

i+r(s1+s2)+s2−1 + (2N2 + 1)(2M1 + 1)π,−x
II(q̂nk

)

i+r(s1+s2)+s2−1,

ϕ
II(q̂nk

)

i+r(s1+s2)+s2
+ (2N2 + 1)(2M1 + 1)π,−x

II(q̂nk
)

i+r(s1+s2)+s2
,μpqnk

,π
) = 0.

Inserting Eqs. (8.22) and (8.23) of Definition 8.2 into the foregoing equations and
taking modulus of the index yields

F(q̂1)
(
ϕ

II(q̂1)

i+rs2+(r−1)s1
, xII(q̂1)

i+rs2+(r−1)s1
, ϕ

II(q̂1)

i+rs2+(r−1)s1+1, xII(q̂1)

i+rs2+(r−1)s1+1,

μpq1
,π

) = 0,

...

F(q̂nk
)
(
ϕ

II(q̂nk
)

i+r(s1+s2)−1, x
II(q̂nk

)

i+r(s1+s2)−1, ϕ
II(q̂nk

)

i+r(s1+s2)
, x

II(q̂nk
)

i+r(s1+s2)
,μpqnk

,π
) = 0;

F(q1)
(
ϕ

II(q1)

i+(r−1)(s1+s2)
, xII(q1)

i+(r−1)(s1+s2)
, ϕ

II(q1)

i+(r−1)(s1+s2)+1, xII(q1)

i+(r−1)(s1+s2)+1,

μpq1
,π

) = 0,

...

F(qnk
)
(
ϕ

II(qnk
)

i+(r−1)s1+rs2−1, x
II(qnk

)

i+(r−1)s1+rs2−1, ϕ
II(qnk

)

i+(r−1)s1+rs2
, x

II(qnk
)

i+(r−1)s1+rs2
,

μpqnk
,π

) = 0.

After exchanging the order of the above two sets of equations, it is clear
that (ϕII

i+(r−1)(s1+s2)+j , xII
i+(r−1)(s1+s2)+j ) for all j ∈ {0, 1, . . . , 2s} with r ∈

{1, 2, . . . , 2k} is a set of solutions for the mapping structure

P̂(lm1,nk1) ◦ P(lm2,nk2) ◦ · · · ◦ P̂(lm1,nk1) ◦ P(lm2,nk2)︸ ︷︷ ︸
2N -repeating

y = y.

�

The above results can be generalized in the following theorem.

THEOREM 8.8. For mappings Pq (q = 1, 2, . . . , 2n1) of the dynamical system in
Eq. (8.1), if the mapping pair (Pq, Pq̂) under (2M1+1)-periods is skew-symmetric
with a transformation TP , then the asymmetric flows respectively relative to two
mappings

P̂(lm2L
,nk2L

) ◦ P(lm1L
,nk1L

) ◦ · · · ◦ P̂(lm21 ,nk21 ) ◦ P(lm11 ,nk11 )︸ ︷︷ ︸
L-repeating

y = y and
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P(lm1L
,nk1L

) ◦ P̂(lm2N
,nkL) ◦ · · · ◦ P(lm11 ,nk11 ) ◦ P̂(lm21 ,nk21 )︸ ︷︷ ︸

L-repeating

y = y

for N = 1, 2, . . . with different mapping numbers (i.e., s1r and s2r ) of the two
mapping clusters (P(lm1r

,nk1r
) and P̂(lm2r

,nk2r
), r ∈ {1, 2, . . . , N}) under N1-

periods with a periodicity condition

(8.37)
y
i+∑N

r=1 s1r+s2r
= yi or

(ϕ
i+∑N

r=1 s1r+s2r
, x

i+∑N
r=1 s1r+s2r

)T ≡ (ϕi + 2N1π, xi )
T

are

(ϕI
i+∑r−1

ρ=1 s1ρ+s2ρ+j
, xI

i+∑r−1
ρ=1 s1ρ+s2ρ+j

) and

(ϕII
i+∑r−1

ρ=1 s1ρ+s2ρ+j
, xII

i+∑r−1
ρ=1 s1ρ+s2ρ+j

)

with a solution structure

ϕ̂I
i+∑r−1

ρ=0 s1ρ+s2ρ+j

(8.38)
= mod

(
(2M1 + 1)π + ϕ̂II

i+∑r−1
ρ=0 s1ρ+s2ρ+j+ mod (s2r+j,s1r+s2r )

,

2(2M1 + 1)π
)
,

xI
i+∑r−1

ρ=0 s1ρ+s2ρ+j
= −xII

i+∑r−1
ρ=0 s1ρ+s2ρ+ mod (s2r+j,s1r+s2r )

;
or

ϕ̂II
i+∑r−1

ρ=1 s1ρ+s2ρ+j

(8.39)
= mod

(
(2M1 + 1)π + ϕ̂I

i+∑r−1
ρ=1 s1ρ+s2ρ+ mod (s1r+j,s1r+s2r )

,

2(2M1 + 1)π
)
,

xII
i+∑r−1

ρ=0(s1ρ+s2ρ)+j
= −xI

i+∑r−1
ρ=0 s1ρ+s2ρ+ mod (s1r+j,s1r+s2r )

for j = 0, 1, . . . , (s1r + s2r ). Superscripts I and II denote two skew-symmetry
solutions of flows.

PROOF. From Theorem 8.3, the two mapping structures are skew-symmetric.
Therefore, the two solutions of the two mapping structures are skew-symmetric,
which implies that Eqs. (8.37)–(8.39) hold. The alternative proof can be com-
pleted through the procedure used in proof of Theorem 8.7. �

The symmetry of flow in nonsmooth dynamical systems with mapping clusters
on many discontinuous boundaries is discussed. The grazing does not change the
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symmetry invariance of mapping structures in such dynamical systems, and the
periodic and chaotic motions in such a dynamical system possess the symmetry
invariance as same as the basic mappings. Based on this investigation, the group
structure of mapping combination exists. Thus the further investigation on such an
issue should be carried out. The illustrations for the symmetry of periodic motions
in symmetric, nonlinear dynamic systems can be found in Chapter 7. The detailed
presentations can be also seen in Luo (2005e).

8.5. Strange attractor fragmentation

The symmetry of the post-grazing flow has been presented in the previous sec-
tion. In this section, the fragmentation of strange attractors of chaotic motions in
discontinuous dynamic systems will be discussed. Before the discussion of the
fragmentation mechanism, the initial and final set of grazing mapping will be in-
troduced first. Because the grazing is strongly dependent on the singular sets in
Eqs. (8.6)–(8.8), the definitions are given as follows.

DEFINITION 8.3. For a discontinuous dynamical system in Eq. (8.1) (or
Eq. (2.1)), if �q1 ⊆ ∂�p2p1 and �q2 ⊆ ∂�p1α (α ∈ {p2, p3} and pi ∈
{1, 2, . . . , m} for i ∈ {1, 2, 3}), the following subset (i)�J for mapping PJ : �q1 →
�q2 (J ∈ {1, 2, . . . , N} and q1, q2 ∈ {0, 1, 2, . . . , M}) is called the initial set of
grazing mapping,

(i)�J ≡ {(
mod(ϕi, 2π), xi

) ∣∣ PJ yi = yi+1, nT
∂�p1α

· ẋi+1(t(i+1)±) = 0

(8.40)and nT
∂�p1α

· ẍi+1 
= 0
} ⊂ �q1

where yi = (ϕi, xi )
T. The corresponding grazing set is defined as

(f)GJ ≡ {(
mod(ϕi+1, 2π), xi+1

) ∣∣ PJ yi = yi+1, nT
∂�p1α

· ẋi+1(t(i+1)±) = 0

(8.41)and nT
∂�p1α

· ẍi+1(t(i+1)±) 
= 0
} ⊂ �q2 .

DEFINITION 8.4. For a discontinuous dynamical system in Eq. (8.1) (or
Eq. (2.1)), if �q1 ⊆ ∂�p2p1 and �q2 ⊆ ∂�p1α ((α ∈ {p2, p3} and pi ∈
{1, 2, . . . , m} for i ∈ {1, 2, 3}), the following subset (f)�J for mapping PJ : �q1 →
�q2 (J ∈ {1, 2, . . . , N} and q1, q2 ∈ {0, 1, 2, . . . ,M}) is called the final set of
grazing post-mapping:

(f)�J ≡ {(
mod(ϕi+1, 2π), xi+1

) ∣∣ PJ yi = yi+1, nT
∂�p1p2

· ẋi (ti±) = 0

(8.42)and nT
∂�p1p2

· ẍI (ti±) 
= 0
} ⊂ �q2
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Figure 8.6. (a) Local and (b) global grazing mappings. The filled solid circular symbols are grazing
points. The hollow circular symbols are initial switching points.

where yi = (�ti, xi )
T. The corresponding grazing set of the post-grazing is de-

fined as

(i)GJ ≡ {(
mod(�ti, 2π), xi

) ∣∣ PJ yi = yi+1, nT
∂�p1p2

· ẋi (ti±) = 0

(8.43)and nT
∂�p1p2

· ẍi (ti±) 
= 0
} ⊂ �q1 .
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Figure 8.7. (a) Local and (b) global grazing post-mappings. The filled solid circular symbols are
grazing points. The hollow circular symbols are initial switching points.

For global and local grazing mappings, the grazing and post-grazing mapping are
sketched in Figs. 8.6 and 8.7 through mapping PJ (J ∈ {J1, . . . , Jm}) on the
boundary ∂�p2p1 . The grazing in the domain �p1 occurs at the final points of the
grazing mapping PJ on the boundary ∂�p1α (α ∈ p1, p3). The above definitions
for both the initial grazing sets of grazing mapping and the final sets of grazing
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post-mapping are illustrated. The hollow symbols are the initial point for grazing
mapping or the final point of grazing post-mapping. The circular symbols are the
grazing point of the grazing and post grazing mappings. The governing equations
of mapping PJ with the final point on the boundary ∂�p1α in �α (α ∈ {p2, p3})
is expressed by

(8.44)
F(J )(ϕi, xi , ϕi+1, xi+1) = 0, F(J ) ∈ �n,

ϕp1p2(xi ) = 0, ϕp1α(xi+1) = 0.

From Theorem 2.11, the grazing necessary conditions for mapping PJ at the sin-
gular set �

(0)
p1α in the subdomain �α (α, β /∈ {p1, p2}, α 
= β) are:

(8.45)nT
∂�p1p2

· F(α)(ϕi+1) = 0.

To guarantee the occurrence of the grazing flow at the singular points, the suffi-
cient conditions should be considered as follows:

(8.46)
either nT

∂�p1p2
· [DF(α)(ϕi+1) − DF(0)(ϕi+1)

]
< 0 for n∂�ij

→ �β

or nT
∂�p1p2

· [DF(α)(ϕi+1) − DF(0)(ϕi+1)
]

> 0 for n∂�ij
→ �α.

From Eqs. (8.44) and (8.45), the initial set of grazing mapping is on an (n − 1)-
surface because of the (n+3) equations with 2(n+1) unknowns. Equation (8.46)
is the sufficient condition for the initial set. This (n − 1)-surface in phase space
(mod(ϕi, 2π), xi ∩ ∂�p1p2) is called the initial grazing manifold which will be
used in discussion of the strange attractor fragmentation. Owing to ϕi = �ti ,
in computation, the switching time conditions ti+1 > ti should be inserted. The
boundary ∂�p1α is determined by ϕp1α(xi ) = 0. Similarly, when ϕi and ϕi+1 in
Eqs. (8.44)–(8.46) are exchanged, the final grazing manifold can be determined
through the final set of grazing post-mapping.

To investigate the fragmentation of the strange attractors of chaos through the
switching sets, consider each switching set �q consisting of a set of finite, inde-

pendent compact subsets, (i.e., �q = ⋃K
k=1 S

(k)
q and K < ∞) and the subsets

have the following properties:

(8.47)S(k)
q ⊂ �q, Sk

q ∩ S(l)
q = ∅, k 
= l ∈ {1, 2, . . . , K}.

For periodic motions, the fixed points in the compact subset S
(k)
ij for each specific

k are countable and finite, and both the measure and Hausdorff dimension of all
the subsets are zero. However, from the definition of strange attractors for chaotic
motions, the fixed points in such compact subsets are infinite and uncountable,
and the corresponding Hausdorff dimension is nonzero. In addition, the compact
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subsets are not hyperbolic. Based on the mapping PJ on the compact subsets of
the strange attractor, the corresponding flows in the domains are dense. All the
subsets form a strange attractor of the chaotic motion. The denseness of the flows
on subsets in the strange attractor will cause more possibilities for the strange at-
tractor to access at least one of the initial grazing manifolds. However, the flows
in periodic motions have less possibility to access the initial grazing manifolds.
Without chaotic motions, the transition between the pre- and post-grazing peri-
odic motions can be carried out through a grazing jump. This issue of periodic
motion grazing will be further discussed. To describe the fragmentation of the
strange attractors in chaotic motions of nonsmooth dynamical system, the com-
pact subsets of the strange attractors are used as the initial and final sets of the
local and global mappings, i.e.,

DEFINITION 8.5. For a discontinuous dynamical system in Eq. (8.1), the subsets
S

(k)
q1 ⊂ �q1 (k = 1, 2, . . . , K) and S

(l)
q2 ⊂ �q2 (l = 1, 2, . . . , L) are termed

the initial and final subsets of the mapping PJ (J ∈ {1, 2, . . . , N}) if there is a
mapping PJ : S(k)

q1 → S
(l)
q2 (q1, q2 ∈ {0, 1, 2, . . . , M}, q1 
= q2).

For convenience, after grazing, the post-grazing mapping structure is defined
as

(8.48)GP J ≡ PJn+1 ◦ PJn ◦ · · · ◦ PJ2 ◦ PJ1︸ ︷︷ ︸
post-grazing mapping cluster

= PJn+1 ◦ CP (Jn···J1).

Once the intersection exists between the invariant subsets of the strange at-
tractor and one of the initial grazing manifolds of the generic mappings, the
fragmentation of the strange attractor will occur. For a subset S

(k)
q1 and an initial,

grazing manifold (i)�J relative to a mapping PJ , if S
(k)
q1 ∩(i)�J 
= ∅, then the final

subset of the mapping PJ will be fragmentized. If one of the all initial, grazing
manifolds is tangential to one of the strange attractor subsets, the strange attractor
fragmentation may appear or disappear. Therefore, a mathematical definition of
strange attractor fragmentation is given as follows.

DEFINITION 8.6. For a discontinuous dynamical system in Eq. (8.1), there is
mapping cluster P(lm,nk) with s mappings to generate the strange attractor of
chaotic motions on the switching set �q (q ∈ {0, 1, 2, . . . , M}). For a map-

ping PJ : S(k)
q1 → S

(l)
q2 (J ∈ {1, 2, . . . , N}), if (i)�

(k)

q1
≡ S

(k)
q1 ∩ (i)�J 
= ∅

and S
(k)
q1 = FS

(k)
q1

∪ US
(k)
q1

∪ (i)�
(k)

q1
, then (f)�

(l)

q2
≡ S

(l)
q2 ∩ (f)�J 
= ∅ with

S
(l)
q2 = FS

(l)
q2

∪ US
(l)
q2

∪ (f)�
(l)

q2
exist to make the following mappings hold:

(8.49)PJ : (i)�
(k)

q1
→ (f)G

(k)

J for (f)G
(k)

J ⊂ (f)GJ ,
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(8.50)PJ : US
(k)

q1
→ US

(l)

q2
and GP J : FS

(k)

q1
→ FS

(l)

q2
.

For the post-grazing mapping cluster GP J = PJn+1 ◦PJn ◦ · · · ◦PJ2 ◦PJ1 , if there
is a mapping chain as

(8.51)FS
(k)

q1

PJ1−→ FA
(k1)

ρ1
· · · FA

(kn−1)

ρn−1

PJn−→ FA
(kn)

ρn

PJn+1−→ FS
(l)

q2
,

the union of all the switching sets generated by the mapping cluster GP J ,Aρ =⋃n
i=1 A

(ki )
ρi

(A(ki )
ρi

⊂ �ρi
for ρi ∈ {0, 1, 2, . . . , M}), is termed a fragmentation set

of the invariant set S
(k)
q1 ⊂ �q1 under the mapping cluster P(lm,nk).

To demonstrate the concept introduced above, consider the invariant subsets of
a strange attractor on the boundary ∂�p1p2 for the following mapping structure:

(8.52)P◦···◦J4(J1J2)
mJ1J3◦···◦ = ◦ · · · ◦ PJ4 ◦ (PJ1 ◦ PJ2)︸ ︷︷ ︸

m sets

◦PJ1 ◦ PJ3 ◦ · · · ◦ .

The invariant sets are generated by

P
(l)
◦···◦J4(J1J2)

mJ1J3◦···◦
(8.53)= P◦···◦J4(J1J2)

mJ1J3◦···◦ ◦ · · · ◦ P◦···◦J4(J1J2)
mJ1J3◦···◦︸ ︷︷ ︸

l→∞
and the corresponding invariant sets on the boundary ∂�p1p2 are

(8.54)�q1 =
m+1⋃
k=1

S(k)
q1

and �q2 =
m+1⋃
k=1

S(k)
q2

.

The foregoing invariant subsets are illustrated in Fig. 8.8(a) through the filled
areas on the switching plane (mod(ϕi, 2π), xi ) ∩ ∂�p1p2 . The mapping relation
for the mapping structure in Eq. (8.52) is also presented. The initial grazing man-
ifolds (i)�J (J ∈ {J1, J2, J3, J4}) are sketched by the dashed lines in Fig. 8.8(b)
in the corresponding switching planes. For this case, �q1 ∩ (i)�J = ∅ and
�q2 ∩ (i)�J = ∅, no fragmentation of the strange attractor occurs for the afore-
mentioned mapping structure. If �q1 ∩ (i)�J 
= ∅ and/or �q2 ∩ (i)�J 
= ∅, the
fragmentation will occur at ∂�p1p2 . The fragmentation of strange attractors on

∂�p1p2 is illustrated in Fig. 8.9. Suppose (i)�
(K)

q2
= S

(K)
q2 ∩ (i)�J2 
= ∅ be repre-

sented by the solid symbols, S(k)
q2 = FS

(k)
q2

∪US
(k)
q2

∪(i)�
(k)

J2
. The initial grazing man-

ifold is depicted by the dashed curve. Furthermore, after fragmentation, two new
invariant sets A

(k1)
q2 ⊂ �q2 and A

(k2)
q1 ⊂ �q1 exist, which are showed by the shaded

areas. The nonfragmentized mapping are: PJ1 : US
(k)
q2

→ US
(k+1)
q1

and the map-

pings relative to the fragmentation are: PJ2 : FS
(k)
q2

→ A
(k1)
q1 , PJ1 : A(k1)

q1 → A
(k2)
q2
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Figure 8.8. (a) Invariant subsets, and (b) invariant initial manifolds of grazing mapping on the bound-
ary ∂�p1p2 .

and PJ2 : A(k1)
q2 → FS

(k+1)
q1

. From the new subsets to the nonfragmentized sub-

sets, the final manifold of the post-grazing (f)�J2 , expressed by the dotted dash

curve, separates the invariant subset into two parts US
(k+1)
q1

∪ FS
(k+1)
q1

plus the in-

tersected set (f)�
(k+1)

q1
= S

(k+1)
q1 ∩ (f)�J1 
= ∅. Note that if (i)�

(k)

q2
possesses n

values, there are n pieces of nonintersected, invariant subsets in A
(1)
q2 . As n → ∞,

countable infinity pieces of nonintersected invariant subsets are obtained by such
an attractor fragmentation. The initial sets of grazing mapping are presented and
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Figure 8.9. Invariant sets fragmentation on the boundary ∂�p1p2 .

the corresponding, initial grazing manifolds are presented. Finally, the grazing-
induced fragmentation of strange attractors of chaotic motions in discontinuous
dynamical systems is discussed. The mathematical theory for such a fragmenta-
tion of strange attractors should be further developed.

8.6. Fragmentized strange attractors

To demonstrate a fragmentized strange attractor, consider a periodically excited,
piecewise linear system in Eqs. (2.45) and (2.46) again, i.e.,

(8.55)ẍ + 2dẋ + k(x) = a cos �t,

where ẋ = dx/dt . The parameters (� and a) are excitation frequency and ampli-
tude, respectively. The restoring force is

(8.56)k(x) =
{

cx − e, for x ∈ [E,∞),

0, for x ∈ [−E,E],
cx + e, for x ∈ (−∞,−E].

For illustration of the fragmentation of strange attractors in chaotic motion, the
Poincaré mapping sections for four subswitching planes are plotted. Herein, nu-
merical simulations are based on the closed-form solution for switching planes.
As in Fig. 8.3, the subsets (i.e., �2 and �1) of the switching plane �12 for strange
attractors are on the upper and lower dashed lines. Similarly, the subsets (i.e.,
�3 and �4) of the switching plane �34 separated by the dashed line are pre-
sented as well. The dashed curves are the initial grazing, switching manifolds
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Figure 8.10. Chaotic motion associated with mappings P6(45)431, P6431 and P643(12)1: (a) sub-
sets of switching plane �12 (�1 and �2), and (b) subsets of switching plane �34 (�3 and �4).

(a = 20, c = 100, E = 1, d = 0.5, �ti ≈ 6.1117, xi = 1, yi ≈ 6.5251 and � = 2.1.)

computed by Eq. (2.61) for specified parameters in Chapter 2. The hollow circu-
lar symbols are relative to the initial and final points for grazing. The location of
grazing points are marked by solid circular symbols and labeled by “Grazing”.
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The parameters a = 20, c = 100, E = 1, d = 0.5 and xi = 1 are used for numer-
ical simulations. Consider a motion with a single grazing first for � = 2.10 and
the initial condition (�ti, yi) ≈ (6.1117, 6.5251) at xi = 1. The Poincaré map-
ping sections through the switching planes are plotted in Fig. 8.10 for a strange
attractor of chaotic motion relative to mapping structures (P643(12)1, P6431 and
P6(45)431). The initial, grazing switching manifold of P2 has three intersected
points with the strange attractor in �1, as labeled by the hollow circular sym-
bols. Based on the three intersection points, the corresponding grazing points are
(�ti, yi) ≈ (2.056, 0.0), (2.087, 0.0) and (2.094, 0.0), as labeled by the solid
circular symbols and “Grazing”. The new invariant set of the strange attractor
has two branches in both �1 and �2 compared to the strange attractor relative to
P6431. Hence, two mappings relative to P2 : �2 → �1 and one mapping pertain-
ing to P1 : �1 → �2 exist. Namely, this chaotic motion includes the mapping
structure P643(12)1 and P6431. However, in the switching section �3, the ini-
tial, grazing switching manifold of the mapping P5 similar to mapping P2 has
three intersected points with the strange attractor. The grazing locations are near
(�ti, yi) ≈ (5.200, 0.0), (5.229, 0.0) and (5.235, 0.0) accordingly. The initial
grazing manifold of mapping P1 is almost tangential to the strange attractor at
point (�ti, yi) ≈ (5.24, 2.93) in �1, so, some points in the strange attractor in
both �1 and �2 are very close to the grazing point (�ti, yi) ≈ (0.0193, 0.0), as
shown in Fig. 8.10. Similarly, the initial grazing manifold of mapping P3 almost
tangential to the strange attractor is observed.

To observe the variation of the fragmentized attractor relative to map-
ping P6431, the fragmentized strange attractor of chaotic motion for � =
1.98 is presented in Fig. 8.11. The shape of the strange attractor is dif-
ferent from the one in Fig. 8.10. It is observed the grazing locations are
near (�ti, yi) ≈ (2.018, 0.0), (1.991, 0.0), (1.956, 0.0) and (1.929, 0.0) on
the switching sets �12. The grazing locations are in vicinity of (�ti, yi) ≈
(5.159, 0.0), (5.133, 0.0), (5.098, 0.0) and (5.071, 0.0) on the switching sets �34.
The two fragmentized attractors are totally different. With decreasing excitation
frequency, such fragmentized strange attractors of chaotic motions will disap-
pear. Further, the symmetric and asymmetric periodic motion relative to mapping
P6(45)43(12)1 will appear. Once the grazing of the asymmetric periodic motion
occurs, the fragmentized strange attractor will exist. Consider an excitation fre-
quency � = 1.4 with the initial condition (�ti, yi) ≈ (0.1062, 2.4511) at xi = E

for illustration. The Poincaré mapping sections of the strange attractor of chaotic
motion are shown in Fig. 8.12. There are three branches of the strange attractor.
The initial grazing manifolds of the mappings P2 in �2 and P5 in �4 have one
intersected point with one of three branches of the strange attractor, and the corre-
sponding grazing points are (�ti, yi) ≈ (1.876, 0.0) and (5.0375, 0.0) at �12 and
�34, respectively. Because of grazing, one of three branches of the strange attrac-
tor is generated by such a grazing. Therefore, the strange attractor of the chaotic
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Figure 8.11. Fragmented strange attractor for chaotic motion associated with mappings
P6(45)431, P6431 and P643(12)1: (a) subsets of switching plane �12 (�1 and �2), and (b) subsets
of switching plane �34 (�3 and �4). (a = 20, c = 100, E = 1, d = 0.5, �ti ≈ 5.7257, xi = 1,

yi ≈ 6.2363 and � = 1.89.)

motion includes mapping structures P6(45)43(12)1, P6(45)243(12)1 and P6(45)43(12)21.
Similarly, the other fragmentized strange attractors of the chaotic motion in such
a problem can be illustrated.
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Figure 8.12. Chaotic motion relative to mappings P6(45)43(12)1, P6(45)43(12)21 and P6(45)243(12)1:

(a) subsets of switching plane �12 (�1 and �2), and (b) subsets of switching plane �34 (�3 and �4).
(a = 20, c = 100, E = 1, d = 0.5, �ti ≈ 0.1062, xi = 1, yi ≈ 2.4511 and � = 1.4.)

From the foregoing numerical simulations, it is observed that the initial and
final grazing, switching manifolds are invariant for given system parameters. It is
very important to determine the mechanism of the strange attractor fragmentation.
The criteria and topological structure for the fragmentation of the strange attractor
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need to be further developed as in hyperbolic strange attractors. The fragmentation
of the strange attractors extensively exists in discontinuous dynamical systems,
which will help us better understand chaotic motions in discontinuous dynamic
systems.
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APPENDIX A

With an initial condition (t, x, ẋ) = (ti , xi, yi), the general solutions for linear
systems are given as follows.

Case I: d2
j − cj > 0

x = e−dj (t−ti )
(
C

(j)

1 eλ
(j)
d (t−ti ) + C

(j)

2 e−λ
(j)
d (t−ti )

)
(A.1)

+ D
(j)

1 cos �t + D
(j)

2 sin �t + D
(j)

0 ,

ẋ = e−dj (t−ti )
[(

λ
(j)
d − dj

)
C

(j)

1 eλd(t−ti ) − (
λ

(j)
d + dj

)
C

(j)

2 e−λ
(j)
d (t−ti )

]
− D

(j)

1 � sin �t + D
(j)

2 � cos �t

where

C
(j)

1 = 1

2ω
(j)
d

{
ẋi + (

xi − D
(j)

0

)(
dj + ω

(j)
d

)
− [

D
(j)

1

(
dj + ω

(j)
d

) + D
(j)

2 �
]

cos �ti

(A.2)
+ [

D
(j)

1 � − D
(j)

2

(
dj + ωd

)]
sin �ti

}
,

C
(j)

2 = 1

2ω
(j)
d

{
−ẋi + (

xi − D
(j)

0

)(−dj + ω
(j)
d

)
− [

D
(j)

1 � + D
(j)

2

(−dj + ω
(j)
d

)]
sin �ti

− [
D

(j)

1

(−dj + ω
(j)
d

) − D
(j)

2 �
]

cos �ti

}
;

(A.3)
D

(j)

0 = −bj

cj

, D
(j)

1 = a(cj − �2)

(cj − �2)2 + (2dj�)2
,

D
(j)

2 = a(2dj�)

(cj − �2)2 + (2dj�)2
, λ

(j)
d =

√
d2
j − cj .

Case II: d2
j − cj < 0

x = e−dj (t−ti )
[
C

(j)

1 cos ω
(j)
d (t − ti ) + C

(j)

2 sin ω
(j)
d (t − ti )

]
+ D

(j)

1 cos �t + D
(j)

2 sin �t + D
(j)

0 ,

(A.4)ẋ = e−dj (t−ti )
[(

C
(j)

2 ω
(j)
d − djC

(j)

1

)
cos ω

(j)
d (t − ti )

− (
C

(j)

1 ω
(j)
d + djC

(j)

2

)
sin ω

(j)
d (t − ti )

]
− D

(j)

1 � sin �t + D
(j)

2 � cos �t
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where

C
(j)

1 = xi − D
(j)

1 cos �ti − D
(j)

2 sin �ti − D
(j)

0 ,

(A.5)C
(j)

2 = 1

ω
(j)
d

[
dj

(
xi − D

(j)

1 cos �ti − D
(j)

2 sin �ti − D
(j)

0

)
+ ẋi + D

(j)

1 � sin �ti − D
(j)

2 � cos �ti
]
,

ω
(j)
d =

√
cj − d2

j .

Case III: d2
j − cj = 0

x = e−dj (t−ti )
[
C

(j)

1 (t − ti ) + C
(j)

2

] + D
(j)

1 cos �t + D
(j)

2 sin �t + D
(j)

1 ,

(A.6)ẋ = e−dj (t−ti )
[
C

(j)

1 − C
(j)

1 dj (t − ti ) − djC
(j)

2

] − D
(j)

1 � sin �t

+ D
(j)

2 � cos �t

where

C
(j)

2 = xi − D
(j)

1 cos �ti − D
(j)

2 sin �ti − D
(j)

0 ,

(A.7)C
(j)

1 = xi + cos �ti
(
D

(j)

2 � − djD
(j)

1

) − sin �ti
(
D

(j)

1 � + djD
(j)

2

)
− djD

(j)

1 .

Case IV: dj 
= 0, cj = 0

(A.8)
x = C

(j)

1 e−2dj (t−ti ) + D
(j)

1 cos �t + D
(j)

2 sin �t + D
(j)

0 t + C
(j)

2 ,

ẋ = −2djC
(j)

1 e−2dj (t−ti ) − D
(j)

1 � sin �t + D
(j)

2 � cos �t + D
(j)

0

where

C
(j)

1 = − 1

2dj

(
ẋi + D

(j)

1 � sin �ti − D
(j)

2 � cos �ti − D
(j)

0

)
,

(A.9)C
(j)

2 = 1

2dj

[
2djxi + ẋi + (

D
(j)

1 � − 2djD
(j)

2

)
sin �ti

− (
2djD

(j)

1 + D
(j)

2 �
)

cos �ti − 2djD
(j)

0 ti − D
(j)

0

]
.

Case V: dj = 0, cj = 0

(A.10)
x = − a

�2
cos �t − 1

2
bj t

2 + C
(j)

1 t + C
(j)

2 ,

ẋ = a

�
sin �t − bj t + C

(j)

1
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where

(A.11)
C

(j)

1 = ẋi − a

�
sin �ti + bj ti ,

C
(j)

2 = xi − ẋti + a

�2
cos �ti + a

�
ti sin �ti − 1

2
bj t

2
i .
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